
 

 

 

 

 

 

 

 

 

 

 

 

 

Unit Outcomes:Unit Outcomes:Unit Outcomes:Unit Outcomes: 

After completing this unit, you should be able to: 

���    know specific facts about relations. 

���    know additional concepts and facts about functions. 

���    understand methods and principles in composing functions. 
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INTRODUCTION 

Relationships between elements of sets occur in many contexts. Examples of relations 

in society include one person being a brother of another person or one person being an 

employee of another. 

On the other hand, in a set of numbers, one number being a divisor of another, or one 
number being greater than another are some examples of relations. 

In Grades 9 and 10, you learned a great deal about relations and functions. In this unit 

you will study some more about them. We hope that your understanding of the concepts 
will be strengthened. You will also study some additional types of functions.  

�    HHH III SSS TTTOOORRR III CCCAAA LLL    NNNOOO TTT EEE  

    Rene Descartes (1596 - 1650)  

Rene Descartes was a philosopher and a mathematician, who 

assigned coordinates to describe points in a plane. The xy-

coordinate plane is sometimes called the Cartesian plane in 

honour of this Frenchman. Descartes' discovery of the Cartesian 

coordinate system helped the growth of mathematical discoveries 

for more than 200 years.  

John Stuart Mill called Descartes' invention of the Cartesian plane "The greatest 

single step ever made in the progress of the exact sciences". 

�    OOO PPP EEENNN III NNNGGG    PPP RRROOOBBB LLL EEEMMM  

A set of glasses that are in the shape of right circular cones are 

to be made for display as shown in the adjacent figure. The 

glasses have the same height, h = 50cm. If the volume of a cone 

v, as a function of r, is given by the formula 21
( )

3
v f r hrπ= =

 
� Can you express r = f 

-1(v)? 

� Can you fill in the following table? Measurements are in cm.  
Round r to two decimal places    

v 40 80 120 160 200 240 280 

r        
 

� Can you draw the graph of f -1? 

Figure 1.1 
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1.1  REVISION ON RELATIONS 

1.1.1  Inverse of a Relation 

AACCTTIIVVIITTYY  11..11  

1   Let { } { }A 1, 5, 6, 7, 8 and B 1, 2, 4, 9= = − be two sets and  

 R = {(5, −1), (6, 4), (7, 9), (8, 2), (1, −1)} be a relation from A to B.  

  Give the domain and the range of R. 

2   Let R = { (x, y) : x < y}.  Which of the following ordered pairs belong to R? 

 a (−5, 6)  b (π, 3.4)  c (−4,  −6.234) 

3       Reverse the order of each of the ordered pairs in R in Questions 1 and 2 above. 

�Note: 

� A relation is a set of ordered pairs.   

� Given two sets A and B, a relation from A to B is defined as any subset of A × B. 

� A relation on A is any subset of A × A.  

� Let R be a relation from A to B. Then,  

  Domain of R = {x∈A: (x, y) ∈R, for some y∈B} 

  Range of R = {y∈B: (x, y) ∈R, for some x∈A} 

If R is a relation from A to B, then you may want to know what the inverse of R is. 

The following definition explains what we mean by the inverse of a relation. 

Definition 1.1 

Let R be a relation from A to B.  The inverse of R, denoted by R –1, is a relation from 

B to A, given by   

   R–1 = {(b, a): (a, b) ∈R}. 

Example 1  Let A = {0, −1, 2} and B = {5, 6}. 

Give the inverse of R = {(0, 5), (0, 6), (−1, 6)}. 

Solution (a, b) ∈ R means (b, a) ∈R–1.  Thus, R–1 = {(5, 0), (6, 0), (6, −1)} 
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Example 2   Let A be the set of all towns in Ethiopia, and B be the set of all regions in 

Ethiopia. If R = {(a, b): town a is found in region b}, then find R–1. 

Solution    Notice that, the 1st element of any ordered pair in R is a town, while the 

2nd element is a region. 

Thus, in R–1, the 1st element of the ordered pair should be a region while the 2nd 
element should be a town. 

So, R-1 = {(b, a): region b contains town a} 

    = {(a, b): region a contains town b} 

Example 3   Let R = ( ){ }, : =  + 3 .x y y x  Find R–1. 

Solution In R, the 2nd coordinate is 3 plus the 1st coordinate. Thus, 

          R–1 =
 

( ) ( ){ }, : , Ry x x y ∈ = ( ) ( ){ }, : , R .x y y x ∈  

             = ( ){ }, : 3 .x y x y= +   Notice that the 1st coordinate is 3 plus the 2nd
 coordinate. 

        = { }( , ) : 3 .x y y x= −
 

Solve for y.  

Example 4   Let R = {(x, y): y ≤ x + 3 and y > −2x + 6}.  Give R–1. 

Solution R–1 = {(y, x): y ≤ x + 3 and y > −2x + 6} 

    = {(x, y): x ≤ y + 3 and x > −2y + 6}  

    =
1

( , ) : 3 and 3
2

x y y x y x
 

≥ − > − + 
   

G r o u p  w o r kG r o u p  w o r kG r o u p  w o r kG r o u p  w o r k     1 .1 .1 .1 . 1111     

1 If A = {1, 2, 3, 4, 5} and B = {u, v, w, x}, then which of 
the following are relations from A to B? 

 a R1  =  { (1, v), (2, w), (5, x)}       

  b R2  =  { (1, v), (3, 3), (4, v), (4, w)} 

 c R3  =  { (1, y), (1, x), (3, v), (3, x) }  

  d R4  = ∅ 

2 For the relation in Example 1 above, 

 a Find the domain and range of R.  

  b Find the domain and range of R–1. 

 c Compare the domain of R with the range of R–1 and the range of R with the  
domain of R–1.  What do you notice? 
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3 For the relation given in Example 2 on the previous page, if Ambo town is in Oromia 

region and Jijiga town is in Somali region, which of the following is in R–1? 

 a (Jijiga, Somali)    b (Oromia, Jijiga)     

 c (Oromia, Ambo)   d (Somali, Jijiga) 

4 For the relation in Example 4 on the previous page, find the domain and range of R–1. 

5 Give the domain and range of the inverse of each of the following relations. 

a       
6

R (1,5), (3, 6), (4,3.5), 1,
5

  
= −  

  
  

b R = {(x, y) : y = 3x − 7} 

c    R = {(x, y) : y < −3x and y ≥ x −4} 

Exercise 1.1Exercise 1.1Exercise 1.1Exercise 1.1    

1 If R = {(x, y): y ≥ x + 1}, which of the following is true? 

 a       (0, 0) ∈ R   b    0 ∈ Domain of R   

  c      (0, 1) ∈ R   d     (−5, 6) ∈ R   

  e     (−5, −5) ∈ R f     0 ∈ Range of R. 

2 Let R = { (x, y) : y ≥ x2 – 1 and y ≤ 3 } 

 a      Sketch the graph of R.    

  b      Give the domain and the range of R. 

3 Give the relation represented by the shaded  

  region in Figure 1.2. 

4 Give the inverse of each of the following relations.  

 a     R = { (x, y): x is a brother of y} 

 b   R = { (x, y) : x2 + 1 = y2 } 

 c     R = { (x, y) : y ≥ x + 3 and y < −3x – 1} 

5 Give the domain and range of the inverse of each of the following relations. 

 a R = { (x, y) : y ≥ x2 + 1}   

 b R = { (x, y) : y ≤ −x
2 and y ≥ −1} 

 c R = { (x, y ) : −3 ≤ x ≤ 3, y ∈ℝ} 

Figure 1.2 

x = y
2 

        

 

 

 

 

 

 

 

 

 

  y 

 

 

 x

x
2
 + y

2
 = 9 
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1.1.2  Graphs of Inverse Relations 

AACCTTIIVVIITTYY  11..22  

Do the following in pairs. 

Let R = {(1, −2), (3, 9), (4, 6), (5, −7), (5, 2.5)} 

a List the elements of R–1. 

b Compare the domain of R–1 and the range of R. What do you notice? 

c Compare the range of R–1 and the domain of R. What do you notice? 

d  Do the same for R = {(x, y):− 3 ≤ x ≤ 3, y∈ℝ}. 

e How can you generalize your findings? 

From what you did so far, you should have concluded that 

Domain of R–1 = Range of R 

Range of R–1 = Domain of R 

�Note: 

� On the Cartesian coordinate plane, in keeping with common usage, arrows are 
used on the axes to show positive direction. 

� If the boundary curve in the graph of a relation is not part of the relation, it is 
shown using a broken line. 

 Now, let us compare graphs of  R and R–1 and see their relationship. 

Example 5   Let R = {(x, y): y ≥ x2}. Draw the graph of R and R–1 using the same 
coordinate axes. 

Solution    R–1 = {(x, y): x ≥ y2}. 

x 

y 

x = y2 
y = x2 

1 2 3 4 5 

1 

2 

3 

4 

5 

−1 −2 −3 −4 
−1 

−2 

−3  

Figure 1.3  The graph of R and R
-1

. 

Notice that y = x2 and x = y2 meet at (0, 0) and (1, 1). The equation of the line through 

the two points is y = x. 
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Example 6   For the following relation, sketch the graphs of R and R-1 using different 

coordinate axes. 

   R = {(x, y): y < x + 2 and y ≥ x – 1}. 

Solution R–1 = {(x, y): x < y + 2 and x ≥ y – 1}  

  = {(x, y): y > x – 2 and y ≤ x + 1} 

x 

y 

y = x − 1 y = x + 2 

1 2 3 4 5 

1 

2 

3 

4 

5 

−1 −2 −3 −4 
−1 

−2 

−3 

−4 

−5 

   

x 

y 

y = x + 1 

y = x − 2 

1 2 3 4 5 

1 

2 

3 

4 

5 

−1 −2 −3 −4 
−1 

−2 

−3 

−4 

−5 

 

a The graph of R              b The graph of R
-1

 

Figure 1.4 

G r o u p  W o r k  1 .G r o u p  W o r k  1 .G r o u p  W o r k  1 .G r o u p  W o r k  1 . 2222     
    1 Let R = {(3, −1), (4, 2), (6, 3), (−5, 1)} 

 a List the elements of R–1 

 b On a piece of squared paper, sketch the line y = x. 

 c Sketch R and R–1 on the paper, using different colours (or marking points of 

R by * and points of R–1 by ∆). 

 d Fold the paper along the line y = x. 

 e What do you notice? 

2 Let R = {(x, y): y = x3}.  Give R−1. Repeat the above investigation b to e for R.   

3 Sketch the graph of R = {(x, y): y < x + 2 and y ≥ x − 1} on squared paper; then 

turn the paper over, rotate it 90o clockwise, and finally hold it up to the light. 

What do you see through the paper? Compare it with the graph of R-1 in 

Example 6 above. Why does this procedure work? 

From the above Group Work, you should conclude that R and R–1 are mirror images of 

each other on the line y = x. This means, if you reflect the graph of R in the line y = x, 

you get the graph of R–1 and vice versa. 
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ExerciseExerciseExerciseExercise    1.21.21.21.2 

1      a Let R = {(x, y): x + 1 = y2}. Draw the graph of R–1 by reflecting the graph of 

R in the line y = x. 

 b Consider the following graph of a relation R. 

 

Figure 1.5 

 Which of the following is the graph of the inverse of R? 

 

i     ii     iii 

Figure 1.6 

2 For each of the following relations, draw the graph of R and its inverse using the 

same coordinate axes. 

a    R = { (x, y) : x + y ≤ 1}    

b    R = { (x, y) : y ≥ x + 1 and y < −3x} 

c    R = { (x, y) : x2 + y2 = 16}   

d    R = { (x, y) : x2 + y2 > 16} 

y 

x 

y 

x 

y 

x 

y 

x 
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1.2  SOME ADDITIONAL TYPES OF FUNCTIONS 

1.2.1  Revision on Functions 

AACCTTIIVVIITTYY  11..33  

    

1 Which of the following are functions?  

 a    R = {(1,0),(2, 0), (3,1),(1, 6)}  b S = {(1,0), (2, 0), (3,1), (6, 1)}    

 c     T = {( , ) :  = 2  1}x y y x − 
  

d  W = {( , ) :  2  9}x y y x≥  + 
  

 
e    K = {(1, 3),(3, 2),(1, 7),( −1, 4)}  f  L = {(0, 0),(0, −2),(0, 2),(0, 4)} 

2 Let f (x) = 9x – 2 and g (x) = 3  + 7x . Find the domains of  f and g and evaluate 

the following:  

 a f (−2)   b  f 
1

2

− 
 
 

  c g (3)  

�Note:  

� A function is a relation in which no two distinct ordered pairs have the same first 

element. 

� If f is a function with domain A and range a subset of B, we write  

  f : A → B or A Bf
→    

� If f : A → B is given by a rule that maps x from A to y in B, then we write y = f (x). 

Example 1  Suppose f: A → B is the function that gives 5x – 1for any x∈A. What are 

the possible ways of writing this function? 

Solution   We can write it as 

   f : x →  5x – 1 or f (x) = 5x – 1 or   y = 5x – 1 or  x 
f

→  5x – 1.  

�Note:  

� f (x) is read as " f of x ". 

� y = f (x), if and only if P(x, y) is a point on the graph of f. 

Vertical line test: 

A set of points in the Cartesian plane is the graph of a function, if and only if no vertical line 

intersects the set more than once. 
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Definition 1.2 

A function f : A → B is said to be  

i   odd, if and only if, for any x ∈A, f (−x) = −f (x). 

ii   even, if and only if, for any x∈A,  f (−x) = f (x). The evenness or oddness of a 

function is called its parity.   

Example 2  

a f (x) = x3 is odd, since f (–x) = (–x)3 = −x
3 = −f (x). 

 b f (x) = x2 is even since f (–x) = (–x) 2 = x2 = f (x). 

 c f (x) = x + 1 is neither even nor odd since f (–x) = –x + 1 ≠ –(x + 1) = –f (x) 

and  f (–x) = –x + 1 ≠ x + 1= f (x),    

�Note: 

Exponential and Logarithmic Functions 

� A function f : ℝ → (0,∞) given by f (x) = ax, a > 0, a ≠ 1 is called an exponential 

function.     

� A function f : (0,∞) → ℝ given by f (x) = log a x , a > 0, a ≠ 1 is called a 

logarithmic function. 

�  If a > 0, a ≠ 1, then, 
log

log
xx aa a xa = = . 

Exercise 1.3Exercise 1.3Exercise 1.3Exercise 1.3    

1 Draw the graph of each of the following functions: 

      a    
3 1

( )
2

x
f x

−
=   b ( )   + 1g x x=   c     f (x) = 4 

2 A researcher investigating the effect of pollution on plant life found that the 

percentage p (x) of diseased trees and shrubs at a distance of x km from an 

industrial city is given by p (x) = 32 – 
3

50

x
, for 50 ≤ x ≤ 500.  Sketch the graph of 

the function p and find p (50), p (100), p (200), p (400). 

3 Determine whether each of the following functions is even, odd or neither. 

a 4( )  8 1g x x= +            b f (x)  =  4x
3 – 5x 

c f (x) = x4 + 3x
2    d 

1
( )h x

x
=  
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4   Use the vertical line test to determine the graph(s) that represent function(s).  

x 

y 

  

x 

y 

 
a      b 

x 

y 

  

x 

y 

 
c      d 

Figure 1.7 

1.2.2  Power Functions 

AACCTTIIVVIITTYY  11..44  

Given the functions  

  a     f (x) = 2x
7
     b g (x)= x  c    h (x) = 4x

  

  d   

3

2( )  =f x x     e  
2

( ) =
3

 
 
 

x

g x          

Classify each as a power function or an exponential function. 

Definition 1.3 

A power function is a function which can be written in the form f (x) = ax
r
, where r 

is a rational number and a inℝ , is a fixed number. 

�Note: 

Don't confuse power functions with exponential functions.  

Exponential function: y = ax (a fixed base is raised to a variable exponent) 

Power function:    y = ax
r
 (variable base is raised to a fixed exponent)  
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Let us see the behaviour of a power function when r is an integer. 

G r o u p  W o r k  1 .G r o u p  W o r k  1 .G r o u p  W o r k  1 .G r o u p  W o r k  1 . 3333     
Do the following in groups. 

 i When r  is a positive integer 

1 Let f (x) = 4x
3 

 a What is the domain of  f ? What is the range of f? 

 b Fill in the following table.  

x −2 −1 0 1 2 

f (x)      

 

 c Sketch the graph of f (x) using the above table. 

 d What is the parity of f (i.e. is it even or odd)? 

 e Investigate its symmetry.  

2 Go through the steps a to e for the function f (x) = 4x
2  

 ii When r  is a negative integer 

3 Let f (x) = 2x
−3 

 a What is the domain of f ?  What is the range of  f ? 

 b Fill in the following table. 

x −2 −1 0 1 2 

f (x)      

 c Sketch the graph of f (x) using the above table. 

 d What is the parity of f (i.e. is it even or odd)? 

 e Investigate its symmetry.  

4 Go through the steps a to e for the function f (x) = 2x
−2.  

We now consider the behaviour of a power function when r is a rational number of the 

form 
m

n
, where m and n are integers, with  n ≠ 0. (We will assume that 

m

n
 is in its 

lowest term.) 
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Example 3  Draw the graph of 
1

33( ) =  = f x x x . 

Solution The following table gives some values. 

x −8 −1 0 1 8 

f (x) −2 −1 0 1 2 

 Using the above values, the graph can be sketched as:  

x 

y 

5 4 3 2 1 

−3 

−2 

−1 
−4 −3 −2 −1 

2 

3 

1 

6 7 8 −5 −6 −7 −8 

 
Figure 1.8 Graph of f(x)=

3 .x  

�Note: 

1 For the function f (x) = 3 ,x  Domain of f = Range of f = ℝ.  

2 The point (0, 0), where the graph changes shape from concave upward to concave 

downward, is called an inflection point. 

3 All functions
1

( ) = nf x x , where n is an odd natural number, have similar 

behaviours. They all pass through (−1, −1) and (1, 1). They are also increasing. 

The following figures give you some of the various possible graphs of power functions 

with rational exponents. 

y

x

     5 

     4 

    3 

     2 

     1  

                   

  - 1 

  - 2 

  - 3 

  - 4 

−−−−5  −−−−4   −−−−3   −−−−2  −−−−1   0     1     2     3    4    5 

m < n 

  

y 

x 

     5  
     4  
    3 

     2  
     1   

                    

  - 1 

  - 2 

  - 3 

  - 4 

  - 5 

−−−−5  −−−−4   −−−−3   −−−−2  −−−−1   0     1     2     3    4    5  

m > n 

m < n 

 

 Figure 1.9 Type of graph of y = 

m

nx ,  Figure 1.10 Type of graph of y = 

m

nx , 

    m even, n odd           m odd, n even 
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y 

x

     5 

     4 

    3 

     2 

     1  

                   

  - 1 

  - 2 

  - 3 

  - 4 

−−−−5  −−−−4   −−−−3   −−−−2  −−−−1   0     1     2     3    4    5 

  

y 

x

     5 

     4 

     3 

     2 

     1  

                   

  - 1 

  - 2 

  - 3 

−−−−5  −−−−4   −−−−3   −−−−2  −−−−1   0     1     2     3    4    5 

 

Figure 1.11 Graph of y =

1

nx

−

, n odd  Figure 1.12 Graph of y =

1

nx

−

, n even 

y

x

     5 

     4 

    3 

     2 

     1  

                   

  - 1 

  - 2 

  - 3 

−−−−5  −−−−4   −−−−3   −−−−2  −−−−1   0     1     2     3    4    5 

 

Figure 1.13 Graph of y =

m

nx

−

, m even, n odd 

�Note: 

  The point P(0, 0) in Figure 1.9 is called a cusp. 

AACCTTIIVVIITTYY  11..55  

Answer each of the following for the functions given by 

Figures 1.9-1.13 above. 

1 What are their domains and ranges? 

2 Give their parities. 

3 State whether they are symmetrical with respect to the x-axis, y-axis, the origin or 

neither. 

4 Where are they increasing and where are they decreasing? 

Exercise 1.4Exercise 1.4Exercise 1.4Exercise 1.4    

1 Which of the following are power functions and which are not? (Give reasons). 

 a f (x) = 5x
2 + 1  b f (x) =  5x

3

4

−

  c g (x) = x 2−

   

  d h (x) = xx
    e l (x) = 5x + 1    
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2 Find the domain of each of the following power functions. 

 a     
1

3( )f x x=  b    
5

4( )f x = x  c  f (x) = 
2

32 x

−

 d  
7

4( ) =f x x

−

 

3 Sketch the graphs of f, g and h using the same coordinate axes. 

  f (x) =  x2,  g (x) = 2x
2  and h (x) = −2x

2. 

4 If f (x) = ax
n, a ≠ 0 and f (xy) = f (x) f (y), what is the value of a? 

5 Consider f (x) = ax
−1, a ≠ 0. 

 a Give the domain and range of f (x). 

 b Suppose a > 0.  Then y = f (x) can be written as 
a

y
x

=  or xy = a.  Here x 

and y are inversely related and a is called the constant of variation.  Draw 

the graph of f (x), when a = 2, and describe its symmetry. 
 

1.2.3  Absolute Value (Modulus) Function 

AACCTTIIVVIITTYY  11..66  

Find the absolute value of each of the following.  

 a – 2   b 3  c  0  d –6.014 

Definition 1.4 

For any real number a, the absolute value or modulus of a, is defined by 

   
,  if 0

,  if 0

a a
a

a a

≥
= 

− <
   

 

Some calculators have keys denoted by |x| or ABS.   

You can use such a key to find the absolute value of a number. 

In case you have a calculator that does not have such a key, to 

find |x|, enter x, press the x2 key, and then press  key. 

This is based on the property 2
x x=

 

 Calculator 

Tips 
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AACCTTIIVVIITTYY  11..77  

1 Compare the absolute values of  

 a −3.5 and 3.5   b 4.213 and −4.213 

 c What can you conclude about x  and −x , for any x in ℝ? 

2 a Compare  xy  and x y for the following.    

  i x = 2.4, y = 3   ii x = −6,  y = 4  

 b Conclude whether or not  xy  = x y , for all x, y∈ℝ  

Some properties of the absolute value  

1 x ≥ 0 for any x∈ℝ. 

2 x is the distance between the point corresponding to x and the origin. 

3 |x| ≥ x and |x| ≥ −x, for any point with coordinate x in ℝ. 

4 x = x − , for any x∈ℝ 

5 For any x, y∈ℝ,   provided that 0
xx

 = ,  y
y y

≠  

6 xy =  x  y
,
 for any x, y∈ℝ

 

7 x  = a, if and only if x = ± a, provided, a ≥ 0. In case a < 0, then x = a has 

no solution. 

Definition 1.5 

The modulus (Absolute value) function is the function given by f (x) = x . 

�Note: 

Domain of  f = ℝ. Since f (x) = x ≥ 0, for each x∈ℝ, Range of  f = [0, ∞). 

Example 4 

 a Complete the following table for f (x) = x . 

x −3 −2 −1 0 1 2 3 

f (x)        

 b Using the above table, sketch the graph of f (x) = x and notice its features. 
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Solution 

 a 

x −3 −2 −1 0 1 2 3 

f (x) 3 2 1 0 1 2 3 

 b From the table, you can draw the graph as follows: 

x 

y 

4 3 2 1 

−4 

−3 

−2 

−1 
−4 −3 −2 −1 

2 

3 

1 

−5  5 

f (x) = | x | 

 

Figure 1.14    Graph of y = |x|. 

As you can see, the graph has no hole or break in it (i.e. it is continuous) and it 

makes a sharp corner or a cusp at P(0, 0). The graph is also symmetrical with 

respect to the y-axis. 

Exercise 1.5Exercise 1.5Exercise 1.5Exercise 1.5    

1 If x = 4 and y = −6, then find: 

 a 4x – 3     b xy  + 1   c 
  

1

x

x +
 

2 Give the solution sets for each of the following equations.  

 a x  = 4    c 3x + 1   = 0  

  b x – 3  = −1   d 3x + 1 = 5 

3 Give the domain of each of the following functions. 

 a f (x) = x  + 1    c h (x) = 
1

x
 

 b g (x) = x  − x     d k (x) = x –   
2

x

 
4 Sketch the graphs of f (x) and h (x) given in Question 3 above. 
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1.2.4  Signum Function 

AACCTTIIVVIITTYY  11..88  

Consider the function 
 3,  if     0

( ) = 
2,  if   <  0

≥


−

x
f x

x
.  Find   

a the domain of  f    b the range of  f 

c Sketch the graph of  f. 

Definition 1.6 

The signum function, read as signum x, is written as sgn x and is defined by 

  y = f (x) = 

 1, for   >  0

sgn   =  0, for   =  0

1, for   <  0

x

x x

x






−

  

Since, 

  1 ,     > 0

 =   

x

 x 

x
∃ (does not exist), 0

 1 ,    < 0

x

x




=


−

,   we have, 
 ,    0

sgn   =  

  0,     =  0

x
x

x x

x


≠





 

�Note: 

� The symbol ∃ means does not exist or undefined. 

� The signum function is an example of a piecewise-defined function. 

� If an end point of a curve is not part of the graph, it is shown by a small open 

circle (⊸). 

� If an end point of a curve is part of the graph, it is shown by a small filled - in 

circle (•                    ). 

Example 5      

a Complete the following table. 

x −4 −3 −2 −1 0 1 2 3 4 

sgn x          

b Sketch the graph of f (x) = sgn x using the above table and find its domain 

and range . 
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Solution 

 a 

x −4 −3 −2 −1 0 1 2 3 4 

sgn x −1 −1 −1 −1 0 1 1 1 1 

 b   

x 

y 

−3 

−2 

−1 

2 

3 

1 
f (x) = sgn x 

4 3 2 1 −4 −3 −2 −1  5 0 

 
Figure 1.15 

As you can see from the graph, the domain of f (x) = sgn x is ℝ and its range is 

{–1, 0, 1}. 

Exercise 1.6Exercise 1.6Exercise 1.6Exercise 1.6    

1 Sketch the graph of f (x) = x + sgn x. Give the domain and range of f. 

2 Draw the graph of f (x) = x sgn x. What is its relationship with the graph of y = x?  

3 Sketch the graph of f (x) = x2 sgn x. What is its domain? What is its range? 

4 Sketch the graph of g (x) = x3 sgn x. Give its domain and range. Does it have 

symmetry with respect to any line? 

5 a  Is  f (x) = sgn x even or odd?   b Is  f (x) = x3 sgn x even or odd?  

1.2.5  Greatest Integer (Floor) Function 

Definition 1.7 

The greatest integer function, denoted by 

   f (x) = x   , is defined as the greatest integer ≤ x.  

Example 6   Let x = 2.56. On the number line, x is found between 2 and 3. 

 –2      –1         0   1    2       3         4   

2.56 
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What is the largest among the integers that is less than or equal to 2.56?  

You can see that it is 2.  

 Thus, 2.56 2=   . 

�Note: 

The greatest integer ≤ x is also called the floor of x.  

Example 7   Find x    when 

 a x = – 4.6   b x = 3    c x = 7.2143 … 

Solution             

a – 5 is the largest integer ≤ −4.6.  i.e., 4.6 = 5− −   . 

 b 3 is the largest integer ≤ 3. i.e. 3  = 3   . 

 c 7.2143 … is between 7 and 8. Thus, 7.2143 = 7.    

AACCTTIIVVIITTYY  11..99  

1  Let f (x) =
 

x   .  

 a Give  3),  2. 7),  2.5),  1),  .01)f f f f f(− (− (− (−2. (−2  

 b What is f (x), when –3 ≤ x < −2? 

 c Complete the following table.  

 

2 Draw the graph of f (x) =
 

x   .  

�Note:  

The greatest integer ≤ x is the integer that is immediately to the left of x (or x itself, if x 

is an integer).  

As you have seen from the examples above, x can be any real number but x   is always 

an integer. Thus, Domain = ℝ; Range = Z  

We write this as f : ℝ → Z  given by f (x) = x   . 

x –3 ≤ x < –2 – 2 ≤ x < –1 – 1 ≤ x < 0 0 ≤ x < 1 1 ≤ x < 2 2 ≤ x < 3 

f (x) – 3 – 2    2 
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Exercise 1.7Exercise 1.7Exercise 1.7Exercise 1.7    

1 What is the value of each of the following?  

 a π     b  21.01−     c 21.01     d 0    

2 Given f (x) = ,x     

 i verify that if k ∈ x, Z ∈∈∈∈ ℝ,
 
then ( ) ( )f x k f x k+ = +  by taking  

a x = 4.25, k = 6 b x = – 3.21, k = 7 c x = 8, k = −11 

ii verify that f (x) + f (y) ≤ f (x + y) ≤ x + y, using  

a x = 4.25, y = 6.32 b x = – 2.01, y = π c x = 4, y = –6.24 

iii verify that ( )    ( ) 1f x x f x≤ < +  by taking  

a   x = 2.5  b   x = – 3.54  c x = 4 

3 Let a = x – .x    

 a Using Question 2iii above, show that 0 ≤ a < 1. 

 b  Show that  ,x x a= +     0 ≤ a < 1. 

 c  Show that f (x + k) = f (x) + k, when k ∈ ℤ , x ∈ ℝ  using 3b.  

1.3    CLASSIFICATION OF FUNCTIONS 

1.3.1  One-to-One Functions 

AACCTTIIVVIITTYY  11..1100  

Which of the following is one-to-one?  

      f = {(a, 1), (b, 3), (c, 3), (d, 2)}; g = {(a, 4), (b, 2), (c, 3), (d, 1)} 

Definition 1.8 

A function f: A → B is said to be one-to-one (an injection), if and only if, each 

element of the range is paired with exactly one element of the domain, i.e.,  

  f (x1) = f (x2) ⇒ x1 = x2, for any x1 and x2 ∈A.  

�Note: 

This is the same as saying x1 ≠ x2 ⇒ f (x1) ≠ f (x2). 
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Example 1   Show that f: ℝ → ℝ given by f (x) = 2x is one-to-one. 

Solution  Let x1, x2 ∈ ℝ be any two elements such that f (x1) = f (x2). 

 Then, 2x1 = 2x2 ⇒ ( ) ( )1 2 1 2

1 1
2  = 2    = 

2 2
x x x x⇒  

 Thus, f is one-to-one.  

Example 2 Show that  f: ℝ → ℝ given by f (x) = x2 is not one-to-one. 

Solution   Take x1 = 2 and x2 = – 2. 

 Obviously, x1 ≠ x2 i.e 2 ≠ – 2  

 But f (x1) = f (2) = 22 = 4 = (– 2)2 = f (– 2) = f (x2)  

This means there are numbers x1, x2∈ℝ for which x1 ≠ x2 ⇒f (x1) ≠ f (x2) does not 

hold.  

Thus, f is not one-to-one.  

When the graph of f: ℝ → ℝ is given, i.e.  f is a graphical function, there is another way 

of checking its one-to-oneness.  

The horizontal line test: 

A function f : A → B is one-to-one, if and only if any horizontal line crosses its graph at 

most once.  

Example 3  Using the horizontal line test, show that f : ℝ → ℝ given by f (x) = 2x is 

one-to-one. 

Solution From Figure 1.16, it is clear that any horizontal line crosses y = 2x at 

most once. Hence, f (x) = 2x is a one-to- one function. 

x 

y 

Horizontal line 

y = 2x 

1 2 3 4 5 

1 

2 

3 

4 

5 

−1 −2 −3 −4 
−1 

−2 

−3 

−4 

−5 

Crossing point 

  

x 

y 

y = x2 

1 2 3 4 5 

1 

2 

3 

4 

5 

−1 −2 −3 −4 
−1 

−2 

−3 

Horizontal line 

Crossing point Crossing point 

 

Figure 1.16 Graph of ( ) 2 .f x x=     Figure 1.17 Graph of 
2( ) .f x x=  
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Example 4  Using the horizontal line test, show that f: ℝ → ℝ given by f (x) = x2 is 

not one-to-one. 

Solution   A horizontal line crosses the graph of y = x2 at two points (Figure 1.17). 

Thus, f is not one- to- one. 

Example 5   Which of the following are one-to-one functions? 

 a F = {(x, y):y is the father of x}  

 b H = {(x, y):y = |x − 2|} 

 c G = {(x, y):x is a dog and y is its nose} 

Solution Only G is one-to-one.    

Exercise 1.8Exercise 1.8Exercise 1.8Exercise 1.8    

1 Which of the following functions are one-to-one?  

 a        f = {(1, 5), (2, 6), (3, 7), (4, 8)}  

 b       f = {( –2, 2), (–1, 3), (0, 1), (4, 1), (5, 6)} 

 c     f = ( ){ }, :  is a brother of x y y x  

 d     g = ( ){ ,  y :x  } is a child and  is his/her agex y  

 e     h: ℝ → ℝ, h (x) = 3x – 2. 

 f    h: (0, ∞)→ ℝ, h (x) = 5log x . 

 g     f: ℝ → ℝ, given by f (x) = 1x- .
 

2 Let a, b, c, d be constants with ad – bc ≠ 0, and ( )
ax + b

f x
cx + d

= . Check whether or 

not f is one-to-one.   

1.3.2  Onto Functions 

Definition 1.9 

A function f : A →  B is onto (a surjection), if and only if, Range of f = B.  

Example 6   Let f be defined by the Venn diagram in Figure 1.18 below. 

 Range of f = B. Therefore, f is onto.  
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4 

3 

2 

1 

a 

b 

c 

f 

A B 

   

a 

b 

c 

d 

1 

2 

3 

4 

5 

f 

A B 

 

Figure 1.18      Figure 1.19 

Example 7 In Figure 1.19 above, 

 Range of f = { }1,  2, 4  Range of   B  f⇒ ≠  

 Thus,  f is not onto.  

�Note: 

Let f: A B→ be a function. 

Range of f = B means for any y∈B, there is x∈A, such that y = f (x).  

So, to show f is onto, if possible, show that for any y, there is x∈A such that f (x) = y.  

To show f is not onto, find y∈B that is not an image of any of the elements of A.  

Example 8 

 a Let f : ℝ → ℝ be f (x) = x2 

        Take y = – 4. Since for any x∈∈∈∈ ℝ, 2 2  0,  4x x≥ ≠ − . Thus f is not onto.  

 b Let :  [0, )f → ∞ℝ  be given by f (x) = x2. 

Take [0,  ).y ∈ ∞ Since y ≥ 0, for all x∈∈∈∈ ℝ,
 [ )

2 0,  x ∈ ∞ . Thus, x2 = y has a 

solution. Indeed, if  = x y , then, f (x) = f ( ) ( )
2

 =  = y y y  

Thus, f is onto. 

Definition 1.10 

A function :  A  B f → is a one-to-one correspondence (a bijection), if and 

only if,  f is one-to-one and onto.  
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Example 9  Let f: ℝ → ℝ  be given by f (x) = 5x – 7. Show that f is a one-to- one 

correspondence. 

Solution  Let x1, x2 ∈ ℝ, such that f (x1) = f (x2) 

⇒ 5x1 – 7 = 5x2 – 7 ⇒ 5x1 – 7 + 7 = 5x2 – 7 + 7 

 ⇒ 5x1 = 5x2 ⇒ x1 = x2 

 So, f is one-to-one. 

 Let y∈ ℝ. Is there x∈∈∈∈ ℝ such that y = f (x)?  

 If there is, it can be found by solving y = f (x) = 5x – 7 

  ⇒ y + 7 = 5x ⇒ 
 + 7

 = .
5

y
x  

 So for any y ∈ ℝ, take x = 
7

5

y +
∈ℝ . 

 Then  
 + 7  + 7

( ) =  = 5 7
5 5

y y
f x f y

   
− =   

   
  

 So f is onto.  

 Therefore, f  is a one-to-one correspondence.  

Example 10 Check if the following function is a one-to-one correspondence.  

a 

b 

c 

d 

e 

1 

2 

3 

4 

f 

A B 

 

Figure 1.20  

Solution f is onto, because range of f = { }1,  2, 3, 4  = B. 

But f is not one-to-one, because f (d) = f (e) = 4, while d ≠ e. 

So, f is not a one-to-one correspondence.  
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Example 11 Let f : ℝ → ℝ be given by f (x) = 3x. Check whether or not f is a one-
to-one correspondence. 

Solution For any x1, x2 ∈ℝ,  

  1 2

1 2( ) ( ) 3 3x x
f x f x= ⇒ =  

1

1 2

2

03
1 3 1 3

3

x

x x

x

−⇒ = ⇒ = =  

          1 2   0x x⇒ − =
 1 2 x  = x⇒  

Thus, f  is one-to-one. But, f is not onto, because negative numbers cannot be 
images. For instance, take y = – 4.  

Since 3x >0, for every x ∈ ℝ, it is not possible to have x ∈ ℝ, for which 

 3  4 .x
= −  

Thus, f is not onto  

Therefore, f is not a one-to-one correspondence.  

Exercise 1.9Exercise 1.9Exercise 1.9Exercise 1.9    

1  Which of the following functions are onto?  

 a     f: ℝ → ℝ,  f (x) = 3x + 5      

  b [ ): 0,g ∞ → ℝ ,  ( )= 3g x x−
 
 

 c    

 

a 

b 

c 

d 

 

1 

2 

3 

f 

 

Figure 1.21 

 d  f : ℝ → ℝ,  f (x) = x3          

  e h : ℝ → ℝ, h(x) = 1x-     

2  For each of the following functions, give the set B, for which f: ℝ  B→ is onto.  

 a f (x) = x2 + 2         b f (x) =  + 5 x
 

c ( )= 3f x x      d ( ) 1 3f x x= −  
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3 Show whether each of the following functions is a one-to-one correspondence or   

not.  

a    f: ℝ → ℝ,
3  + 1

 ( )=
5

x
f x  

b    :[0,  ) [0,  ),  ( )g g x x∞ → ∞ =  

c    h: ℝ → (0, ),  ( ) = 5x
h x∞  

d    2: [1, ) [0, ), ( ) ( 1) 1f f x x∞ → ∞ = − +  

4  Find a one-to-one correspondence between the following pairs of sets. 

 a    A { , , } and B {1, 2, 3}.a b c= =  

 b    A { 1, 2, 3, . . . , 50}, B {1, 2, 3, . . . , 50}.= − − − − =  

 c    A =  N and B {5, 8, 11, . ..}.=  

1.4       COMPOSITION OF FUNCTIONS 

Combination of functions 

�Note: 

Recall the following.  

� Let f and g be two functions.  Then,    

   (f + g) (x)  = f (x) + g (x);  (f  − g) (x)  = f (x) – g (x); 

   (fg) (x) = f (x) g (x);   (
f

g
) (x) =

( )

( )

f x

g x
;where g (x)≠ 0. 

� Domain of (f  + g) = Domain of (f  –  g)  

         = Domain of (fg) = Domain of f ⋂ Domain of g. 

� Domain of (
f

g
)  = (Domain of f ⋂ Domain of g) \ { x: g (x) = 0} 

Definition 1.11 

Let :  and :→ →f A B g B C  be functions. Then, the composition of g by f, denoted 

by gof, is given as (gof) (x) = g (f (x)). 
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Example 1   Given the Venn diagram in Figure 1.22, find 

  a (gof) (a)  b (gof) (d) 

 

a 

b 

c 

d 

 

1 

2 

3 

f 
e 

f 

g 

h 

g 

 

Figure 1.22 

Solution (gof) (a) = g (f (a)) = g (1) = e and (gof) (d) = g (f (d)) = g (3) = h 

Example 2 Given the Venn diagram in Figure 1.23, find 

a (gof) (b)  b (gof) (c) 

 

a 

b 

c 

d 

 

1 

2 

3 

f 
e 

f 

g 

h 

g 

 
Figure 1.23 

Solution (gof) (b) = g (f (b)) = g (1) = e and (gof) (c) = g (f (c)) = g (2) = g 

Example 3   Let f (x) = 2x + 1, g (x) = x3. Give (fog) (x) and (gof) (x). 

Solution  (fog)(x) = f (x3) = 2x
3 + 1, while (gof) (x) = g (2x + 1) = (2x + 1)3 

Example 4   Give  (fog) (x), (gof) (x), (fof) (x), (gog) (x), if they exist, for 

f (x) = 5log x , g (x) = x2 + 2.  

Solution Range of f = ℝ Domain of g = ℝ. 

  ⇒(gof) (x) exists and (gof) (x) = 2
5 5(log )= (log )  + 2g x x . 

Range of g = [2,  ).∞ Domain of f = (0,  )∞ and hence  

Domain of f ⋂ Range of g ≠ ∅. 

  ⇒ fog exists and (fog) (x) = 2
5log (  + 2)x  
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(fof)(x) = 5 5 5log ( ) log (log )f x x=  can be defined only if 5log 0.x > i.e. if and only if x >1. 

(gog)(x) = 2 2 2(  + 2) = (  + 2)  + 2g x x . Here x can be any real number. 

AACCTTIIVVIITTYY  11..1111  

1 Let f (x) = x + 1 and g (x) = x . 

 a    Give fog and gof. 

 b    Find the 

i  domain of fog      ii  domain of gof 

iii  range of fog   iv range of gof 

2 Let f (x) = x2 –1 and g (x) = x  

a    Give fog, gof. 

b    What is the domain of gof ? 

c    Sketch the graph of gof. 

3 Let f (x) = 2log and ( )  x g x x= . 

a    Give fog and gof. 

b Give the domain of fog and the domain of gof. 

c    Sketch the graph of both the functions fog and gof. 

Example 5   Let f :ℝ [0, )→ ∞  be given by f (x) = 2x and : [0, ) [0, )g ∞ → ∞  be given 

by ( )g x x= . Then, find (gof) (x) and the domain of (gof) (x). 

Solution (gof)(x) = 2(2 ) 2 2
x

x x
g = = . Domain of gof = Domain of  f =ℝ. 

Example 6   Let f (x) = 5x + 4 and gof (x) = 7x – 1. Find g (x). 

Solution  Since gof and f are linear, try a linear function g (x) = ax + b. 

       ( ( )) =  (5  + 4)g f x g x  = a(5x+4)+b = 5ax + 4a + b  

 Now, ( ( ))  7   1g f x x= − ⇒ 5ax + 4a + b = 7x – 1⇒ 5a = 7 ⇒ a = 
7

5
 and 

   4a + b = − 1 ⇒ b = –1 – 4a ⇒b = –1 
 28  33

 = 
5 5

− −  

 Thus,
7 33

( )  
5 5

g x x= − . 
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Exercise 1.10Exercise 1.10Exercise 1.10Exercise 1.10    

1  Let f (x) = 9x – 2 and ( ) 3  + 7g x x= . Evaluate the following. 

 a g (3) – g (−2)  b (g (−1))2      c  
( ) (0)f x f

x

−
 

2  Let f (x) = 9x – 2;   g (x) = 3  + 7x .  Find each of the following. 

 a    (f + g) (−2)   b     (7)
f

g
  c    Domain of (f + g)  

  d    Domain of fg   e    Domain of  
f

g
 

3  Find (f + g) (x), ( f – g) (x), (fg) (x) and ( )
f

x
g

 
 
 

 for the following. 

 a f (x) =  
5

2 1

x

x −
;    

6
 ( )  =

2 1

x
g x

x

−

−
 b f (x) =   + 1x ;  

1
 ( ) =

1
g x

x +

 

4  Let f (x) = 3x – 2; g (x) = 5x + 1. Compute the indicated values.  

 a ( )(3)fog   b (fof )(0)   c (gof) 5)(−    

  d (gog) 7)(−
  

e (fogof) (2)      

5  Find  

  i   ( )( )fog x    ii ( )( )gof x  

  iii ( )( )fof x    iv (gog)(x), if they exist, for 

a f (x) = 2x – 1; g (x) = 4x + 2   b f (x) = x2; g (x) = x  

c f (x) = 1 – 5x; g (x) = 2  + 3x  d f (x) = 3x; g (x) = 2x 

6  Let f (x) = 3x, g (x) =  and ( ) = .x h x x  Express each function below as a 

composition of any two of the above functions.  

 a ( ) 3l x x=    b    ( ) 3k x x=    c    t(x) = x  

7       Express each function f as a composite of two simpler functions h and g. i.e. f = hog.  

 a ( ) = 3  + 1f x x   b  f (x) = 16x
2 – 3  c  

23  + 1( ) = 2 x
f x   

  d f (x) = 5 × 22x + 3  e     4 2( ) =   6  + 6f x x x−  

8    Let f (x) = 4x + 1 and g (x) = 3x + k, find the value of k for which (fog)(x) = (gof)(x).  

9  If f (x) = ax + b, a ≠ 0, find g such that (gof) (x) = x.  

10     Given f (x) = x4 and g (x) = 2x + 3, show that (fog)(x) ≠ (gof)(x), in general. 
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1.5    INVERSE FUNCTIONS AND THEIR GRAPHS 

AACCTTIIVVIITTYY  11..1122  

Give the inverses of each of the following: 

 a    f = {( , ) : 3 4}x  y y x= − . Is f 
–1 a function?  

 b    R {( ,  ) : 3 4}x y y x= ≥ − . Is R–1 a function? 

 c    f = {(x, y):y = x2}. Is f –1 a function? 

 d    g = {(x, y):y = 2log x }.  Is g–1 a function? 

From your investigation, you should have noticed that:  

�Note: 

 f –1 is a function, if and only if f is one-to-one.  

Example 1    Is the inverse of f (x) = x3 – x + 1  a function? 

Solution  Domain of f = ℝ  and for 1, –1 ∈ Domain of f, 

 f (1) = 1 – 1 + 1 = 1 = f (–1).  This implies f is not one-to-one. 

 Therefore f –1 is not a function. 

Notation:  If the inverse of f is g , then g is denoted  by  f –1. In this case f is called 

invertible.  

Steps to find the inverse of a function f 

1 Interchange x and y in the formula of f. 

2 Solve for y in terms of x. 

3 Write y = f −1 (x). 

Example 2 Find the inverse of each of the following functions. 

 a     f (x) = 4x – 3. b     f (x) = 1 – 3x  c     f (x) = ,   1
1

x
x

x
≠

−
.  

Solution 

a f = {( ,  ):  = 4   3}x y y x −  and 

  f  –1 = {( ,  ) : 4 3}x y x y= − = 
3

( ,  ) :
4

x
x y  y

+ 
= 

   
⇒ 1  + 3

( ) = 
4

x
f x

−  
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 b     f  = {( x, y): y = 1 – 3x} 

  ⇒  f 
–1 = {(x, y): x = 1 – 3y} = 

1
( , ) :  .

3

x
x y y

− 
= 

 
 

 Therefore  f –1(x) =
1   

.
3

x−
 

 c f  = {(x, y) : y = ,   1
1

x
x

x
≠

−
} 

f –1 = {(x, y): x = , 1
1

y
x

y
≠

−
} = {(x, y): x (y – 1) = y, x ≠ 1}  

      = {(x, y): y (x – 1) = x, x ≠ 1} 

               = {(x, y): y = , 1
1

x
x  

x
≠

−
} 

Definition 1.12 

The function : ,I A A→  given by I (x) = x is called the identity function. 

�Note: 

If f :A → A, and I:A → A, then (Iof)(x) = ( ( )) ( ),  for every A.I f x f x x= ∈  

Again, (foI) (x) = ( ( )) ( ),  for every Af I x f x x= ∈                 

We can define the inverse of a function using the composition of functions as follows.  

Definition 1.13 

A function g is said to be an inverse of a function f, if and only if,  

 ( ( )) = I( )  and ( ( )) = I( )g f x x f g x x  

Example 3 Show whether or not each of the following pairs of functions are inverses 

of each other. 

 a f: ℝ (0, )→ ∞
 
given by ( ) = 2x

f x and  

  g: (0, ∞) → ℝ given by g (x) = 2log x .  

 b  f (x) = 
1

, 2
2

x
x

x

+
> −

+
 and g (x) = 

1  2
,  1

1

x
x

x

−
≠

−
 

 c f (x) =
5

; 1
1

x
x

x

+
≠ −

+
 and 

5
( ) = ; 2

1

x
g x x

x

−
≠ −

+
 



Unit 1 Further on Relations and Functions 

33 

Solution 

 a    (fog)(x) = 2

log
22  and ( ) ( ) log 2 ( ) :x

x

x gof x x I x= = = =  

 Thus  f and g are inverses of each other. i.e. g = f –1 or f = g–1 

 b    
1 2

( ( )) = =  = I ( ) 
1

x
f g x f x x

x

− 
 

− 
 and g (f (x)) = g

+1

+ 2

x

x

 
 
 

= x = I(x). 

 Thus  f and g are inverses of each other, i.e. g = f –1 or f = g–1. 

 c   
5 4  +15 

( ( )) = = I( )
2 7

x x
f g x f x

x

− 
≠ 

+ 
and  

  
5 4   

( ( )) = = I( )
1 3 + 7

x x
g f x g x

x x

+ 
≠ 

+ 
 

 Hence f and g are not inverses of each other. 

AACCTTIIVVIITTYY  11..1133  

Recall that the graph of the inverse of a relation is obtained by 
reflecting the graph of the relation with respect to the line y = x. 

For each of the following, sketch the graph of f and f  –1 using the same coordinate axes.  

a f (x) = 2x + 3  b f (x) = x3 

From Activity 1.14, you may have observed that the graph of f –1 can be obtained by 
reflecting the graph of f with respect to the line y = x.  

Exercise 1.11Exercise 1.11Exercise 1.11Exercise 1.11    

1 Determine the inverse of each of the following functions. Is the inverse a function? 

 a    f (x) = 3log 2x     b    h (x) = – 5x + 13   

  c   ( ) 1g x x= +     d    2( ) ( 2)k x x= −  

2 Give the domain of each inverse in Question 1 above. 

3 Are the following functions inverses of each other (in their respective domain)?  

 a    f (x) = 3x + 2; ( )
2

3

x
g x

−
=   b 3 3( ) ; ( )f x x g x x= =    

  c 2( ) ;  ( )  f x x g x x= =    d    33( ) 8  and ( ) 8f x x g x x= + = −  

4 Which of the following functions are invertible?  If they are not, can you restrict 

the domain to make them invertible? 

 a 3( )f x x=      b 2( ) 4g x x= −   

  c 
1

( ) 5
3

h x x= − +     d 2( ) logf x x=  
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5 Which of the following functions are invertible?   

  y 

 x 

 

  y 

 x 

  y 

 x 

 

a       b     c 

Figure 1.24 

6 Sketch f  –1 for each of the following functions.  

  y 

 x 

 

       

 
  y 

 

 x 

 

       

 

 

 

 

 

 

 

 

  y 

 

 

 x 

 

a      b     c 

Figure 1.25 

 Key Terms 
 

 

combination of functions modulus (absolute value) 

composite function one-to-one correspondence 

cusp one-to-one function 

domain onto function 

function parity  

greatest integer (floor) function power function 

horizontal line test  range 

identity function  relation 

inflection point  signum (sgn) function 

inverse function vertical line test  
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 Summary 
 

 

1 A relation from A to B is any subset of A × B. 

2 (f ± g)(x) = f (x) ± g(x); (fg)(x) = f (x)g(x);
( )

( )
( )

f f  x
 x  = 

g g x

 
 
   

provided that g(x) ≠ 0.  

3 R–1 = {(b, a): (a, b) ∈ R} 

4 Domain of R–1 = Range of R and Range of R–1 = Domain of R. 

5 A function is a relation in which no two of the ordered pairs in it have the same 

first element. 

6 f (x) = ax
r , r ∈ℚ  is called a power function. 

7 f (x) = 
m

nax ,  m even and n odd has a cusp at the origin. 

8 x  =  
 for 

 for 

 x, x  0

x, x < 0

≥


−
 

9 x  =  2
 x  

10 sgn x  =  

1,  for 

0, for 

1, for 

  x > 0

   x = 0

 x < 0






−

 

11 The floor function or the greatest integer function f (x) = x    maps ℝ into Z. 

12 f is one-to-one, if and only if f (x1) = f (x2) ⇒ x1 = x2, for any x1, x2 ∈ Domain of f.   

13 A numerical function f is one-to-one, if and only if no horizontal line crosses the 
graph of f more than once.  

14 f : A→B is onto, if and only if Range of f = B.  

15 f : A→B is a one-to-one correspondence, if and only if f is one-to-one and onto. 

16 (fog)(x) = f (g (x)) 

17 Domain of (fog) ⊆ Domain of g. 

18 f 
–1 is a function, if f is one-to-one.  

19 g and f are inverse functions of each other, if and only if g (f (x)) = x and f (g (x)) = x. 

20 To find f –1  

� Write y = f (x). 

� Interchange x and y in the above equation to obtain x = f (y). 

� Solve for y and write y = f –1 (x). 
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 Review Exercises on Unit 1 

1 Find the inverse of each relation and determine whether the inverse is a function. 

 a    R ={(2, −2), (−3, 3), (−4, −4)}  b    R = {(2, 1), (2, 3), (2, 7)} 

2 Find the inverse of each function.  Is the inverse a function? 

 a    f (x) = 2x + 3    b   f (x) = x2 – 9  

  c    f (x) = (x2 – 9)2    d     ( )
3

x
f x =  

3 Find the domain of  ( )  .f x x x= −
 

4 a    Give the intersection points of y = x5 and y = x7. 

 b    Are these points common to y = xn, where n is an odd natural number? 

 c    For each of the following functions, what is the effect of 4, when f (x) is 

compared with y = x3? 

  i f (x) = 4x
3     ii f (x) = x3 + 4 

 d    For f (x) = x3, compare f (a⋅b) and f (a)⋅f (b) for any a, b∈ℝ. What do you 

notice? 

 e    Is the property f (a⋅b) = f (a)⋅f (b) for any a, b ∈ R generally true for any                   

f (x) = x
n
, n∈ℝ? 

5 Draw the graph of y = f (x)  using the graph of y = f (x), for each of the following:  

 a    f (x) = x + 1  b    f (x) = log x c    f (x) = x3
 

6 a    Show that y = sgn x is odd. 

 b    If h (x) = 
1

2
 (sgn x + 1), show that h (−x) + h (x) = 1 

 c    Express h (x) in terms of x, by taking x > 0, x = 0 and x < 0. 

7 For f (x) = x   , verify that f (x + y) ≤  f (x) + f (y) + 1, by taking  

 a    x = −3.9  ;  y = −16.4    b    x = 3.9; y = −16. 4 

  c    x = −3.9  ; y = 16.4   d    x = 3.9 ; y = 16.4   

8 Check if 
1

2  =   +  + 
2

x x x
 

         
, by taking different values of x. 

9 Find fog, fof, gof, gog for  

 a    f (x) = 1 + 2x;  g (x) =  x   b    f (x) =  log x;  g (x) = 3x + 1  

10 What is the domain of each composite function in Question 9? 

11 Determine whether or not each pair of functions are inverses of each other. 

 a  f (x) = 2x – 4 ;  
4

( ) =
2

x
g x

+
  b f (x) = 2x + 5 ; 

3 5
( )

2

x
g x

−
=

 




