COORDINATE GEOMETRY

; 5

Unit Outcomes: . '

After completing this unit, you should be able to:

» understand specific facts and principles about lines and circles.

»  know basc concepts about conic sections.

»  know methods and procedures for solving problems on conic sections.
MainContents
3.1 STRAIGHT LINE
3.2 CONIC SECTIONS
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INTRODUCTION

The method of analytic geometry reduces a problem in geometry to an algebraic
problem by establishing a correspondence between a curve and a definite equation.

The concepts of lines and conics occur in nature and are used in many physical g
situations in nature, engineering and science. For instance, the earth's orblt around the ' -
sun s elliptical, while most satellite dishes are parabolic. "3 :

In this unit, you will study some more about straight lines and cwcles, and aso the '/
properties of the conic sections, circle, parabola, dlipse and hyperbola

L] HisTORICAL NOTE

Apollonius of Perga

The Greek mathematician Apollonius (who died about 200 B.C.)
studied conic sections. Apollonius is credited with providing the
parabola”, and "hyperbola" and for discovering

names "ellipse”,
that all the conic sections result from intersection of a cone and a
plane. The theory was further advanced to its fullest form by
Fermat, Descartes and Pascal during the 17t century.

OPENING PROBLEM
A parabolic arch has dimensions as shown in y
the figure. Can you find the eguation of the

parabola? What are the respective values of y
for x=5, 10 and 15?

Figure 3.1
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STRAIGHT LINE

Review on equation of a straight line

In Grade 10, you have learnt how to find the equation of a line and how to tell whether
two lines are parallel or perpendicular by looking at their slopes. Now let us revise these
concepts with the following Activity.

ACTIVITY 3.1

Given two points P (1, 4) and Q (3, -2), find the equationof &  ==o> =~ v
line passing through P and Q; and identify its slope and y-intercept.

Given the following equations of lines, characterize each line as vertical,
horizontal or neither.

a y=3x-5 b y=7 c X=2 d x+y=0

Identify each of the following pairs of lines as parallel, perpendicular or
intersecting (but not perpendicular).

a f:y=2x+3; fziy:%X—Z
b l1:y=2X+3; fz:yz—%x—3

C l1:y=2X+3; l:y=2x+5
d l1: 3X+4y—-8=0 /3. 4x—3y—-9=0

From the above Activity, you can summarize as follows.

v

v

Any two points determine a straight line.
If P(X1, y1) and Q(xy, y») are points on aline with x; # Xy, then

Y-y Z[H}(x— x,) isthe equation of the straight line and the ratio
i

2

m:u is the slope of the line.

X=X
If X, = X1, then the line is vertical and its equation is given by x = X3; in this case
the line has no dope.

If two lines /1 and /2 have the same slope, then the two lines are parallel.
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v If the product of the dopes of two lines /1 and 7, is —1, then the two lines are
perpendicular.

v If the equation of alineis given by y = mx + b, then misthe slope of the line and
bisitsy - intercept.

Example 1 Find the equation of the line that passes through the points (-3, 2) and
(4, 7) and identify its slope.

7-2 5

4-(-3) 7

Solution The slopeis given by m=

29
=

y-2
x=(-3)
Angle Between Two Lines oh the

Coordinate Plane |

In the previous section, you have seen how to |dentlfy Whether fwo lines are parallel or
perpendicular. Now, when two lines are intersecting, you will see how to define the
angle between the two lines and how to determine this angle.

Thus, for any point P(x, y) onthe line,

=2 e Y= =X+
7

~ o

Consider the following graph and answer the questions that follow:

E“y
. ‘
3|P(x.y)
oy
Q (%, 0\ ! X
H—8—2\ A1 2 3 4 5
X=X
Figure 3.2
Find
a tana b  dopeof theline’
c the reation between a and slope of / d If ¢ isvertical, thena = ___
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e If ¢ ishorizontal, thenaa=__

f If o >90°, do you get the same relation as in ¢ above between tan o and the
slope of the line ¢?

Definition 3.1

The angle a measured from the positive x-axis to aline in the counter-clockwise

direction is called the angle of inclination of the line.

Example 2 If the angle of inclination of aline is 120°, then its slopeis
tan 120° = /3.

Example 3 If theslopeof alineis 1, then its angle of inclination is 45°.

ACTIVITY 3.2

Consider the following two intersecting lines, and answer the
questions that follow:

7, 5 y £
- 4
N
fe)
2
1 4
a 0\ X
-4 -3 -2/41 1 2 3 45
-1
-2
-3
Figure 3.3

a  What isthe angle of inclination of /1?

b What is the angle of inclination of /,?

c Can you find any relation between o, y and 3?

Definition 3.2

The angle between two intersecting lines ¢, and /, is defined to be the angle 3

measured counter-clockwise from ¢4 to /.
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From the above Activity, you have =y - a, dopeof /1 =tan a and slope of />=tany

tany - tana

Th =y- tanB = tan(y-a) =
usp=y-a= tanfs (v - o) L+tany tan o

Hence if my is the slope of /1 and my, is the slope of />, then the tangent of the angle

between two lines 7, and ¢, measured from /; to ¢, counter-clockwise is given by
tan3 = u, if mmy, # -1
1+mm,

So, the angle 3 can be found from the above equation.

The denominator 1 + mym, =0 < mMump = -1 < tan Bisundefined = £ =90°

Thus, the angle between the two linesis90° < mum, = -1 0or my = —i
m,

Example 4 Given points P(2, 3), Q(—4, 1), C(2, 4) and D(6, 5), find the tangent of the
angle between the line that passes through P and. Q and the line that
passes through C and D when measured from the line that passes through
P and Q to the line that passes through C and D. counter-clockwise.

Solution Let my be the ope of the line through P and Q and m, be the slope of the

line through C and D.
Then,ml:i:__z—_-landmzzuzl_
-4 - 24 %8 3 6-2 4

Thus, the tangent of the angle £ between the line through P and Q and the line
through Cand D is

1 1 3-4
< 48 - 12 1
1+mm, 1+}_1 12+1 13
34 12

1 Write down the equation of the line that:
a  passsthrough (6, 2) and hasdopem=4
b  passesthrough (6, 6) and (-1, 7)
c  passesthrough (2,—4) and ispardld to the line with equationy = 7x - 10.
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d passes through (2, —4) and is perpendicular to the line with equationy = 2x — 1.

e  passesthrough (1, 3) and the angle from the line with equationy = x + 2 to
the line is 45°.

2 Find the tangent of the angle between the given lines.
a lry=-3x+2,lxy=-xXx b (1:3x-y-2=0;/lx4x-y-6=0
3 Determine B so that the line with equation 5x + By - 6 =0 is:

a  pardlel to theline with equationy = ;x +1

b perpendicular to the line with equationy = ;X +1

4 A ca rental company leases automobiles for a charge of 20 Birr/day plus 2 Birr/km.
Write an equation for the cost y Birr in terms of the distance x driven, if the car is
leased for 5 days.

5  Water in alake was polluted with sewage from a nearby town with 7mg of waste
compounds per 1000l of water. It is determined that the pollution level would

drop at the rate of 0.75 mg of waste compounds per 1000/ of water per year, if a

plan proposed by environmentalists is followed. Let 2001 correspond to x = 0 and
successive years correspond to x = 1, 2, 3,.... Find the equation y = mx + b that
helps predict the pollution level in future years, if the plan isimplemented.

EE¥ Distance bétween a Point and a Line on
the Coordinate Plane

ACTIVITY 3.3

Given aline ¢ and apoint P not on /;

a Draw line segments from point P to £, (as many as possible).

b Which line segment has the shortest length?

Definition 3.3

Suppose a line ¢ and a point P(X, y) are given. If P does not lie on ¢, then we define

the distance d from P to ¢ asthe perpendicular distance between Pand 7. If Pison /,

the distance is taken to be zero.
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Let aline /: Ax + By + C = 0 with A, B and C all non-zero be given. To find the

distance from the origin to the line Ax + By + C = 0, you can do the following:

ﬂ‘y

e

AX+By+C=0

5 N

| dn

aNa p X
4-32-1] 12 345

1
-1

Lo}

Figure 3.4

Draw ON perpendicular to Ax + By + C=0. AONP isright angled triangle. Thus
|cosa| = 94 L g=-op |cos a].
OP
The x-intercept of Ax+ By + C=0is —%.

c
Thus, d =+—|cos
|Al| al

Again ON being [id the line Ax + By + C = 0 gives: slope of ON =tana=

> |

[becauseslopeof Ax+By +C=0is __BAJ

Thisgives |cosal = &
joosol = 22— |
Hence, the distance from the origin to any line Ax + By + C=0withA# 0, B # 0 and
<l

C#0isgivenhby

The above formulais true when
[ C =0 (in this case you get a line through the origin) or

i either A= 0 or B = 0 but not both, with C# 0 (A =0 and B # 0 gives a horizontal
line, while A # 0 and B = 0 gives a vertical ling).
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Example 5 Find the distance from the origin to the line 5x - 2y - 7= 0.

. . -7 7
Solution Thedistanced = =

J5 (-2 29

1  Consider apoint P (h, k) on the xy-coordinate system. Form
anew X'y coordinate system such that
a  theoriginof the new systemisat P (h, k)
b  thex-axisisparalel to the x-axisand the y-axisis paradlel to the y-axis.

Let P be a point on the plane such that it has coordinates P (X, y) in the xy-system
and P (X, y) inthe Xy'-system. Express X' and y* in terms of x, y, h and k.

uy y'
P
) (h, K) X
k
X
Figure 3.5

2 If (h, k) = (3, 4), what is the representation of P(—3, 2) (given in the xy-system) in
the new X'y -system?

From the above Group Work, you should get the translation formulas:
X/=% +H
Y=Yk
where (h, K) represents the origin of the new x'y'-system and (X, v') and (x, ) represent
the coordinates of apoint inthe x' y and xy systems, respectively.

Example 6 Findthe new coordinates of P(5, -3), if the axes are translated to a new
origin (=2,-3).
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Solution Theformulaeare X =x-handy =y -k Here, (h, k) = (-2, -3)
Thus, the new coordinatesof P(5,-3) aexX=5-(-2)=7ady =-3-(-3)=0
Thus, inthe X'y'-system, P(7, 0).

Next, we will find the distance between any point P(h, k) and aline
¢ AX+By+C=0,

Translate the coordinate system to anew origin a P(h, k).

Let the equation of the line in the new X' y-sysembe A" X + B'y + C'= 0. Then, the

c

But, AX +By+C=0« A (x-h)+B (y- K+C=0

distance from Pto /7 is given by,

Ax- Ah+By-Bk+C =0
Ax+BYy+(C-Ah-BKk=0
Sinceinthe xy - system the equationisAx+ By + C=0
Youget A=A, B=B,C=C-Ah-Bk
So,C=Ah+Bk+C=Ah+Bk+C
| A+ Bl +C|

N A? + B?

Example 7 Find the distance between P(—4, 2) and 7 : 2x+9y-3=0

Hence the distance from P(h, k) to Z.is given by

g= 29 +92) -3 _[-8+18-3 7
J2? + @2 \/85 /85

1 Find the distance of each of the following lines from the origin.
a 4x-3y=10 b x-5+2=0
c X+y-7=0
2 Find the distance from each point to the given line.
a P(-3,2);5x+4y-3=0 b P(4,0) ;2x-3y-2=0
c P(-3,-5); 2x-3y+11=0

Solution
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CONIC SECTIONS

Cone and Sections of a Cone _
The coordinate plane can be considered as a set of points which can be written as
R?=RxR ={(x,y): X,y []R].

If some of the points of the plane satisfy a certain condition, then these points make up a
subset of the set of al points (i.e. the plane).

Definition 3.4

A locus is a system of points, lines or curves on a plane which satisfy one or more
given conditions.

Example 1
The following are examples of loci (plural oflocus).
1 Theset {(x,y) [Ri:y=3x+5 isalineinthe coordinate plane.

2 Theset of al points on the x-axis which are at a distance of 3 units from the
originis {(-3,0),(3,0)}.

In this subsection, the plane curves called circles, parabolas, dlipses and hyperbolas
will be considered.

Consider two right circularcones with common vertex and whose
altitudes lie on the same line as shown in Figure 3.6.

< 4

Figure 3.6
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1 If a horizontal plane intersects
/dlices through one of the cones,
the section formed isacircle.

«/ > C
2 If a slanted plane intersects .
/dlices through one of the cones, ..
then the section formed is either

an ellipse or aparabola. A _
) circle

3 If a vertical plane intersects
/dlices through the pair of
cones, then the section formed 1
is a hyperbola.

ellipse

Figure 3.7

Since each of these plane curves are formed by intersecting a pair of cones with a plane,
they are called conic sections.

Wi Circles
ACTIVITY 3 .4

Describe each of the following loci.

a  Theset of al pointsin aplane which are at adistance of 5
units from the origin.

b The set of al points in a plane which are at a distance of 4 units from the
point P(1,-2) .

Each of theloci described in Activity 3.4 represents a circle.

Definition 3.5

A circle is the locus of a point that moves in a plane with a fixed distance from a
fixed point. The fixed distance is caled the radius of the circle and the fixed point
is called the centre of the circle.

From the above definition, for any point P(x, y) on acircle with centre C (h, k) and
radiusr, PC =r and by the distance formula you have,

Yooty -k =1
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From this, by squaring both sides, you get
(x-h)?+(y-K?=r?

The above equation is cdled the standard form of the equation of a circle, with
centre C (h, k) and radiusr.

VV><

Fe N\

tnf Lo )

\

o
=
Q

Figure 3.8

If the centre of a circle is a the origin (i.e..h =0, k = 0), then the above equation
becomes,

X2 + y2 — r2
The above equation is cdled the standard form of equation of a circle, with centre
at the origin and radiusr.

Example 2 Write down the standard form of the equation of acircle with the given
centre and radius.

a C(0,0),r=8 b C@2-7)r=9
Solution

a h=k=0andr=8

Therefore, the equation of thecircleis (x — 0)? + (y — 0)*>= 8%

That is, 32 + y* = 64.

b h=2,k=-7and.r=29.

Therefore, the equation of the circleis (x - 2)2 + (y + 7)2 = 9.

That is, (x - 2)* + (y +7)?= 81.

Example 3 Writethe standard form of the equation of the circle with centre a C (2, 3)
and that passes through the point P (7, -3).
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Solution Let r be the radius of the circle. Then the equation of the circleis
(x-2)*+ (y-3)*=r
Since the point P (7, —3) ison the circle, you have
(7-2)*+(-3-3)*=r2

Thisimplies, 5° + (-6)* = r%.

So, r?=61.

Therefore, the equation of the circleis

(x-2)%+ (y-3)*=61.

Example 4 Give the centre and radius of the circle,

a (x-5)%+(y+7)?=64 b X2+y* +6x-8y=0.
Solution

a  Theequationis(x - 5)%+ (y + 7)? = 8% Therefore, the centre C of the circle
isC (5, - 7) and theradiusr of the circleisr =8.

b By completing the square method, the equation is equivalent to
X +6X+9+ Yy -8y +16=9+16= 25,
Thisis equivalent to,
(x+37+(y-4*=5.

Therefore, the centre C of the circleis, C (-3, 4) and the radiusr of thecircleis r =5.

ACTIVITY 3.5

1 Find the perpendicular distance from the centre of the circle

with equation
(x-1)°+(y+4)°=16
to each of the following lines with equations:
a 3Xx-4y-1=0 C 3Xx-4y+2=0
b 3x-4y+1=0

2 Sketch the graph of the circle and each of the lines in Question 1 aove, in the
same coordinate system. What do you notice?



Unit 3 Coordinate Geometry

From Activity 3.5, you may have observed that:

1 If the perpendicular distance from the centre of a circle to aline is less than the
radius of the circle, then the line intersects the circle at two points. Such aline is
caled asecant lineto the circle.

2 If the perpendicular distance from the centre of a circle to a line is equd to the
radius of the circle, then the line intersects the circle at only one point. Such a line
is caled a tangent line to the circle and the point of intersection is called the
point of tangency. g

3 If the perpendicular distance from the centre of a circle to aline is greater than the
radius of the circle, then the line does not intersect the circle.

1 A line with equation Ax+By+C =0 intersects a circle with eguation
(x—h)*+(y-K)* =r?, if and only if,
|Ah+ Bk +C]|
—F <.

IAZ_I_BZ

2 If aline with equation Ax + By + C = 0 intersects a circle with equation

2
(x—=h)*+(y—-K)* =r?, then (x - h)* + (—gx—g—kj =r? isaquadratic equation

inx. If B=0, thenx = —% isavertical line

2 2
(y-k)?=r? —(—i— hj =lis —((HAM] , whichisaquadraticiny.

Solving this equation, you can get point(s) of intersection of theline and the circle,

Example 5 Find theintersection of the circle with equation (x - 1) + (y + 1)*= 25
with each of the following lines.

a 4x-3y-7=0 b x=4
Solution
a \ 4x-3y-7=0 o y= 4"3‘7
2
50(x—1)2+(4x 7+1J =25
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U

(x- 12+ [4)‘3_ 4) =25

9(x - 1)+ (4x - 4)> =225

9(¢-2x+ 1) + (16x° - 32x + 16) = 225
9x? - 18x + 9 + 16x* — 32x + 16 = 225
25x° = 50x - 200=0

X -2x-8=0

(x+2)(x—4)=0

X=-20rx=4

L O R L

U

Thisgivesy =-5and y = 3, respectively.
Hence the line and the circle intersect at the points P(—2, —5) and Q(4, 3).
b For thelinex = 4,
= (4-17°+(y+1)°=25
9+ (y+1)?’=25
(y+1)%=25-9=16
y+1l=%4

u v Uy

y=3ory=-5
Hence, the intersection points of the line and the circle are (4, 3) and (4, -5).
Example 6 Forthecirde (x + 1)*+ (y - 1) =13, show that y = gx - 4 isatangent

line.
Solution The distance from C (-1, 1) totheline—3x+ 2y+8=0is

8D +2)+8 13 _
d= =11 =/13=
Jeare22 VI3 r

Hence, y = gx— 4 isatangent lineto thecircle

(x+1)?+(y- 1)*=13.
Example 7 Givethe equation of the line tangent to the circle with equation
(x+1)? +(y-1)* =13 at the point P(-3, 4).
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Solution Firg find the equation of the line ¢ that passes through the centre of the
circle and the point of tangency.
The point of tangency is T(Xo, Yo) = T(-3, 4) and the centreis P(h, k) = P(-1, 1).
Therefore, equation of /7 is given by:
Y-Y%_ y-4 _ 4-1
X =% X-(-3) -3+1

y - 4. —E,whichisequivalentto:y—4=—§x —g.
X+3 2 2 2

Hence yz—gx —% is the equation of the line /.

Thisimplies,

But the line ¢ is perpendicular to the tangent linetothe circle at T(-3, 4).

Therefore, the equation of the tangent lineis given by:
y—-4 2 y-4 2

:> — ki
x-(-3) 3  x+3 3

Therefore y = %x + 6 isequation of the tangent line to the circle at (-3, 4).

v Ifaline/istangentto acircle (x— h)?+ (y—- K?=r?a apoint T(X, Yo), then

the equation of 7 is given by

Y=Y __%"h
X% Yo~k

Therefore, the equation of the tangent line to the circle in Example 7 can be found by:

y=Yo . ¥ =4 _ _(—3+1J:2
X=X X+ 3 4-1

3

Example 8 Findthe equation of the circle with centre at O(2, 5) and the line with
equation x-y =1 isatangent line to the circle.

Solution The distance from the centre O(2, 5) of the circle to the line with
equationx -y - 1 =0 istheradius.

Thus,rzuzzﬁ

Hence, the equation of the circleis (x - 22 + (y - 5= (2v2) =8
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1  Writethe standard form of the equation of acircle with the given centre and radius.

a C(23),r=5 b C(82),r=+2 c C(2-1),r=4

2 Find the coordinates of the centre and the radius for each of the circles whose
equations are given.

a (x-2)2+(y-3)?%=7 b (x+7)%+(y+12)?=36
C A(x+3)P2+4a(y+2P=7 d (x-1)%+(y+3)?=20
e X+ -8x+12y-12=0 f X +y -2x+4y+8=0

3 Write the equation of the circle described below:
a It passes through the origin and has centre at (5, 2).
b It is tangent to the y-axis and has centre at (3, —4).
c The end points of its diameter are (-2, -3) and (4, 5).

4  Acirclehas centreat (5, 12) and istangent to the line with equation 2x -y + 3=0.
Write the equation of the circle.

5 Find the equation of the tangent line to each circle at the indicated point.
a X +y*=145; P9, -8) b (x-2)2+(y- 3?=10; P(-1,2)

sk Parabolas
ACTIVITY 3.6

1 Draw the graph of each of the following functions.
a  y=xX+2x+3 b  y=-xX*+5x-4

2 Find the axis of symmetry of the graphs in Question 1 above.

From Activity 3.6, you have seen.that the graphs of both functions are parabolas; one
opens upward and the other opens downward.

Definition 3.6

A parabola is the locus of points on a plane that have the same distance from a
given point and a given line. The point is called the focus and the line is called the
directrix of the parabola.
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N y
14
B’
F
B X
Axis
[3)
Figure 3.9

Consider Figure 3.9. Here are some terminologies for parabolas.
v Fisthe focus of the parabola

v" Theline /¢ isthe directrix of the parabola.

v Theline which passes through the focus F and is perpendicular to the directrix ¢
is called the axis of the parabola.

v The point V on the parabolawhich lies on the axis of the parabolais called the
vertex of the parabola.

v" Thechord BB' through the focus and perpendicular to the axis is called the
latus rectum of the parabola,

v Thedistance p=VF from the vertex to the focus is called the focal length of
the parabola.

L] HISTORICAL NOTE

Galileo Galili (1564-1642)

In the 16t century Galileo showed that the path of a projectile that
is shot into the air at an angle to the ground is a parabola. More
recently, parabolic shapes have been used in designing automobile
highlights, reflecting telescopes and suspension bridges.

Now you are going to see how to find equation of a parabola with its axis of symmetry
parallel to one of the coordinate axes. There are two cases to consider. Thefirst case is
when the axis of the parabola is paralel to the x-axis and the second case is when the
axis of the parabolais parallel to the y-axis.
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Equation of a parabola whose axis is parallel to the x-axis
A y A y

A(h1py) P (x W)~
M \

F(h+p K X /\/yhk) X

x=h+p

P =

.

x=h-p By A(h+p.y)

Figure 3.10

LetV(h,k) bethe vertex of the parabola. The axisof the parabolaisthe liney = k.

If the focus of the parabola is to the right of the vertex of the parabola, then the focusis
F(h+ p,k) and the equation of the directrix isx=h- p. Let P(x,y) be apoint on the
parabola. Then the distance from P to F is equal to the distance from P to the directrix.
That is, PF = PA whereA(h-p,y).

Thisimplies /(x=(h +p))*+ (y-K)? = J(x=(h- p))*+(y = y)*.

Squaring both sides gives you, (x=(h + p))* +(y=K)* = (x=(h-p))*.
Thisimplies, X —2x(h+ p)+(h+ p)*+(y-K)?=x*-2x (h-p) + (h-p)>.
This can be simplified to the form

(y-Ki=4pex-h
This equation is called the standard form of equation of a parabola with vertex
V (h, k), focal length p; the focus Fisto the right of the vertex and its axisis parallel to
the x-axis. The parabola opens to the right.
If the focus of the parabolaisto the left of the vertex of the parabola, then the focusis
F(h-p,k) and the equation of the directrix isx = h+ p . With the same procedure as
above, you can get the equation

(y-KyA =/ -4p (x-h)
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This equation is called the standard form of the equation of a parabola with vertex
V (h, k), focal length p; the focusF is to the left of the vertex and its axisis parallel to

the x-axis. Inthis case, the graph of the parabola opensto the left.

The standard form of the equation of a parabola with vertex V (h, k) and whose axisis
parallel to x-axis is given below. Such a parabolais called an x-parabola

The eguation
(y-K)? = 4p (x-h)
represents a parabola with:
v vertex V (h, K)
focus (h + p, k).
directrix: x = h + p.
axis of symmetry y = k.
If the signin front of p is positive, then the parabola opensto the right.
If the sign in front of p is negative, then the parabola opens to the left.

AN NN

Example 9 Find the equation of the directrix, the focus of the parabola, the length of
the latus rectum and draw the graph of the parabola

V2 = 4x
Solution The vertex isat (0,0) and 4p = 4. Hence p =1.

The parabola opens to the right with focus (h +p, k) = (0 + 1, 0) = (1, 0) and the
directrixx=h—-p =0-1 = -1. The axis of the parabolaisthe x-axis.

The latus rectum passes through the focus F(1, 0) and is perpendicular to the axis,
that is the x-axis.

Therefore, the equation of the line containing the latus rectumisx=1.
To find the endpoints of the latus rectum, you have to find the intersection point
of the linex =1and the parabola. That is, y* =4x1=4 « y=+2,

Therefore, the end points of the latus rectum are(1,-2) and (1, 2) and the length of
the latus rectum is:

JA-1%+(-2-2?%=16=4,
The graph of the parabolais givenin Figure 3.11.
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Figure 3.11

Example 10 Find the equation of the directrix and the focus of each parabola and
draw the graph of each of the following parabolas.

a 4y =-12x b (y-22=6(x-1) ¢ Y -6y+8x+25=0
Solution
-12x u

a  Theequation 4y* = —12x can be written as y? = -3x

The vertex isV(h, k) =V(0, 0). -4p ==3 and p :%

Sincethe sign in front of p is negative, the parabola opens to the left.

The directrixis x = h+p :0+§:—.
4 4

Thefocusis F(h-p,k) = F(O—%,O} = F[—%,Oj.

The graph of the parabolais givenin Figure 3.12.

Ay:
5 i
1
~ 41
1
3
A =-3x N
Z 1
N o
1 T
F-2.0}v(©,0 X
—5—4—3524—” 1 2 3 4
Al
=2 :
ol ! 2
=13
|~ 1| X5 —
=41 4
Figure 3.12
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b Thevertexisat V(h, k) =V(1, 2)

Since4p =6, thenp = g:g The signinfront of pis postive. Hence the
parabola opensto the right.

ThefocusisF (h+p, k) = F[l+g,2j = F(%,Zj

The directrixisx=h—-p= 1—; = _71 The axis of the parabolaisthe horizontal

liney =k, i.e. y=2 and the graph of the parabolaisgivenin Figure 3.13.
14y //

L

T

.

! (v I 2)° = 6(x ~4)

1

i/

* V(1 2)

7 y=2

! (55)

NGNS
32-1'| 1 % 3 4 56

-1

> 1

H=r5

=D Z

Figure.3.13

c By completing the square, the equation y* — By + 8x + 25 = 0 is equivalent
to the equation (y — 3)*> = =8'(x + 2). The vertex of the parabolais at
V(h, k) = V(-2, 3) and4p = -8 impliesp = 2. Thesignin frontof pis
negative. Hence the parabola opens to the left.

The focus F(h - p, K).= F(-2 —2,3) = F(-4, 3), the equation of the directrix is

x= h+p=-2+ 2 = 0 and the equation of the axis of the parabolaisy = k,

i.e. y = 3 with its graph given in Figure 3.14.
\ LY

(y-13)%=8(x+2)

o

N Y O o N

=
x

-1

=2
Figure 3.14
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Example 11 Find the equation of the parabola with vertex V (-1, 4) and focus F(5, 4).
Solution HereV(h, k) =V(-1, 4).
Hence h = -1 and k = 4 and the focusis given by F(h + p, k) = K5, 4).
Thisimpliesh+p=5and k=4. Then, -1+ p=5, whichimpliesp =6

Since the focus F is to the right of the vertex V, the parabola opensto theright.
Hence the equation of the parabolais given by:

(y=4)°=24(x+ 1)

Equation of a parabola whose axis is parallel to'the J~axis

Ay Ay
x=h
P(xy)
[ =k
N F(K*D A(X,lil+p) . y=K+p
V(hK y=k-p vV (h, K)
] [
A k-p) X /\ X
A E (B kD) s
P(X,yk \
x=h
a b
Figure 3.15

LetV(h,k) bethe vertex of the parabola. The axis of the parabolaisthe line X = h.

If the focus of the parabola is above the vertex of the parabola, then the focus is
F(h,k + p) and the eguation of the directrix isy=k- p. Let P(x,y) be apoint on the
parabola. Then the distance from P to F isequal to the distance from P to the directrix.
That is, PF = PA whereA (x,k — p), asshownin Figure 3.15

Thisimplies \/(x—h )2 + (y=(k+p))’ = \/(x—x)z +(y-(k-p))>.
This can be simplified to the form
(x-hA=4p (y-K)

The standard form of equation of aparabolawith vertex V (h, k) and whose axis is
parallel to the y-axis. Such a parabolais called a y-parabola.
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The equation

(x-h)* = 4p (y-K)
represents a parabola with
vertex V (h, K)
focus F(h, k £ p).
directrix : y=k ¥ p.
axis of symmetry x = h
If the sign in front of p is positive, then the parabola opens upward.

v
v
v
v
v
v' If thesignin front of p is negative, then the parabola opens downward.

Example12 Find the vertex, focus and directrix of the followi ng parabolas; sketch’
the graphs of the parabolasin b and c.

a X =16y b —2¢=8y
c  (x—=22=8(y+1) d  xX+12y-2x-11=0
Solution

a Here 4p = 16 impliesp = 4. :
Since the sign in front of p is positive, the parabola opens upward.
The vertex isV(h, k) = V(0, 0). :
ThefocusisF(0, p) = F(O, 4).
The directrix isy=k—p=0-4=-4.
b —2¥ =8y can bewritten as X’ = —4y.

Here, —4p=—-4impliesp=1.

Sincethe sign in front of p is negative, the parabola opens downward as shown in
Figure 3.16.

The vertex isV(h, k) = (0, 0).
The focusis F(h, k—p) = F(0, 0-1) = K0, -1).
Thedirectrixisy=k+p=0+1=1.

Aty \ 1y

po) s po)

° Sl x=22E8y+1)
r4

2 y: ]. :

* a0 X * F2l1) X

4 -3 241 N2 3 4 5 6 3-2-1}1 2 345 6

=1 % 1 _

) PO IN L2 sy L, v(2,-1

: ° yE=3

=4 =4

Figure 3.16 Figure 3.17
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d

Here 4p =8 impliesp = 2.
Since the sign in front of p is positive, the parabola opens upward as shown
in Figure 3.17.
The vertex
V(h,K)=V(2 -1).
Thefocusis
F(h,k+p)=F2,-1+2)=F(2,1).
Thedirectrixisy=k—-p=-1-2=-3.
The equation x* +12y-2x-11=0 isequivalent to(x-1)?=-12(y-1).

Hence - 4p = - 12 impliesp = 3;

Sincethe sign in front of p is negative, the parabola opens downward.
Thevertex isV(h, k) =V(1, 1)
ThefocusisF(h,k— p)=F1,1-3)=F(1, -2)
Thedirectrixisy=k+p=1+3=4

Example 13 (Parabolic reflector)

A paraboloid is formed by revolving a parabola about its axis. A spotlight inthe
form of a paraboloid 6 inches deep has its focus 3 inches from the vertex. Find the

radiusr of the opening of the spotlight.

Solution

The parabola has the y-axis as its axis
and the origin as its vertex. Hence the -10-8 6 -4 -2 2 4 6 8 10
equation of the parabolais:

y

First locate a parabolic cross 10
section containing the axis in a
coordinate system and label all
the known parts and parts to be
found as shown in Figure 3.18.

(0]

2 &8y, Figure 3.18
The focusis given F(0O, 3) = F(0, p) Thusp = 3 and the equation of the parabolais:
X =12y.
The point (r, 6) ison the parabola
=r?=12x6
=r?=72

92
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Write the equation of each parabola given below.
a  Vetex (-2,5); focus (-2, -8) b Vertex (-3, 4); focus (-3, 12)
c Vertex (4, 6); focus (-8, 6) d  Vertex (-1, 8); focus (6, 8)

Name the vertex, focus and directrix of the parabola whose equation is given and
sketch the graph of each of the following.

a xX=2y b (x+2)2=4(y-6)

c  (y+2)?=-16(x-3) d (x-3)?=4y

Write the equation of each parabola described below.

a  Focus (3, 5); directrixy =3 b Vertex (-2,1); axisy=1;p=1

c  Vertex (4, 3); passes through (5, 2), vertical axis

d Focus (5, 0); p = 4; vertical axis

Write the equation of each parabola described below.

a  Vertex at the origin, axis along the x-axis, passing through A (3, 6)
b Vertex at (4, 2), axis parallel to the x-axis, passing through A (8, 7)
c Vertex at (5, -3), axis paralel to the y-axis, passing through B (1, 2)

The parabola has a multitude of y
scientific  applications. A  reflecting
telescope is designed by using the
property of a parabola

P
If the axis of a parabolic mirror is “& A
pointed toward a star, the rays from the
star, upon striking the mirror, will be
reflected to the focus.

Answer the following questions

Figure 3.19
a A parabolic reflector is designed so that its diameter is 12 m when its depth
is4 m. Locate the focus.

b A parabolic head light lamp is designed in such a way that when it is 16 cm
wide it has 6 cm depth. How wide is it at the focus?

Find the equation of the parabola determined by the given data.

a  Thevertexisat (1,2), theaxisis pardlel to the x-axis and the parabola
passes through (6,3).

b  Thefocusisat (3,4), thedirectrix isat x = 8.
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Ellipses

Do the following in groups.

1 Draw acircle of radius5 cm.

2 Using two drawing pins, a length of a string and a pencil do the following. Push
the pins into a paper at two points. Tie the string into a loose loop around the two
pins. Pull the loop taut with the pencil’s tip so as to form a triangle. Move the
pencil around while keeping the string taut.

3 What do you observe from the two drawings?

Definition 3.7

An ellipse is the locus of all points in the plane such that the sum of the distances
from two given fixed points in the plane, called the foci, is constant.

: Figure 3.20
Consider Figure 3.20. Here are some terminologies for ellipses.

v" Fand F' are foci. :
v V,V', Band B' are caled vertices of the ellipse.

v V'V iscalled the major axis and BB is called the minor axis.

V' C, which isthe intersection point of the major and minor axes is called the centre
of the ellipse. .
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CV and CV' are called semi-major axes and CB and CB' are called semi-

minor axes.

Chord AA' which is perpendicular to the major axis at F is called the latus
rectum of the ellipse.

The distance from the centre to afocusis denoted by c.
The length of the semi-major axis is denoted by a and the length of the
semi-minor axis is denoted by b.

The eccentricity of an ellipse, usually denoted by e, is the ratio of the distance
between the two foci to the length of the major axis, that is,

_ distance betweenthetwo foci _ ¢

lengh of the mgjor axis a

which is a number between 0 and 1.

Note that V'F' = VF and VF + VF' = VV' = 2a, according to the definition. If P is any
point on the ellipse, you have,

PF + PF' =2a

Since B is on the ellipse, you also have that BF + BF' = 2a. But BF = BF. Thisimplies
BF = a. By using Pythagoras Theorem for right angled triangle ABCF, you get,

CB®+ CF° = BF

But CB = b, CF=c and BF = a.. Therefore a, b and ¢ have the relation,

b?> + ¢* =/a°

L] HISTORICAL NOTE

Johannes Kepler (1571-1630)

In the 17th century, Johannes Kepler discovered that the orbits
along which the planets travel around the Sun are ellipses with the

Sun at one focus, (his first law of planetary motion).

Equation of an ellipse whose centre is at the origin

There are two cases to consider.

One of these cases is where the mgjor axis of the ellipse is parallel to the x-axis as
shown in Figure 3.21 below.
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uy

B'(0, b)

V'(-a, 0)/‘ mwa, 0 X

B(0, -b)
Figure 3.21

From the discussion so far, you have,
PF + PF=2a.

Thisimplies /(x + ¢)2+y* +/(x-c)> +y’=2a

= J(x+c)? +y* =2a - {/(x- ¢)* +y’

Squaring both sides gives you,

(c+ 0 + Y =4 - 4aJ(x= o + Y+ (x- ) +y?
Thus, 4am: 4a°+ (x-c)°> = (x +¢)’
This impli%4am: 4a°+x* -2xc+c7-x*—2xc-¢°

This gives you the result a,/(Xx-c)*+ y* =a’ - cx

Squaring both sides gives
a((x=0)*+y?) = (a® - cx)?
= a? (¢ - 2xc'+ ¢ + y?) =a* - 2a’cx + ¢4
= a’x?-2afcx + a’c+ ady? = a’ - 2a% cx + ¢
s(@-AX¥+ay=a'-a’c?
> (@% - ) ¥ +ay = a? (a’- ¢?)
From the relation a? = b? + ¢, you get, a° - ¢*= b%.

This gives you,
b? 3+l P = &’ b
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By dividing both sides by & b?, you have
2 2

x+y

a’ F:l

This equation is called the standard form of an equation of an ellipse whose major
axisis horizontal and centreisat (0, 0).

Example 14 Give the coordinates of the foci of the ellipse shown below. Give the
equation of the ellipse and find the eccentricity of the ellipse.

[y
_|©,6)
] —~
/ a4
(-10,/0) (10)0) X
—\o 8 16 <4 =2 D 468
_2 /
4
\ /
(0, =6)
Figure 3.22

Solution  From the graph observe that a = 10, and b = 6. Since a® = b + ¢, then
100 = 36 + c>. Hence ¢ = 64. Thisimpliesc= 8.
Therefore, the centreis C (0, 0) and the foci are F'(—c, 0) = F(-8, 0) and
F(c, 0) = F(8, 0) snce the mgjor axisis horizontal.
2 2

Then the equation of the dlipseis T+ é =1.

The eccentricity of the ellipseis e= = 1% =0.8
a

Example 15 Find the equation of the ellipse with foci F(—2,0) and F (2,0),a=7.

Solution F(=2,0) and F (2, 0), impliesthat C (0, 0) and c = 2. The major axis of
ellipse is horizontal.

Fromtherelationa? =b?+ ¢ you get b*=a’- c?=7%-22=45,
2 2

Hence, the equation of the elli seis,x—+y——1 or x_2+y_2_1
e PERIS 2 7 29 45
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Equation of an ellipse whose centre is C (5, A) different
from the origin

A y A y'
[Bthik+D) p
Vi(h-a k) / c(h, k) \WV(h +a, K ¢
\ F'(h-cK) F(h+c, k)
B'(H, k-b)
Figure 3.23

Let C(h, k) be the centre of the ellipse. Construct anew X' y'-coordinate system with
origin at C(h, k). Then, for any point P on the dlipse with coordinates (X, y) in the
xy-coordinate system and (X', ') in the new X'y’-coordinate system,
12 2
XL Y -
a b
But then from trand ation formulae you have X = x — h and ¥ =y =k, which gives

ERY: IAY
(<) +(ybzk) i
a
which is the standard equation of an ellipse with centre at C(h, k) and mgor axis paralel
to the x-axis.

Similarly, when the major axis is vertical, the standard equation of the ellipseis given by:
2 2

y X _ (y-k)?*, (x-h)y’
pa + = =1, whenC (0, 0) and p + 0
Example 16 Find the coordinates of the centre, foci, the length of the mgjor and
minor axes, draw the graph of the ellipse, find the eccentricity of the
ellipseand the length of the latus rectum.

(x=2° , (y=D* _,
9 1
Solution The centre of the ellipseis C (2, 1) and the major axis is horizontal. Also
a’ = 9 and b®> = 1, whichimplies a = 3 and b =1. Then thelength
of themajor axisis 6 and the length of the minor axisis 2. Hence the
verticesare V'(-1,1), V (5,1), B'(2,0) and B (2, 2).

=1, when C(h, K)
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Fromtherelationc? = a? -b?, youget c= 22 and the foci are F(2-22, 1)
andF(2+ 242, 1).
The eccentricity e of the ellipseis ezgzz—\f.
The lines containing the latus rectums are vertical lines. These linesare
x=2+2 andx=2-+/2. Theintersection points of the line X= 2+4/2 and the
ellipse are given by:
_ 72 _\2
(2++2-2  (y-9* _
9 1
37
3
Hence, the end points of one of the latus rectums are:

[2+\/§ Siﬁj
T3 |

Solving this gives you: y =

27

Therefore, the length of the latus rectum isT .

The graph of the ellipse is given inFigure 3.24.

1y
4
3
o B
V4
vy C2.1) vV
X
B' >
-2 -1 1.2 3 4 5 6 7
-1
-2
Figure 3.24

Example 17 Find the coordinates of the centre, foci, the length of the mgjor and
minor axes, draw the graph of the ellipse

(y+2 , 427
25 16
Solution The centre of the ellipseis C (-2, —2) and the major axisis vertical. Also
a® = 25 and b> = 16, whichimplies a = 5and b=4. So the length
of themajor axis is 10 and the length of the minor axisis 8 and aso

c=+a*-b*=3.
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Thereforethefoci are (h, k+c)= (-2, -2+ 3),thatis, F (-2, -5), F(-2,1)
and also the verticesare V'(-2, -7), V (-2, 3), B'(-6, -2), and B (2, -2).
The graph of the ellipseisgivenin Figure 3.25.

_ A y
J
4
V(-2,3) .
] $
4
/ F(_‘Z, l) 1 \
X
9 18 °7 26 5 -4 23 2 1 T 2 3
? R
TBEETAT T g2 -2 1B
3
\\ y //
5
F(-2,-5)
O
N B
1
V-2, 77
(o]
Figure 3.25

1  Write the equation of each ellipse described below.
a C(0,0); a=6,b=4; horizontal magjor axis
b Foci (-3,0),(3,0);a=8
c C (0, 0); a= 8, b= 6; vertical major axis
d C (5,0); a=5, b= 2; horizontal major axis

2 Name the centre, the foci and the vertices of each ellipse whose equation is given.
Also sketch the graph of each dlipse.

-3, (-4 _,

(y+2° , (=D _,

b
25 16 25 4
_n\2 _n\2
O N
25 5

3 Find the equation of the ellipse with
a centreat (1, 4) and vertices at (10, 4) and (1, 2)
b  foci at (-1, 0), (1,0) and the length of the major axis 6 units.
c vertex a ( 6, 0), focus at (1, 0) and centre at (O, 0).
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d centre at (O , %j focusat (0, 1) and passing through (2, 2).

e centre (0, 0), vertex (0, —5) and length of minor axis 8 units.

4 The planet Marstravels around the Sun in an ellipse whose equation is
approximately given by

X . Y 4
(28° (227

where x and y are measured in millions of kilometres . Find

a  the distance from the Sun to the other focus of the ellipse(in millions of
kilometres).

b how close Mars gets to the Sun.
c  thegreatest possible distance between Mars and the Sun.

RSl Hyperbolas

Definition 3.8

A hyperbola is defined as the locus of points in the plane such that the difference
between the distances from two fixed points is a constant. The fixed points are called
foci. The point midway between the foci is called the centre of the hyperbola

Figure 3.26

Consider Figure 3.26. Here are some terminologies for hyperbolas.
v~ Fand F arethefoci of the hyperbola
v Cisthecentre of the hyperbola.
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v" The points V and V' on each branch of the hyperbola nearest to the centre are
caled vertices.

v V'V iscaled the transverse axis of the hyperbolaand CV = CV' isdenoted by
aand CF = CF is denoted by c.

v Denotec®- a’byb* sothatb=+/c?-a?.

V" The segment of symmetry perpendicular to the transverse axis at the centre, which
has length 2b, is called the conjugate axis.

v" The end points B and B' of the conjugate axis of the hyperbola are called
co-vertices.

V" The eccentricity of the hyperbola, usually denoted by e, is the ratio of the
distance between the two foci to the length of the transverse axis, thet is,

_ digance betweenthetwo foci ‘¢

lengh of the transverse axis | “a

which isanumber greater than 1.

v" The chords with end points on the hyperbola passing through the foci and
perpendicular to FF are caled the latus rectums.

Hyperbolas occur frequently as graphs of equations in Chemistry, Physics, Biology and
Economics (Boyle's Law, Ohm's Law, supply and demand curves).

Equation of a hyperbola with centre at the origin and
whose transverse axisis horizontal

Consider a hyperbolawith foci F'(—c, 0), F(c, 0) and centre C (0, 0).
Then, apoint P(x, y) ison the hyperbola, if and only if

\/(x—c)2+ y? —\/(x+ C)’+y’ =*2a

Adding /(x + ¢)*+y* to both sides of the above equation gives you

J(X=C)P+y* = + 2a+/(x +C)*+y>.

By sguaring both sides you have,
(X=0)*+y’=4a’ + day(x + C)°+ Y’ + (x+ C)* + Y.

Thisimplies +4a \/(x+c)’+Yy* =4a’+x°+2x c + > - x*+ 2xc-C?
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Thatis *4a\/(x +C)°+Yy* =4a’+ 4xc .
Thisimplies, +a,/(x +¢)°+y* =a’+ xc .

Again sguaring both sides of the above equation gives you:
a? ((x +c)2+y?) = a*+ 2a’xc + xc?
Thisimplies, (a2 - %) X + a’y? = a° (a - ).
Recall that ¢® - a® = b%. Thus, —b? X + a’ y*= —a? b?, which reduces to

2

X _yjzl

a® b
This equation is called the standard form of equation of a hyperbola with centre at
C(0, 0) and transverse axis horizontal.

Example 18 Find the equation of ahyperbola, if the foci are F (2, 5) and F'(-4, 5)
and the transverse axisis 4 units long: Draw the graph of the hyperbola.

Solution The mid-point of FF is the centre of the hyperbolaand it is C (-1, 5).
Thetransverse axisis2a=4. So,a=2 and FF' = 2c = 6.

Besides, since F and F' lie on a horizontal line, the transverse axisis horizontal,
Using the rdlation b? = ¢ - a®= 9 -4 = 5, the equation becomes

0+ _ (=57,
4 5 '

The graph of the hyperbolaisgivenin Figure 3.27.
A y

|~
g o =~
\

c(-

=
Ul

I~
W
1

v

Figure 3.27
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ACTIVITY 3.7

Consider the hyperbola with equation

2 2

X_¥Y _

9 16
and answer each of the following.
a  Draw the graph of the hyperbola with the equation given above.

b Mark the points with coordinates (+3, 0) on the x-axis and with coordinates
(0, + 4) onthey-axis.

c Draw arectangle with sides passing through the pointsin b above and
parallel to the coordinate axes.

d Draw the lines that contain the diagonals of the rectangle in c above.

Asymptotes

If apoint P on a curve moves farther and farther away from the origin, and the distance
between P and some fixed line tends to zero, then such alineis called an asymptote to
the curve.

From Activity 3.7 you may have observed that the lines through the diagonds of a
rectangle that passes through points with coordinates (3, 0) on the x-axis and (0, + 4)
on the y-axis and parallel to the coordinate axes are asymptotes to the graph of the

hyperbolawith equation
2 2
XY oy
9 16
Consider the hyperbola with equation
2 2
ot e/ R-4]
a- /b

This equation is equivalent to

e

or

D >
o<
&
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One branch of the hyperbolaliesin the first quadrant. If a point P on the hyperbola
moves farther and farther away from the origin on this branch of the hyperbola, then x
and y become infinite and

ab

bx+ay
tends to zero. Thisimpliestheline
K_X:O or y:EX
a b a

is an asymptote to the graph of the hyperbola.
By symmetry, the line

1+X:0 or y:—EX
b a

a
is also an asymptote to the graph of the hyperbola.
If you interchange x and y in the equation

X2 2

y _
PO
the new equation becomes

y2 X2
2 b
and represents a hyperbola with foci F(0, —c) and F(0, c), vertices V(0, —a) and V'(0, a),
co-vertices B(—b, 0) and B’(b, 0), centre C(0, 0), the transverse axis is on y-axis. In this

case, thelines y= J_r% X are asymptotes to the graph of the hyperbola.

Let C (h, K) be the centre of the hyperbola. Construct a new X'y'-coordinate system with
origin a (h, k). Then, for any point P on the hyperbola with coordinates (x, y) in the
xy -coordinate system and (X, y") in the new x'y’-coordinate system,

12 12

X Yy -1

aA\ ) b

Using tranglation formulae X' = x - h and y' = y — k, thisreduces to
(x-h? _(y-k)? _
2 o !
which is the standard equation of a hyperbolawith centre at C(h, K) and transverse axis
parallel to the x-axis.
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Similarly, when the transverse axis is vertical, the standard equation of the hyperbolais
given by:

aZ

(y-k?® _ (x-h?
™
The following table gives all possible standard forms of equations of hyperbolas.

2
l—% =1,whenC (0, 0) and

=1, when C(h, k)

Equation Centre Transverse axis Asymptotes

- - b

el b_‘l (0,0) | horizontal y=t_x
—h)2 _ L2 b

(Xazh) _ (ybzk) =1 |(hK | horizontal y—k:[i E (X_h)j
2 2

é‘% =1l (0,0) | vertica y = J_r%x

(y-k)? (x=h)* _ _ T (a.
2 P =1 (h,k) | vertica y-k=|+ E(X h)

Example 19 Find asymptotes of the hyperbola, if the foci are F(2,'5) and F(—4, 5) and
the transverse axis is 4 units long.

Solution From Example 18, the equation of the hyperbolais:

(x+D*_(y-5°
4 5
The asymptotes of the hyperbola are:

_ (b
y—k—_[a(x h)j.

Thatis y-5= i(\/g(x+1)J = y:i(é(x+1)]+5

=1

i

which gives the lines with equations

g2 Y5, 5110 Ly y:_§X+1o—«@_
2 2 2 2
Example 20 Find the equation of the hyperbola with vertices (1, 2) and (1, —2), and
b=2.

Solution The verticeslie on avertica line. Thus, the equation must have the form

(y-k? _ (x=h)? _1
a’ b?
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The centre is mid way between (1, 2) and (1, -2). So, C(1, 0).
Also2a=VV'=4=a=2

_ O 2 X — 2
It follows that the equation is . 7 ) _( . L}
2 _1\2
or LU
4 4
Example 21 Sketch the hyperbola with equation:
16y? -9x% = 144.
Draw its asymptotes and give the coordinates of its verticesand foci.
Solution  Theequation 16y* -9X° = 144 is equivalent 1ol0 9 _,
144 144

2 2

Therefore, the equation of the hyperbolais y? s i(—ﬁ =A

Thisimpliesthe centreis C(0, 0), a = 3, b = 4, and the vertices of the hyperbola
aeV'(0,-3), and V(0, 3).

From the relation ¢® = a + b?= 25, you get ¢ = 5.

Hencethefoci are F' (h, k- ¢) and F (h, k + ¢), which implies F* (0, -5) and F (0, 5).
Asymptotes of the hyperbolaare; 'y =+ % x.Thatisy= i% X.

The graph of the hyperbolais givenin Figure 3.28.
A y

g oo ~N o

LN

Figure 3.28
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1 Find the equation of each hyperbola with the information given below.

a  Centreat C(0, 0); a= 38, b= 15, having horizontal transverse axis.
b  Foci a F(10, 0) and F'(-10, 0); 2a = 16.

c Centre C(-1, 4), a= 2, b= 3; vertical transverse axis.

d  VeticesV(2, 1), V'(-2,1);b=2.

2 Name the centre, foci, vertices and the equations of the asymptotes of each
hyperbola given below. Also sketch their graph.

2 2

X_y _

XY g
® 3% 81
O (e
9 %
2
c ﬁ—x_:]_
%5 16
ey )2
I i

25 25
3 Write the equation of each hyperbola satisfying the following conditions:
a Centre C(4, -2); focus K(7, —2); vertex V(6, —2)
b Centre C(4, 2); vertex V(4, 5); equation of one asymptoteis4y - 3x=-4.
c  Veticesat V(0,4), V'(0, 4); foci at F(0, 5), F(0,-5)
d  Veticesat V(-2, 3), V'(6, 3); onefocus at F(-4, 3)

e  Thetransverse axis coincides with the x-axis, centre at C(2, 0); lengths of
transverse and conjugate axes equal to 8 and 6, respectively.

f The length of the transverse axisis equd to 8; the end points of the
conjugate axis are A(5, -5) and B(5, 3).

4 A hyperbola for which a = b is called equilateral. Show that a hyperbola is
equilateral, if and only if its asymptotes are perpendicular to each other.
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KOl _key Terms

angle of inclination major axis slope-intercept form
asymptote minor axis tangent line

axis parallel lines translation formulas
centre perpendicular lines transverse axis
conjugate axis point of tangency two-point form
directrix point-slope form vertex

focal length radius Xx-intercept

focus secant line y-intercept

latus rectum slope

[l summary

1

10

The slope of aline through (x4, y1) and (x2, V») is given by Yo" %
X=X
Two point form: If (xi, y1) and (%, y2) with x; # X, are given, the line through

them has an equation y - y; = (u] (x-x,)
X, =X

Point-slope form: If a point (x;, y1) and slope m are given, the equation of the
lineisy —y1=m(X— X)

Slope-intercept form: If the slope m and y-intercept b are given, then the
equation of thelineisy = mx + b.

Two linesare parallel if and only if they have the same angle of inclination.

The slope of a non-vertical lineistan a, where a is the angle of inclination of
theline, with0 < o < 180°.

The angle 3 between two non-vertical linesis given by the formula

m - n

tan =
A 1+ mn

, Where mand n are the slopes of the lines.

Two lines are perpendicular if and only if the angle between them is 90°.

If two perpendicular lines are non-vertical, then mn = -1, where m and n are their
slopes.

The general form of equation of a line iSAx+ By + C=0, where AZ0or B#
0 arefixed real numbers.
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11

12

13

14

15

16

17

18

19

110

C
VA +B?

The distance from the origin to the line Ax + By + C = 0 is given by

|Ah+ Bk+C|
VA + B

If the xy-coordinate system is translated to a new X'y'-coordinate system with
origin at C(h, k), then the translation formulae are

X=x-h

y=y-k
The standard form of the equation of a circle is (x — h)? + (y - k)* = r?, where
(h, K) isthe centre and r isthe radius.
The line that touches a circle a only one point is caled a tangent line and its
Y=Y, _ ~(%-h)
X=X Y,~k
isthe centre of thecircle.

The distance from P (h, k) to Ax+ By + C=0is

equation is

, where (X, Yo) isthe point of tangency and (h, K)

The standard equation of a parabola is either
(x-h)y?=+4p(y- Kk (axis// tothey-axis)

or  (y-K?=%4p(x- h) (axis// to the x-axis)

The standard equation of an ellipse is either

(=h? , (y=K? _,

(maor axis horizontal)

a b?
_ 2 _h\2
or (yazk) + (szh) =1 (maor axis vertical)

where b?+ ¢?=a?
The standard equation of a hyperbola is either

=h? _ (y-K? _,

(transverse axis horizontal)

a’ b
_1L\2 2
or (yazk) - K bzh) =1 (transverse axis vertical)

where a+b?=¢?
The equations of the asymptotes of a hyperbolawith a horizontal transverse axis are

b
k=% =(x-h
y )

and those with vertical transverseaxisarey - k=+ % (x=h)
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7Jl Review Exercises on Unit 3

Write each of the following in the general form of equation of aline.
a y=-3 b x=9 c y=%x+4

d y-3=4-x e X=7-4y

Give the equation of the line that satisfies the given conditions:

a  passesthrough P(-2, 3) and has slope -1.

b passes through P(3, 7) and Q(6, —10).

c parallel to the line with equation y = 3x — 4 and passes through A(3, -2).
d perpendicular to the line with equation 6x = 2y — 4 and y-intercept 4.

Find the tangent of the acute angle between the following lines:

a 2x+y-2=0 b x-6y+5=0
3X+y+1=0 2y- x-1=0
c -x-5y-2=0 d x-6y+5=0
y- 4x+7=0 2y- x-1=0
Find the distance from the given point to the line whose equation is given.
a P@4,3);2x-3y+2=0 b A(00);2x-3y+2=0
C Q(-1,0);2x-3y+2=0 d B(-2,4);4y=3x-1

Find the distance between the pairs of pardlel lines whose equations are given
below:

a 2x-3y+2=0and2x-3y+6=0 b 4y=3x-land8y=6x-7
Write the equation of each circle with the given conditions:

a centreat O(3, -7) and radius 3

b centre at P(3, -7) and tangent to 2x+3y-4=0

c end points of its diameter are A(3, -7) and B(4, 3)

Find the equation of the tangent line to the circle with equation (x — 3)% + (y - 4)* = 20
a P(1, 0).

Find the equation of the parabola with the following conditions.

a  focusat F(-2,0); directrixx =2
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b  focusat F(3, 3); vertex a V(3, 2)
c vertex at O(0, 0); axisy-axis; passes through A(-1, 1)

9 For each parabola whose equation is given below, find the focus, vertex, directrix
and axis.

a (x-1)P2=y+2 b x*=-6y c  4x+1)=2(y+2f°
10  Write the equation of each ellipse that satisfies the following conditions.

a  Thefoci are F(3, 0) and F'(-3, 0); vertices V(5, 0) and V'(-5, 0).

b  Thefoci are F(3, 2) and F(3, —2); the length of the mgjor axisis 8.

C Thefoci are F(4, 7) and F'(—4, 7); the length of the minor axisis 9.

d The centre is C(6, —2); one focusis F(3, —2) and one vertex is V(10, -2).
11 Findthefoci and vertices of each of the ellipses whose equations are given.

(-1, v+ _,
4 9

a 4C+y*=8 b

12  Givethe equation of a hyperbola satisfying the following conditions:
a foci at F(9, 0) and F'(-9, 0); verticesat V (4, 0) and V'(-4, 0).
b  foci a F(0, 6) and F'(0, —6); length of transverse axisis 6.
c thefoci at F(0, 10) and F' (0, —10); asymptotesy = + 3x.

13 Find the vertices, foci, eccentricity and asymptotes of each hyperbola whose
equation is given and sketch the hyperbola.

(x+3° _ (y+D* _,
25 144

a 9x*-16y°=144 b

14 Anarchisin the form of a semi-elipse. It is 50 metres wide a the base and has a
height of 20 metres How wide isthe arch at the height of 10 metres above the base?

Take the x-axis along the base and the origin at the midpoint of the base.

15 Anadronaut is to be fired into an dliptical orbit about the earth having a minimum
dtitude of 800 km and a maximum altitude of 5400 km. Find the equation of the
curve followed by the astronaut. Consider the radius of the earth to be 6400 km.
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