
 

 

 

 

 

 

 

 

 

 

 

 

Unit Outcomes:Unit Outcomes:Unit Outcomes:Unit Outcomes: 

After completing this unit, you should be able to: 

���   know specific facts about types of data. 

���   know basic concepts about grouped data. 

���   know principles of counting. 

���   apply facts and principles in computation of probability.  
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INTRODUCTION 

The word statistics comes from the Italian word "statista" meaning stateman. It was 

used to signify the application of recorded data for purposes of the state. When statistics 

is used in its plural sense, it means a body of numerical facts and figures. The numerical 

facts are called statistical data, or simply data. When it is used in its singular form, 

statistics is a branch of mathematical science, and is concerned with the development 

and application of methods and techniques for the collection, organization, analysis 

and interpretation of quantitative data. We will confine ourselves to this second 
meaning of statistics through this unit.  

�    HHH III SSS TTT OOO RRR III CCC AAA LLL    NNN OOO TTT EEE  

William I of England (1027-1087) 

In December, 1085, William the Conqueror decided to commission 

an inquiry into the ownership, extent and values of the land of 

England to maximize taxation. This unique survey is known to 

history as "The Domesday Book" and is considered to be the first 

statistical abstract of England.  
 

�    OOO PPP EEE NNN III NNN GGG    PPP RRR OOO BBB LLL EEE MMM  

The following data are the results of 20 students in a Mathematics final exam (out of 
100): 

75 52 80 71 60 45 90 58 63 49 

83 69 74 50 92 78 59 68 70 82 

  a Arrange the data in increasing order. 

  b Group the data into five classes. 

  c Draw a histogram of the grouped data. 
 

5.1  STATISTICS  

Recall that you have studied the basics of statistics in Grade 9, including its meaning, 

importance and purpose. You also have discussed presentation of data using different 

forms such as a histogram, measures of central tendency, and measures of dispersion of 
data. The work in this grade will begin with discussing types of data. 
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5.1.1      Types of Data  
  

AACCTTIIVVIITTYY  55..11  

1 Classify the following data as qualitative or quantitative: 

  a beauty of a picture   b size of your shoe  

  c type of a car    d number of children living in a house  

 e colour of your skin   f blood type(group) 

2 Classify the following variables as discrete or continuous:  

  a size of a shirt      b  number of members of a football club 

 c price of a kilo of sugar     d  number of rooms in a house  

  e heights of students in a class   f  life-time of an electric bulb 

The first step in applying statistical methods is the collection of data; this is the process 

of obtaining counts or measurements. The data obtained can be classified into two 

types: qualitative or quantitative data. 

Definition 5.1   

Qualitative data is obtained when a given population or sample is classified in 

accordance with an attribute that cannot be measured or expressed in numbers, while 

Quantitative data is that obtained by assigning a real number to each member of the 

population, under study. 

Example 1 Classify the following data as qualitative or quantitative: 

Honesty, height, weight, intelligence, income, efficiency, width, sex, pressure, distance, 
religion, social status.   

Solution:    Honesty, intelligence, efficiency, sex, religion and social status are qualitative, 

while height, weight, income, width, pressure and distance are 

quantitative. 

[If I.Qs (intelligent quotients) are used to measure intelligence, then it will be 

quantitative.] 

Definition 5.2 

A number, which is used to describe the attribute and which can take different values 

is called a variable. 

For example, in your class the height, weight or age of different individuals varies, and 

can be expressed in numbers. Therefore, these quantities (height, weight, age,…) are 

variables.  
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�Note: 

  Variables are denoted by letters such as x, y, z,... 

  A variable may be either discrete or continuous. 

Definition 5.3 

A Discrete Variable is one which takes only whole number values. It is usually 

obtained by counting. There is a gap between consecutive values i.e. it varies only by 

finite jumps. A Continuous Variable is one which takes all real values between two 

given real values. 

Example 2 Which of the following are discrete variables? Which are continuous? 

Number of students in a class, weight of students, length of a road, number of 

chairs in a room, temperature of a room  and number of houses along a street. 

Solution: Number of students in a class, number of chairs in a room and number of 
houses along a street are discrete. They can have whole number values only. 

On the other hand, weight of students, length of a road and temperature of a room 

are continuous variables. They can take fractional or decimal values. For instance, 

weight of students could be given by values like 50.1kg, 49.73kg; length of a road 

could be given by values like 6.5km, 2.63km, while temperature of a room could 
be given by values like 20oC, 14.5oC. 

G r o u p  W o r k  G r o u p  W o r k  G r o u p  W o r k  G r o u p  W o r k  5 . 15 . 15 . 15 . 1     
Do the following in groups.   

1 Suppose data is collected about a set of people, as given below: 

a gender   b religion c educational qualification 

d number of children e income f shoe size 

g height   h weight i nationality 

  Classify each of them as qualitative, discrete quantitative or continuous 

  quantitative data. 

2 Consider the following example: “Weight” for most humans is measured on the 

following scale (in kilograms). 

0   10    20 30   40   50   60  70    80  90   100   110   120   130   140  150 

Following the example, design suitable scales for the following. 

a height (humans)  b top speed (cars) c monthly income 
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 5.1.2      Introduction to Grouped Data  

Definition 5.4 

A Frequency distribution is a table which shows the list of all values of data 

obtained and the number of times these values occur (frequency). The raw data 

obtained will be organized and summarized into a grouped frequency distribution 

table for the purpose of summarizing a large amount of data. 

Example 3 Consider the following data. It represents the number of patients that a 

doctor visits per day for 150 working days. 

3 2 6 2 6 5 22 3 1 10 2 6 6 11 8 

5 9 7 2 5 1 5 4 9 7 11 3 14 1 4 

25 19 8 2 5 8 10 16 15 5 6 8 4 12 13 

7 8 3 6 6 21 6 9 4 5 6 8 29 9 23 

6 6 22 8 11 23 8 5 9 6 5 18 7 4 5 

8 7 5 10 16 11 13 1 7 3 18 5 8 11 5 

2 18 0 16 4 9 8 5 9 17 3 11 20 6 28 

7 9 5 19 12 1 10 3 0 7 8 17 5 9 7 

13 18 8 7 8 7 7 13 9 5 20 10 6 22 1 

14 7 20 1 9 4 6 24 17 6 4 6 14 4 4 

Solution The data given is raw data or ungrouped data. To summarize the raw data 

into a grouped frequency distribution, follow these steps: 

Steps to prepare Steps to prepare Steps to prepare Steps to prepare a a a a grouped grouped grouped grouped frequency distribution frequency distribution frequency distribution frequency distribution tabletabletabletable    

1 Determine number of classes required (usually between 5 and 20).  

2 Approximate the interval of each class or class width using the following formula  

maximum value  minimum value
Class interval = 

number of classes required

−
 

To prepare the frequency distribution, first you decide the number of classes. For this 

case, let the number of classes be 5.  

Class interval (w) = 
29  0

 = 5.8
5

−
 (From the formula for class interval) 

�Note: 

From the formula, the class interval, w, is calculated as 5.8. For practical purposes, it 

will be convenient to choose the class interval to be a whole number. For this case, you 

can take class interval as 6. (This is obtained by rounding 5.8 to the nearest whole 
number). Therefore w = 6 (See the grouped frequency distribution below). 
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Number of patients 

(class limit) 
Tally 

Number of visiting 

days (f) 

0 − 5  |||| |||| |||| |||| |||| |||| ||||  |||| |||| |||| 49 

6 − 11 
|||| |||| |||| |||| |||| |||| ||||  |||| |||| ||||

|||| |||| |||| |  
66 

12 − 17 |||| |||| |||| |  16 

18 − 23 |||| |||| ||||  15 

24 − 29 |||| 4 

 Total 150 

AACCTTIIVVIITTYY  55..22  

1 What is the frequency of the 2nd class? 

2 What is the frequency of the 5th class? 

In the above frequency distribution, you are considering frequencies of each class.  But, 

in reality you may be interested to know about other issues such as how many days the 

doctor visited fewer than 8 patients. To answer such a question, the frequency 

distribution given above may not always be suitable.  For such a purpose, you need to 
construct what is called a cumulative frequency distribution. 

A cumulative frequency distribution is constructed by either successively adding the 

frequencies of each class called “less than cumulative frequency” or by subtracting the 

frequency of each class from the total successively called “more than cumulative 
frequency”.  

The cumulative frequency distribution of the above data of patients that a doctor visits 

per day is as follows. 

Number of 

patients (class 

limit) 

Tally 
Number of 

visiting days (f) 

Cumulative 

frequency 

0 − 5 |||| |||| |||| |||| |||| |||| ||||  |||| |||| |||| 49 49 

6 − 11 
|||| |||| |||| |||| |||| |||| ||||  |||| ||||

|||| |||| |||| |||| |  
66 115 

12 − 17 |||| |||| |||| |  16 131 

18 − 23 |||| |||| ||||  15 146 

24 − 29 |||| 4 150 

 Total 150  

  Note that the above frequency distribution is for a discrete variable.  
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Definition 5.5 

The first and the last elements of a given class interval are called class limits. 

Example 4 For the above table, give the lower and upper class limits for the second 

and the fourth classes. 

Solution: For the second class 6 – 11, 6 is called the lower class limit and 11 is 

called the upper class limit, while the lower limit and the upper limit of 

the fourth class are 18 and 23 respectively. 

Exercise 5.1Exercise 5.1Exercise 5.1Exercise 5.1    

1 Describe whether each of the following are qualitative or quantitative. 

a Beauty of a student 

b Volume of water in a barrel 

c Score of a team in a soccer match 

d Neatness of our surrounding 

2 Identify whether each of the following is discrete or continuous. 

a Yield of wheat in quintals 

b Rank of students by examination results 

c Volume of water in a barrel 

d Sex of a student 

3 The following are scores of 40 students in a statistics exam.  

 

  Prepare a grouped frequency distribution, using 7 classes. Answer the following 

questions. 

a What is the class interval? 

b What is the lower class limit of the second class? 

c What is the upper class limit of the second class? 

d What is the frequency of the first class? 

50 72 56 31 48 33 56 54 41 35 

22 76 32 66 56 38 48 36 44 46 

36 49 51 59 62 41 36 50 41 42 

50 50 49 60 36 46 42 42 47 62 
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4 The following are weights (in kg) of 50 patients in a hospital.  

 

 Prepare a grouped frequency distribution, using 6 as class width. Answer the 

following questions. 

a How many classes do we have? 

b Determine the cumulative frequency distribution? 

c How many patients do have their weight less than 48kgs? 

d What is the frequency of the fourth class? 

e What is the cumulative frequency at the seventh class? 

Definition 5.6 

1 The average of the upper and lower class limit is called the class mark or class 

midpoint.  

lower class limit + upper class limit
Class mark = 

2
 

2 The correction factor is half the difference between the upper class limit of a 

class and the lower class limit of the subsequent class.  

�Note: 

The class mark serves as representative of each data value in a class (or the class itself).  

Example 5 For the following distribution which shows the test scores of 60 students 

in a mathematics test corrected out of 100, give the correction factor. 

Score (Class limit) 
Number of students 

(Frequency) (f) 

1 – 25 5 

26 – 50 10 

51 – 75 30 

76 – 100 15 

70 62 58 42 18 33 24 54 64 29 

12 76 28 54 59 42 53 24 48 36 

42 59 64 46 62 52 24 42 48 58 

60 

34 

54 

18 

39 

22 

56 

28 

36 

62 

78 

38 

16 

46 

26 

53 

58 

62 

62 

37 
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Solution: In this distribution, the correction factor is 

( )
1

26 25 0.5
2

− =  or ( )
1

51 50 0.5
2

− =  

Why do you need the correction factor? 

Previously, you saw that a cumulative frequency distribution of discrete values may 

help answer some questions. But, there could be more questions to answer.  For 

example, in Example 5 above, suppose you are asked ‘To which class does a mark of 

9.5 belong? Or, how many students have scored less than 9.5?’ To solve such problems, 

you have to smoothen the distribution and fill the gaps. In order to smoothen, you add 

the correction factor to the upper limits of each class and subtract from the lower class 

limits of each class to get what are called class boundaries.  

Then the class 25.5–50.5 includes variable values that are 25.5 and above, but below 

50.5. 

G r o u p  W o r k  G r o u p  W o r k  G r o u p  W o r k  G r o u p  W o r k  5 . 25 . 25 . 25 . 2     
Do the following in groups.   

1 Consider the frequency distribution table considered  in 

Example 5 above.  

Copy the table and insert columns which show class boundaries, class mid points 

and cumulative frequency and fill them in. 

2 100 students have taken a mathematics test and the teacher has organized the data 

into the following table: 

 

Using what you  have learned in grade 9, draw a histogram of the data. 

Steps to construct a frequency distribution: 

1 Find the highest and lowest values. 

2 Find the range (i.e., highest value – lowest value). 

3 Select the number of classes desired. 

4 Find the class interval by dividing the range by the number of classes and 

rounding up. 

Test mark 1– 5 6–10 11–15 16–20 21–25 26–30 31–35 36–40 41–45 46–50 

Frequency 1 2 11 17 25 18 13 6 3 4 
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5 Select a starting point (usually the lowest value); add the class interval to get the 

lower limits. 

6 Find the upper class limits. 

7 Tally the data. 

8 Find the frequencies.  

9 Find the cumulative frequency. 

Exercise 5.2Exercise 5.2Exercise 5.2Exercise 5.2    

1 A teacher in a school has given a project to her students to make a survey of the 

size of two kinds of trees in a forest nearby. The following is the frequency table 

that the students made about the circumference of 100 randomly selected trees of 

each of two kinds A and B. 

 

a What is the class interval? 

b What is the lower class limit of the second class? 

c What is the upper class limit of the second class? 

d What is the frequency of the first class? 

e Complete the following table about Tree type A.  

Circumference (cm) Tree type A (f) Tree type B(f) 

  1–20 5 4 

21–40 15 4 

41–60 25 12 

61–80 19 8 

  81–100 22 22 

101–120 7 26 

121–140 5 18 

141–160 2 6 
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f Make a similar table for Tree type B. 

g Draw histograms to illustrate both frequency distributions. 

2 The following are yield in quintals of wheat harvested by thirty farmers per 

hectare.  

42 39 26 18 22 52 24 12 24 32 

48 

16 

33 

28 

29 

30 

56 

16 

36 

62 

24 

38 

16 

14 

32 

19 

21 

30 

78 

54 

  Prepare a grouped frequency distribution, using 11 classes. Answer the following 

questions. 

a What is the lower class limit for the third class? 

b What is the lower class boundary for the seventh class? 

c Determine the correction factor for this frequency distribution. 

d What is the class mark of the second class? 

e Find the difference between the class marks of the eighth and ninth classes. 

5.1.3      Measures of Location for Grouped Data  

When you want to make comparisons between groups of numbers, it is good to have a 

single value that is considered to be a good representative of each group. One such 

value is the average of the group. Averages are also called measures of location or 

measures of central tendency. The most commonly used measures of central 

tendency are Mean (or Arithmetic mean), Median, Mode, Quartiles, Deciles and 

Percentiles.   

Circumference 

(cm) 

Class 

Boundaries 

Class 

midpoint 

Tree type 

A (f) 

1–20   5 

21–40   15 

41–60   25 

61–80   19 

81–100   22 

101–120   7 

121–140   5 

141–160   2 
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In Grade 9, you learned how to find the mean, median and mode for ungrouped data. In 
this section, we will focus onto grouped frequency distributions.  

First, let us recall the summation notation. Let x1, x2 . . . ,xn be a number of values where 
n is the total number of observations with xi the ith observation.  

The symbol 
1

n

i

i

x

=

∑ is called sigma or the summation notation and i is called an index, 

with I = 1 the starting index and I = n the ending index.  

Thus 1 2
1

...
n

i n

i

x x x x

=

= + + +∑ . 

The mean  

Definition 5.7 

The mean x  of a set of data is equal to the sum of the data items divided by the 
number of items contained in the data set.   

If x1, x2, x3,... xn are n values, their mean is given by  

  1 2 3 1...
.

n

i

n i

x
x x x x

x
n n

=
+ + + +

= =

∑

 

If x1, x2, ... xn is a set of data items, with frequencies f1, f2, ...,  fn, respectively, then 
their mean is given by  

1 1 2 2 1

1 2

1

 ...  

 ...  

n

i i

n n i

n

n

i

f x
f x f x f x

x
f f f

f

=

=

+ + +
= =

+ + +

∑

∑
 

Example 6   Calculate the mean of 7, 6, 2, 3, 8. 

Solution: 
7 + 6+ 2 + 3 + 8 26

 =  =  = 5.2
5 5

x  

Example 7 Consider the following values which show the number of radios sold by 

an electronics shop for 25 days. 

7, 7, 2, 6, 7, 10, 8, 10, 2, 7, 10, 7, 2, 7, 6, 10, 6, 7, 8, 7, 6, 7, 10, 6, 10 

  a Prepare a frequency distribution table. 

  b  Find the mean number of radios sold from the frequency distribution table. 

Solution 

a    From the above raw data , you may have found the following frequency 

distribution table which shows the number of radios sold by the shop for 25 

days. 
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x 2 6 7 8 10 

f 3 5 9 2 6 

b  We use  the above formula to find the mean from the frequency  distribution 

table. 

   1

1

3 2 5 6 9 7 2 8 6 10 6 30 63 16 60 175
7

3 5 9 2 6 25 25

n

i i

i

n

i

i

f x

x

f

=

=

× + × + × + × + × + + + +
= = = = =

+ + + +

∑

∑
 

AACCTTIIVVIITTYY  55..33  

1 A group of 5 water tanks in a farm have a mean average height 

of 4.7 metres.  If a sixth water tank with a height of 2.91 metres 

is erected, what is the new mean average height of the water 

tanks? 

2 One group of 8 students has a mean average score of 67 in a test.  A second group 

of 17 students has a mean average score of 81 in the same test.  What is the mean 

average of all 25 students? 

3 Write a general formula to find the combined mean of two groups of data and 

explain. 

Mean for grouped data  

The procedure for finding the mean for grouped data is similar to that for ungrouped 

data, except that the mid points of the classes are used for the x values.  

Example 8 Calculate the mean average of this grouped frequency table for students’ 

test scores. 

Mark 1-5 6-10 11-15 16-20 21-25 26-30 31-35 36-40 41-45 46-50 

f 1 2 17 25 11 13 18 5 4 4 

Solution: If you have to use what you know so far to calculate the mean, we need 

to know the total number of students that took the test and the total 

number of marks that they scored.  

The total number of students is 100, but we have a problem when it comes to the 

total number of marks. Since you have grouped data, you cannot obtain individual 

marks. For instance, 13 students scored between 26 and 30. But, there is no way 

you can tell the total mark of the 13 students. 
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The way out of this problem is to approximate each student’s mark by the middle mark 

of the class interval, as in the following table: 

Mark 1-5 6-10 11-15 16-20 21-25 26-30 31-35 36-40 41-45 46-50 

Mid Value 

(xc) 
3 8 13 18 23 28 33 38 43 48 

f 1 2 17 25 11 13 18 5 4 4 

f ×××× xc 3 16 221 450 253 364 594 190 172 192 

Now, total number of students = 100; Total marks (approximate) = 2455 

Therefore, approximate mean = 
100

2455
= 24.55. 

�Note: 

Remember that this mean is an approximation based on the assumption that each class is 

represented by a midpoint without much loss of accuracy. In calculating the mean of a 

grouped distribution, each class is represented by its class mark (class midpoint). 

Steps to find the mean from a grouped distribution   

From a grouped frequency distribution 

1 Find the class mark (mid point) 
c

x  of each class, by 

         
lower class limit + upper class limit

2
. 

2 Multiply 
c

x  by its corresponding frequency and add.  

3 Divide the sum obtained in step 2 by the sum of the frequencies.   

  11

1 2

...

 ...
n ic n c i c

n i

f x f x f x
x

f f f f

+ +
= =

+ + +

∑
∑

 

Example 9 The following is the age distribution of 20 students in a class. Find the 

mean age of these students. 

Age 

(in years) 

Class mid 

point (xc) 

Number of 

students (f) 
fxc 

14 − 18 16 2 32 

19 − 23 21 7 147 

24 − 28 26 6 156 

29 − 33 31 5 155 

  20f =∑  490
c

fx =∑  
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Solution: 490
24.5 years

20

c
fx

x
f

= = =
∑
∑  

The procedure for finding the mean for grouped data assumes that all of the raw data 

values in each class are equal to the class mark of the class. In reality, this is not true. 

However, using this procedure will give us an acceptable approximation of the mean, 

since some values usually fall above the class mark and others fall below the class mark 
for each class.  

Exercise 5.Exercise 5.Exercise 5.Exercise 5.3333    

1  The following frequency distribution tables represent score and age of students. 

Find the mean for each of them. 

    
2 Forty-six randomly selected light bulbs were tested to determine their life time (in 

hours) and the following frequency distribution was obtained. Find the mean hour 

of life time. 

 
3  The following are quintals of fertilizer distributed to fifty farmers.  

24 19 26 28 29 25 32 22 24 18 

32 

28 

13 

32 

31 

23 

26 

16 

18 

24 

18 

19 

26 

34 

14 

31 

24 

13 

24 

36 

16 

6 

23 

8 

32 

24 

41 

26 

34 

34 

24 

18 

31 

32 

23 

19 

18 

28 

42 

14 

Life time (hrs)   Frequency  

54 − 58 2 

59 − 63 5 

64 − 68 10 

69 − 73 14 

74 − 78  10 

79 − 83 5 

 

a Marks   Frequency   b Age Frequency 

 13 − 15 6 

 16 − 18 6 

 19 − 21 3 

 
22 − 23 2 

 

 10 − 12 4 

 13 − 15 7 

 16 − 18 10 

 19 − 21 13 

 23 − 25  16 
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a Find the average number of quintals of fertilizer distributed to the farmers 

from the raw data. 

b Prepare discrete frequency distribution and calculate the mean. 

4 Using the data given in Question 3 prepare two grouped frequency distributions, 

using 6 and 9 classes. Answer the following questions. 

i Find the mean of each. 

ii Are the four means you calculated equal? 

iii Write your generalizations. 

The median (md)  

You should remember that median of a set of data is the middle number when the data 

is arranged in either increasing or decreasing order of magnitude. It is a half way point 

in a data set, when the data is arranged in order (called a data array). The median will be 

a value in the data or will fall between two values.  

Example 10 

a The following data shows the age to the nearest year of 7 students in a class. 

What will be the median of this age distribution? 

6, 8, 5, 6, 10, 7, 3. 

 b Find the median from the following data. 

60, 63, 59, 72, 50, 49.  

Solution 

a Arranging in an increasing order gives 3, 5, 6, 6, 7, 8, 10. 

 Since the number of observations is 7 and this number is odd, therefore,  

1 7 1
item  item 

2 2

th th

n
md

+ +   
= =   
   

= 4th item which shows the median is 6. 

b First you have to arrange in increasing order giving, 

49, 50, 59, 60, 63, 72. 

    Since n = 6, which is even, you will use the second formula  

  

6 6item 1 item  item   1 item
2 2 2 2

   
2 2

th th th
n n

md

       
+ + + +      
      

= =  

  
3  item + 4  item 59 + 60 119

 =  = 59.5
2 2 2

rd th

md = =  
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Exercise 5.Exercise 5.Exercise 5.Exercise 5.4444    

1 Consider the following data which shows the amount of milk in litres sold by a 

farmer in one month. 

5, 6, 7, 6, 8, 10, 10, 8, 7, 6, 5, 4, 8, 7, 6, 5, 4, 8, 8, 7, 6, 5, 6, 7, 8, 10, 8, 7,6,5 

  a Find the median from the raw data.  

b Prepare a frequency distribution table. 

  Hint:- Your table may help you to arrange the values in an increasing order. 

2 Find the median of the following distribution. 

 

3 The Bills paid (in Birr) for electric consumption by Ato Abebe in the last 12 

months is as follows. 

52, 68, 57, 96, 78, 48, 103, 82, 71, 62, 51, 24 

  a Find the median of Bills paid for the electric consumption. 

  b Calculate the mean and compare it with the median. 

4 The following data shows score of fifty students in Mathematics exam 

14 19 16 13 14 19 13 18 14 15 

17 

15 

18 

14 

14 

15 

17 

16 

18 

15 

18 

17 

14 

14 

14 

15 

16 

18 

17 

14 

16 

14 

17 

16 

16 

14 

14 

15 

14 

15 

14 

16 

15 

16 

17 

14 

14 

15 

17 

16 

a Find the median from the raw data.  

b Prepare a discrete frequency distribution table and calculate the median. 

Median for grouped data  

So far, you have seen how to find the median from raw data and, from the above 

Exercise, you should have been able to find the median from a single valued frequency 

distribution table. In the next part, you will see the steps to find the median of a grouped 

frequency distribution.  

x 2 5 7 8 10 

f 3 4 9 3 6 
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Steps to find the median of a grouped frequency distribution   

1 Prepare a cumulative frequency distribution.  

2 Find the class where the median is located. It is the lowest class for which the 

cumulative frequency equals or exceeds 
2

n
.  

3 Determine the median by the formula 2
b

L

c

n
cf

md B i
f

 
− 

= +  
 
 

 

  where,   

 BL = Lower boundary of the class containing the median (median class)  

  n = total number of observations ( ).f∑    

        cfb = the cumulative frequency in the class preceding ("coming before") the class 

containing the median.  

  fc = the number of observations (frequency) in the class containing the median.  

  i = the size of the class interval.(i.e. width of the median class)  

Example 11 The following is the height of 30 students in a class. Find the median 

height. 

Height    (in cm) Number of students (f) 

140 − 145 7 

146 − 151 9 

152 − 157 8 

158 − 163 4 

164 − 169  2 
 

�Note: 

  First use the correcting factor to prepare a cumulative frequency table. 

The correcting factor is 
146 145

0.5.
2

−
=  (uniform for all classes) 

From this, you can prepare the class boundary column and the cumulative 

frequency column as follows. 
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height (in cm) 
height (in cm) 

(class boundaries) 
f 

cf 

(Cumulative frequency) 

140 − 145 139.5 − 145.5 7 7 

146 − 151 145.5 − 151.5 9 16 = 7 + 9 

152 − 157 151.5 − 157.5 8 24 = 16 + 8 

158 − 163 157.5 − 163.5 4 28 = 24 + 4 

164 − 169 163.5 − 169.5 2 30 = 28 + 2 

 Total 30  

The median class is that class containing the 
30

2

th

 
 
 

 item = 15th item. It is in the 

2nd
 class.   

Therefore, the median class is 145.5 − 151.5.  

Thus, BL = 145.5,    = 15,
2

n
 fc = 9,  i = 151.5 − 145.5 = 6, cfb = 7 

 Therefore, 
15 72 145.5 6

9

b

L

c

n
cf

md B i
f

 
−  − 

= + = +   
  

 

  

= 145.5 + 5.333  

= 150.83 

 The median height is 150.83 cm. 

Exercise 5.Exercise 5.Exercise 5.Exercise 5.5555    

1 The following data shows Age of forty students in a class. 

17 

13 

19 

14 

14 

16 

17 

13 

18 

14 

16 

17 

19 

14 

13 

16 

19 

18 

17 

15 

16 

18 

13 

16 

15 

17 

12 

20 

14 

16 

13 

17 

14 

19 

17 

21 

18 

17 

15 

16 

a Find the median from the raw data.  

b Construct a grouped frequency distribution, with 5 classes. 

c Find the median from the frequency distribution table. 
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2 Calculate the median of each of the following sets of data about students in a class.  

    
3 The amounts of drops of water in drip irrigation were registered from 80 sample 

drip holes in one day and the data are as follows.    

77 99 104 87 108 86 91 87 92 77 103 104 96 92 

92 97 79 97 101 95 113 85 84 112 78 73 86 77 

107 67 88 76 77 87 114 97 102 101 98 105 67 67 

94 118 79 68 64 103 87 97 73 92 78 95 86 99 

87 76 99 112 68 103 98 63 101 101 76 67 79 84 

87 116 102 81 76 88 98 93 82 78     

a Find the median from the raw data.  

b Construct a grouped frequency distribution, with 10 classes and find the 

median. 

4 Calculate the median of the following sets of data about score of students in an exam.  

 Score of 

students 

Number  

of students 

    1 − 7 2 

 8 − 14 5 

 15 − 21 7 

 22 − 28 12 

 29 − 35 7 

 36 − 42 5 

 43 − 49 2 

 Total 40 

a Find the mean and median score of the students.  

b Compare the mean and the median. 

a Daily income 

(in Birr) 

Number  

of students 

b 
Marks 

Number of 

students 

    20 − 29 2 

 30 − 39 12 

 40 − 49 15 

 50 − 59 10 

 60 − 69 4 

 70 − 79 4 

 80 − 89 3 
 

    10 − 14 4 

 15 − 19 11 

 20 − 24 17 

 25 − 29 16 

 30 − 34 8 

 35 − 39 4 
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The mode (mo) 

In statistics, the word mode represents the most frequently occurring value in a data set.  

Definition 5.8 

The Mode of a set of data is the value in the data which appears most frequently in 

the set of values. 

Example 12  Find the mode of each of the following. 

a 2, 5, 6, 5, 4, 2, 3, 2.    

b 2, 3, 4, 8, 9   

c 4, 8, 7, 4, 8, 2, 3  

ddd x 10 16 17 20 22 26 

 f 4 2 4 3 4 3 

Solution: 

a In this observation, the most frequent value is 2. Therefore, the mode is     
mo = 2 since it appears three times. This data has only one mode and is 
called unimodal. 

b Every member appeared only once. Hence there is no mode for this 
distribution. 

c Here both 4 and 8 appear twice but the rest appear only once. Hence the 
modes are 4 and 8. This distribution has two modes. Such distributions are 
said to be bimodal.   

d Three values 10, 17 and 22 all appear 4 times. Hence the modes are 10, 17 
and 22. Distributions that have more than two modes are called multimodal.  

Exercise 5.Exercise 5.Exercise 5.Exercise 5.6666    

1 Determine the mode of each of the following data sets. 

    

    

  c 8, 12, 7, 9, 6, 18      d 7, 7, 10, 12, 10, 12  

2 The following represent days in a month at which salary was paid for forty-two 

consecutive months. 

 

22 27 26 24 23 25 28 27 26 23 25 24 27 26 

25 27 28 25 26 27 27 24 27 26 25 27 26 27 

23 22 27 28 27 29 27 23 27 24 26 27 27 26 

a x 2 5 7 8 10 

 f 3 4 9 2 6 
 

 

b x 7 10 12 15 

 f 6 4 6 3 
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a What is the mode of this data? 

b At which date is salary paid mostly? 

3 In electing student representative, there were three candidates: Abebe, Helen and 

Mahder. The following result was summarized. 

 

a What is the mode vote? 

b Who must be elected? Why? 

4 The following data represents shoe sizes of different models of shoes displayed in 

a boutique. 

 

a Determine the mode shoe size in the shop? 

b What does this mode describe? 

Mode of grouped data  

�Note: 

  Before we find any mode(s) that might exist, check the following points:  

1 The class interval of all classes should be equal (Uniform class interval). 

2 We need a column of class boundaries which can be obtained from the class limits. 

Steps to calculate the modal value from grouped data 

1 Identify the modal class. It is the class with the highest frequency.  

2 Determine the mode using the following formula: Mode = 1

1 2

o L

d
M B i

d d

 
= +  

+ 
 

  Where BL = lower class boundary of the modal class.  

  d1= the difference between the frequency of the modal class and the   

frequency of the preceding class (pre-modal class). 

  d2= the difference between the frequency of the modal class and the 

frequency of the subsequent class (next class). 

   i = size of the class interval. 

39 40 40 41 39 40 39 41 

39 39 42 39 43 39 42 

 Candidate Abebe Helen Mahder 

 Number of votes 7 5 8 

 



Unit 5 Statistics and Probability 

167 

Example 13 The following table gives the age distribution in a certain class. Compute 

the modal age (in years). 

Age f 

10 − 14 7 

15 − 19 6 

20 − 24 10 

25 − 29 2 

Solution The modal class is the 3rd class because its frequency is the largest. 

BL = 19.5, d1 = 10 − 6 = 4,  d2 = 10 − 2 = 8,  i = 24 −  19 = 5 

mo = 19.5 + 
4

5
4  8

 
 

+ 
 = 19.5 + 

20

12
 = 19.5 + 1.67 = 21.17 years. 

Exercise 5.Exercise 5.Exercise 5.Exercise 5.7777    

1 Find the mode for each of the following distributions. 

  a 5, 7, 8, 20, 15, 8, 7, 8, 20, 8.     b 8, 9, 12, 5. 

  c 10, 2, 5, 8, 12, 9, 9, 5, 9, 8, 7, 6, 1, 3, 8. 

 

2 The daily profits (in Birr) of 100 shops are distributed in the following table. Find 

the modal value.  

 

3 The following is a distribution of the size of farms (in 1000 m2) in a woreda. Find 

the mode of the distribution.  

 

Size of farm 5−14 15−24 25−34 35−44 45−54 55−64 65−74 

No of farms 8 12 17 29 31 5 3 

Profit 1−100 101−200 201−300 301−400 401−500 501−600 

No of shops 12 18 27 20 17 6 

 

d    v 4 6 8 10 11 

 f 5 3 7 7 4 

 

e    Marks 0−9 10−19 20−29 30−39 40−49 

 Frequency 12 18 27 20 17 

 



Mathematics Grade 11  

168 

4 The amounts of drops of water in drip irrigation were registered from 80 sample 

drip holes in one day and the data are as follows.    

  

 a Find the mode from the raw data.  

  b Construct a grouped frequency distribution, with 10 classes and find the 

mode. 

5 The number of farmers who got a prize for their productivity and the type of prize 

they got is given as follows. 

 

Determine the mode prize.  

Quartiles, deciles and percentiles 

The median divides a distribution into two equal halves. There are other measures that 

divide the data into four, ten and a hundred equal parts. These values are called 

quartiles, deciles and percentiles, respectively.  

These measures, which are recognized as measures of location, will be discussed for 
both ungrouped and grouped data.  

Quartiles, deciles and percentiles for ungrouped data 

1 Quartiles 

Quartiles are values that divide a set of data into four equal parts. There are three 
quartiles, namely, Q1, Q2 and Q3. 

14
26

48

56

Number of farmers and their prize

Tractor

Generator

Money

Medal

77 

103 

99 

104 

104 

96 

87 

92 

108 

92 

86 

97 

91 

79 

87 

97 

92 

101 

77 

95 

113 

88 

85 

76 

84 

77 

112 

87 

78 

114 

73 

97 

86 

102 

77 

101 

107 

98 

67 

105 

67 

73 

67 

92 

94 

78 

118 

95 

79 

86 

68 

99 

64 

87 

103 

76 

87 

99 

97 

112 

68 

87 

103 

116 

98 

102 

63 

81 

101 

76 

101 

88 

76 

98 

67 

93 

79 

82 

84 

78 
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To calculate quartiles, follow these steps. 

StepsStepsStepsSteps    to calculate quartilesto calculate quartilesto calculate quartilesto calculate quartiles    for ungrouped datafor ungrouped datafor ungrouped datafor ungrouped data    

1 Arrange the data in increasing order of magnitude. 

2 If the number of observations is: 

a odd, 
( )

th
1

 item.
4

k

k n
Q

+ 
=  
 

 

b even, 

1
4 4

 item.
2

th

k

kn kn

Q

    
+ +    

    =

 
 
 

 

Example 14 Find Q1 and Q3 for the following data. 

25, 38, 42, 46, 31, 29, 21, 9, 5.  

Solution Arranging in increasing order of magnitude, we get, 

5, 9, 21, 25, 29, 31, 38, 42, 46. 

Q1 = 
( )

( )
th1 9 1

 = 2.5
4

+
 item. What does this mean? 

Q1 lies half way between the 2nd and 3rd items. 

Therefore, Q1 = 2nd item + ( ) ( )2 3 2

1 1
3  item 2  item  

2 2
rd nd

x x x− = + −  

            = 9 + ( ) 1

1 9 21
21 9 9 6 15 or 15

2 2
Q

+
− = + = = =  

Q3 = 
( )3 1

4

th

n + 
 
 

 item = 
3  10

4

th

× 
 
 

 item = (7.5)th item. 

It is half
 
of the way between the 7th (x7) and 8th (x8) items. 

Therefore, Q3 = x7 + 0.5 (x8 − x7) = 38 + 0.5 (42 − 38)  

= 38 + 2 = 40  

3

38 42
or 40

2
Q

+
= =  

 2 Deciles 

Deciles are values that divide a set of data into ten equal parts. There are nine deciles, 

namely, D1, D2 , D3, D4, D5, D6, D7, D8, D9. 
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To calculate deciles, follow these steps. 

StepsStepsStepsSteps    to calculate to calculate to calculate to calculate decdecdecdeciles iles iles iles for ungrouped datafor ungrouped datafor ungrouped datafor ungrouped data    

1 Arrange the data in increasing order of magnitude. 

2 If the number of observations is: 

a odd, 
( )

th
1

 item.
10

i

i n
D

+ 
=  
 

 

b even, 

1
10 10

 item.
2

th

i

in in

D

    
+ +    

    =

 
 
 

 

Example 15 Find D2 and D7 for the following data: 25, 38, 42, 46, 50, 31, 29, 21, 9, 5. 

Solution Arranging in increasing order of magnitude, we get, 

5, 9, 21, 25, 29, 31, 38, 42, 46, 50. 

( ) ( )

2

2 10 2 10
1

10 10 2 3
item item 2.5 item 15

2 2

th

th

th
D

    
+ +    

+     
= = = =    
  
 

 

( ) ( )

7

7 10 7 10
1

10 10 7 8
item item 7.5 item 40

2 2

th

th

th
D

    
+ +    

+     
= = = =    
  
 

 

3 Percentiles 

Percentiles are values that divide a data set into a hundred equal parts. There are ninety 

nine percentiles, namely, P1, P2, … P99. 

Percentiles are not the same as percentages. If a student gets 85 correct answers out of a 

possible 100, he obtains a percentage score of 85. Here there is no indication of his 

position with respect to other students.  

On the other hand if a score of 85 corresponds with the 96th percentile, then this score is 

better than 96% of the students under consideration. Were your average and percentile 

in your grade eight exams the same? 
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To calculate percentiles, do the following: 

StepsStepsStepsSteps    tttto calculate percentileso calculate percentileso calculate percentileso calculate percentiles    for ungrouped datafor ungrouped datafor ungrouped datafor ungrouped data    

1 Arrange the data in increasing order of magnitude. 

2 If the number of observations is: 

a odd, 
( )

th
1

 item.
10

t

t n
P

+ 
=  
 

 

b even, 

1
100 100

 item.
2

th

t

tn tn

P

    
+ +    

    =

 
 
 

 

Example 16 Find P42 and P75 for the following data. 

   25, 38, 42, 46, 50, 31, 29, 21, 9, 5.  

Solution Arranging in increasing order of magnitude, we get, 

5, 9, 21, 25, 29, 31, 38, 42, 46. 

P42 = 
( )42 1 42  10

 item   item  4.2  item
100 100

th th

th
n +  × 

= =   
  

 

Hence P42 is between the 4th and 5th item, i.e. x4 + 0.2 (x5 – x4) 

Therefore, P42 = 25 + 0.2 (29 − 25) = 25 + 0.2(4) = 25 + 0.8 = 25.8    

P75 = 
75 10

item 7.5  item 40  
100

th

th× 
= = 

 
 

Note that P75 = 40. That is, 75% of the data values are less than P75 and the rest are 

above it.  

Quartiles, deciles and percentiles for grouped data 

You have just discussed quartiles, deciles and percentiles for ungrouped data. When we 

have a very large set of data, grouping the data in a frequency distribution will make it 

easier.   

1 Quartiles 

Example 17 Find the quartiles of the following grouped data. 

Mark 1–5 6–10 11–15 16–20 21–25 26–30 31–35 36–40 41–45 46–50 

f 1 2 17 25 11 13 18 5 4 4 
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Solution You need to first add the cumulative frequencies to the table. 

Mark 1–5 6–10 11–15 16–20 21–25 26–30 31–35 36–40 41–45 46–50 

f 1 2 17 25 11 13 18 5 4 4 

cf 1 3 20 45 56 69 87 92 96 100 

Q1 is the 25th item in the distribution. By assuming that the items are equally spread 

through each class, we calculate the value of the required item by means of proportions.  

Now since the first 20 items lie in earlier classes, Q1 is the 25 – 20 = 5th item in a class 

of 25 items. This means it lies 
5

25

th

 
 
 

of the way into the class. Since this class has an 

interval length of 5, 
5

25

th

 
 
 

of the way means that 5
5 1

25
× = is to be added to the lower 

end. Now the quartile class starts at 16, so that the first quartile is 16+1=17.   

Similarly, Q3 = 31 + 5
18

6975
×

−
 = 32.67. But, for a grouped data this approach may not 

be suitable. Thus, it will be good to look for a convenient way to finding quartiles. 

Let us summarize the above example in the following formula: 

The kth quartile for a grouped frequency distribution is: 

  th 4( quartile)
b

k L

k

kn
cf

Q k B i
f

 
− 

= +  
 
 

 

  k = 1, 2, 3 and  

BL = lower class boundary of the kth quartile class             

cfb = the cumulative frequency before the kth
 quartile class              

  fk = the number of observations (frequency) in the kth quartile class 

   i = the size of the class interval  

StepsStepsStepsSteps    to find quartilesto find quartilesto find quartilesto find quartiles    for grouped datafor grouped datafor grouped datafor grouped data    

1 Prepare a cumulative frequency distribution.  

2 Find the class where the kth quartile belongs: the 
4

th

kn 
 
 

 item.  

3 Use the formula above. 
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Example 18 Find Q1, Q2 and Q3 of the following distribution. 

Ages (f) cum. fr 

20 − 24 5 5 

25 − 29 7 12 

30 − 34 8 20 

35 − 39 18 38 

40 − 44 2 40 
 

Solution n = 40, 

Q1 is 
40

 item i.e. 10  item
4

th

th 
 
   

which falls in the 2nd class. cf = 5, f1 = 7 and i = 5 

Q1 = 24.5 + 
( )

40
1    5 10  5 5 5  5 254 5 = 24.5 +  = 24.5 +  = 24.5 + 

7 7 7 7

 
× −  − ×

 
 
 

 

Q1 = 24.5 + 3.57 = 28.07 

Q2 is 
2  40

 item = 20  item.
4

th

th× 
 
 

 Q2 is found in the 3rd class. 

Q2 = 29.5 + 

2  40
  12

20  12 84 5 = 29.5 + 5 = 29.5 + 5 
8 8 8

× 
−  −   

     
    

   

= 29.5 + 5 = 34.5 

Q3 is 

th
3  40

4

× 
 
 

 item = 30th item.  It is found in the 4th class. 

Q3 = 34.5 + 

3  40
  20

30  20 10  54 5 = 34.5 + 5 = 34.5 + 
18 18 18

× 
−  − × 

   
  

 

 

Q3 = 34.5 + 2.78 = 37.28 

�Note: 

   Q2 = median i.e. the 2nd quartile is the same as the median.   
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Exercise 5.Exercise 5.Exercise 5.Exercise 5.8888    

1 Find Q1, Q2, and Q3  for each of the following data sets: 

a 78, 68, 19, 35, 46, 58, 35, 35, 31, 10, 48, 28  

b  1, 3, 5, 2, 8, 5, 6, 2, 3, 10, 7, 4, 9, 8  

 

2 The following are quintals of fertilizer distributed to fifty farmers (You discussed 

this earlier).  

 

a Find Q1, Q2, and Q3. 

b Find Q2 –  Q1, Q3 – Q2 and Q3 – Q1. Write your conclusion. 

3 Prepare a grouped frequency distribution, using 10 classes for the data in 

Question 2 and answer the following questions. 

a Find Q1, Q2 and Q3. 

b Find the median and compare your result with Q2. 

4 Find Q1, Q2 and Q3 of the following data. It is a distribution of marks obtained in 

a mathematics exam (out of 40).  

 

  a From the above data, if students in the top 25% are to be awarded a 

certificate, what is the minimum mark for a certificate?  

  b  If students whose scores are in the bottom 25% of the marks are considered 

as failures, then what is the maximum failing mark?  

Marks 10 − 14 15 − 19 20 − 29 30− 39 

Number of students 7 12 8 9 

24 19 26 28 29 25 32 22 24 18 

32 

28 

13 

32 

31 

23 

26 

16 

18 

24 

18 

19 

26 

34 

14 

31 

24 

13 

24 

36 

16 

6 

23 

8 

32 

24 

41 

26 

34 

34 

24 

18 

31 

32 

23 

19 

18 

28 

42 

14 

c x 10 14 15 17 19 20 26 

 f 12 18 20 2 4 4 1 
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2 Deciles   

The jth  decile for grouped frequency distributions is calculated in a similar way as 
follows. 

StepsStepsStepsSteps    to find decilesto find decilesto find decilesto find deciles    for grouped datafor grouped datafor grouped datafor grouped data    

1 Find the class where the jth decile belongs, which is the class that contains the 
th

 item.
10

jn 
 
 

 

2 Use the formula ( ) 10decile , 1, 2,3, ,9.
b

th

j L

c

jn
cf

D j B i j
f

 
− 

= + = 
 
 

…  

  Where BL = Lower class boundary of the jth – decile class.  

   n =  f∑  

   cfb = cumulative frequency before the jth –  decile class. 

  fc = frequency of the jth – decile class 

   i = class size 

Example 19 Find D3 and D7 of the following data. 

weight frequency cum.fr. 

40 − 49 6 6 

50 − 59 10 16 

60 − 69 17 33 

70 − 79 3 36 

Solution  

a D3 is 
3  36

item  (10.8)  item. It is found in the 2  class. 
10

th

th nd
×

=
 
 
 

 

So  D3 = 49.5 + 

3  36
  6  10

10
 = 49.5 + 4.8 = 54.3.

10

× 
− 

   

b D7 = ( )
7  36

 item = 25.2  item. It is in the 3  class
10

th

th rd× 
 
 

 

D7 = 59.5 + 

7  36
  16

10  10
17

× 
− 

 
 
 

 = 59.5 + 5.41 = 64.91. 
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3 Percentiles   

The jth percentile for grouped frequency distributions is calculated in a similar way as 
follows: 

StepsStepsStepsSteps    to find percentilesto find percentilesto find percentilesto find percentiles    for grouped datafor grouped datafor grouped datafor grouped data    

1 Find the class where jth percentile belongs, Pj is the  
100

th

jn
item

 
 
 

 

2 Use the following formula to find Pj 

100
b

j L

c

jn
cf

P B i
f

 
− 

= +  
 
 

 

Where  BL = Lower class boundary of the jth percentile class.  

   n =  f∑  

         cfb = cumulative frequency above the jth percentile class. 

         fc = frequency of the jth – percentile class 

           i = size of class interval. 

Example 20  Find P20 and P68 for the following frequency distribution. 

weight frequency cum.fr. 

40 − 49 6 6 

50 − 59 10 16 

60 − 69 17 33 

70 − 79 3 36 

Solution: P20 = ( )
20  36

 item = 7.2
100

th

th× 
 
 

 item, which is in the 2nd class. 

So P20 = 49.5 +  

20  36
  6

100 10 = 49.5 + 1.2 = 50.7
10

× 
− 

 
 
 

 

P68 is 
68  36

 item = 24.48  item, which is 
100

th

th× 
 
 

in the 3rd
 class. 

So   P68 = 59.5 + 

68  36
  16

100 10 = 59.5 + 4.99
17

× 
− 

 
 
 

 = 64.49 
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AACCTTIIVVIITTYY  55..44  

1 From the above frequency distribution, find the median, 2nd 

quartile (Q2), 5
th decile (D5) and 50th percentile (P50). What do you 

observe? Did you see that median = Q2 = D5 = P50? 

Exercise 5.Exercise 5.Exercise 5.Exercise 5.9999    

1 Find Q2, Q3, D4, D8, P12, P24, P87  for each of the following data sets: 

a 78, 68, 19, 35, 46, 58, 35, 35, 31, 10, 48, 28  

 

2  The daily profits in Birr of 100 shops are distributed in the following table.  

    Find Q1, Q3 , D4 and P70. 

 

3 The following are quintals of fertilizer distributed to fifty farmers (You discussed 

this earlier).  

 

a Find Q1, Q2, and Q3. 

b Find Q2 –  Q1, Q3 – Q2 and Q3 – Q1. Write your conclusion. 

4 Prepare a grouped frequency distribution, using 10 classes for the data in question 

5 Answer the following questions. 

  a Find Q1, D3, and P70. 

  b Find the percentile of the farmers who received more than 20 quintals. 

  c If a farmer receives more than 75 percentile, find the minimum amount of 

quintals of fertilizer s/he receives. 

24 19 26 28 29 25 32 22 24 18 

32 

28 

13 

32 

31 

23 

26 

16 

18 

24 

18 

19 

26 

34 

14 

31 

24 

13 

24 

36 

16 

6 

23 

8 

32 

24 

41 

26 

34 

34 

24 

18 

31 

32 

23 

19 

18 

28 

42 

14 

Profit 1 − 100 101 − 200 201 − 300 301 − 400 401 − 500 501 – 600 

No of shops 12 18 27 20 17 6 

b x 10 14 15 17 19 20 26 

 f 12 18 20 2 4 4 1 
 

c age  5 − 14 15 − 24  25 − 34 35 − 44 45 − 54 

 f 4 12 10 7 2 
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5.1.4      Measures of Dispersion  
 

AACCTTIIVVIITTYY  55..55  

For preparing a development plan of a farmers’ association, 

researchers collected the following information on the yearly income 

of 20 farmers. Here are their incomes in Birr 1000. 

10 15 20 12 13  20 8 9 10 6 

12 13 8 14 5 6 8 20 12 6 

  a What is the mean yearly income of the farmers? 

  b Does the mean reflect the real living standard of each farmer? 

  c Before using the mean to reach to a conclusion, what other factors should be 

considered? 

In Grade 9, you learned about the different measures of variation. In this section, we 
shall revise those concepts and see how to calculate them for grouped data.  

Why do we need to study measures of variation?  

Consider the following data: three copy typists A, B, C compete for a job. An exam is 

given for five consecutive days to measure their typing speed (words per minute).  

 A: 48, 52, 50, 45, 55  A  = 50x  

 B: 10, 90, 50, 41, 59  B  = 50x   

 C: 50, 50, 50, 50, 50  C  = 50x  

The average (mean) speed of all three is the same (50 words per minute). Which typist 

should be selected? The next criterion should be consistency.   

Definition 5.9 

The degree to which numerical data is spread about an average value is called the 

variation or dispersion of the data.    

The common measures of variation that we are going to see are Range, Variance and 

Standard Deviation.  

Range 

Range is the difference between the maximum and the minimum values in a data set.  

Range = xmax − xmin 

Example 21 Find the range of 

a 4, 6, 2, 10, 18, 25    b x 2 5 7 8 10 

 f 3 4 9 2 6 
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Solution: 

a xmax = 25, xmin = 2 ; Range = xmax − xmin = 25 − 2 = 23 

b  Range = 10 − 2 = 8 

Range for grouped data 

Definition 5.10 

Range for grouped data is defined as the difference between upper class boundary of 

the highest class Bu (H) and the lower class boundary of the lowest class BL(L). That is,  

  R = Bu(H) −−−− BL(L) 

Example 22 Consider the following data, what is the range of this distribution? 

x 5 − 10 11 − 16  17 − 22  

f 4 9 6 

Solution: From the grouped frequency distribution, the range is calculated using 

       Bu(H) = 22.5, BL(L) = 4.5  

     ∴  R = 22.5 − 4.5 = 18 

Advantages and limitations of range 

Advantage of Range Limitation of Range  

� It is simple to 
compute 

� It only depends on extreme values. 

� It doesn’t consider variations of values in between. 

� It is highly affected by extreme values. 

Variance and standard deviation  

The standard deviation is the most commonly used measure of dispersion. The value of 

the standard deviation tells how closely the values of a data set are clustered around the 

mean. In general, a lower value of the standard deviation for a data set indicates that the 

values of the data set are spread over a relatively small range around the mean. On the 

other hand, a large value of the standard deviation for a data set indicates that the values 

of that data set are spread over a relatively large range around the mean.   

Definition 5.11 

Variance is the average of the squared deviation of each item from the mean.  
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Variance for ungrouped data 

If x1, x2, x3, ..., xn are n observed values, then variance for the sample data is given by  

Variance 

2
2 2

2 1 1

( )
(  ) ... ( )

( )

n

i

n i

x x
x x x x

s
n n

=

−
− + + −

= =

∑
  

where,  x  = mean 

     s
2 = variance. 

     n = number of values 

�Note: 

The quantities –x x in the above formula are the deviations of x from the mean.  

Definition 5.12 

The positive square root of variance is called standard deviation.  

Standard deviation (sd) = variance  

      

2

1

( )
n

i

i

x x

sd
n

=

−

=

∑

 
Steps to Steps to Steps to Steps to ccccalculate alculate alculate alculate vvvvarianceariancearianceariance    for ungrouped datafor ungrouped datafor ungrouped datafor ungrouped data     

a Calculate the mean of the distribution.  

b Find the deviation of each value from the mean and square it.  

c Add the squared deviations.  

d Divide the sum obtained in step 3 by n.  

Example 23 Find the variance and standard deviation of the following data. 

 20, 16, 12, 8, 18, 5, 9, 24    

Solution:
    

20  16  12  8  18  5  9  24

8
x

+ + + + + + +
=  = 14 

X  x x−  ( )
2

x x−  

20 6 36 

16 2 4 

12 –2 4 

8 –6 36 

18 4 16 

5 –9 81 

9 –5 25 

24 10 100 
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2(  )  = 302x x−∑  

Variance s2 = 

2(  ) 302
 =  = 37.75

 8 

x x

n

−∑
 

Standard deviation s = 
2(  )

 = 37.75 = 6.14
 

x x

n

−∑  

If x1, x2,…,xn, are values with corresponding frequencies f1, f2,..., fn, the variance is given by  

 

2
2 2 2

2 1 1 2 2 1

1

( )
( ) ( ) ... ( )    

 

n

i i

n n i

n

i

i

i

f x x
f x x f x x f x x

s
f

f

=

=

−
− + − + + −

= =

∑

∑ ∑

ɺ
 

Steps Steps Steps Steps to calculate variance from frequency distributionsto calculate variance from frequency distributionsto calculate variance from frequency distributionsto calculate variance from frequency distributions 

a Find the mean of the distribution.  

b Find the deviation of each item from the mean and square it.  

c Multiply the squared deviations by their corresponding frequencies and add.  

d Divide the sum by 
i

f∑ . 

Example 24 Find the variance and standard deviation of the following data. 

x F ( )x x−  ( )
2

x x−  ( )
2

f x x−  

2 3 – 4.88 23.8 71.44 

5 4 – 1.88 3.53 14.14 

7 9 0.12 0.0144 0.1296 

8 2 1.12 1.254 2.5088 

10 6 3.12 9.73 58.41 

 24                2(  )   146.63f x x− =∑  

Solution:       
165

 = 
24

x  = 6.88 

 variance, s2 = 

2( ) 146.63
 =  = 6.11

 24 

f x x

n

−∑  
 

          Standard deviation = variance = 6.11 = 2.47  
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Variance for grouped data  

�Note: 

 In a grouped frequency distribution, every class is represented by its class mark or 

class midpoint.  

The variance for grouped data is given by  

  s
2 = 

2( )
 i i

i

f x x

f

−∑
∑

where xi is the midpoint of each class (class mark).  

Steps Steps Steps Steps tttto find variance fro find variance fro find variance fro find variance from om om om a a a a grouped frequency distribution grouped frequency distribution grouped frequency distribution grouped frequency distribution     

a Find the class mark for each class.  

b Find the mean of the grouped data. 

c Find the deviation of each class mark from the mean and square it.  

d Find the sum of the squared deviations.  

e Divide the sum obtained in step d by  
i

f∑ . 

Example 25 Find the variance and standard deviation of the following distribution. 

age (x) frequency 

(f) 

class 

mark (xi) 

 

fxi 

xi −−−− x  

(xi −−−− 7) 

(xi −−−− x )
2
 

(xi −−−− 7)2 

f(xi −−−− x )
2
 

f (xi −−−− 7)2 

0 − 4 4 2 8 –5 25 100 

5 − 9 8 7 56 0 0 0 

10 − 14 2 12 24 5 25 50 

15 − 19 1 17 17 10 100 100 

  15
i

f =∑    105
i i

f x =∑   2
( ) 250

i i
f x x− =∑  

Solution:  mean = 105
 = 7

 15

i i

i

f x

f
=

∑
∑

 

              Variance = 
2

( ) 250
16.67

15

i i

i

f x x

f

−
= =

∑
∑

 

       Standard deviation = 

2
( ) 250

 4.08
15

i i

i

f x x

f

−
= =

∑
∑  
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Merits and Demerits of standard deviation 

Merits   

1 It is rigidly defined.  

         2 It is based on all observations. 

Demerits   

1 The process of squaring deviations and then taking the square root of their   

mean is complicated.  

2 It attaches great weight to extreme values, as squared deviations are used.  

Exercise 5.Exercise 5.Exercise 5.Exercise 5.10101010    

1 Find the range, variance and standard deviation for each of the following data.  

 a 18, 2, 4, 6, 10, 7, 9, 11    b 3, 4, 5, 5, 6, 7, 7, 7  

c x 31 35 36 40 42 50 

 f 7 8 2 12 6 3 
    

d Class  30 − 39  40 − 49 50 − 59 60 − 69  70 − 79 80 − 89 

 Frequency 8      10 16 14 10 12 

2 Why do we study measures of variation?  

3 If the standard deviation of x1, x2, x3,…, xn is 3, then what is the standard deviation 

of  2x1 + 3, 2x2 + 3,…, 2xn + 3?  

4 The standard deviation of the temperature for one week in a certain city is zero. 

What can you say about the temperature of that week?  

5 Two basketball players scored points for their team. The scores were recorded for 

9 games as follows:  

 

  a Calculate the standard deviation of the points of each player. 

  b Which player, A or B, is more consistent in scoring points for his team? 

How do you know?  

Player A  3 4 5 6 7 8 9 10 11 

Player B  4 3 5 6 7 8 9 9 1 
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6 Consider the following raw data representing yield of Barley (in quintals) of three 

farmers from their respective hectare of land for consecutive 8 years. 

 

 a Determine the range, variance and standard deviation of each of the three 

farmers. 

 b Who of the farmers has higher variation in yield? What does this tell? 

 c Who of the farmers has lesser variation in yield?  

 d Who of the farmers has consistent yield? 

G r o u p  W o r k  G r o u p  W o r k  G r o u p  W o r k  G r o u p  W o r k  5 . 35 . 35 . 35 . 3     
Do the following in groups.  Apply as many of the formulae as 

necessary. 

1 Design and carry out a questionnaire survey to find out how students in your 

school spend their spare time. You need to find out:  

a the average hours they spend on entertainment (watching TV, games, etc); 

b the average hours they spend on chores (to help their family, to earn money, 

etc); 

c the average hours they spend on study; 

 d the average mark obtained at the end of the year.  

 e Can you conclude anything about the effect of the way they use their spare 

time on their academic performance? 

2 Investigate how students come to school, by taking a sample.  Do they come by 

bus, car, on foot, cycle or any other means? How does this relate to family 

income, distance of school from home, gender, etc? 

3 Take a sample of students and measure and record their heights, weights and ages.  

Consider questions like whether or not their heights are as expected for their age 

groups. You could take their gender and weight into consideration. 

Farmer 1  12 14 11 13 17 18 12 13 11 

Farmer 2 14 13 15 13 14 13 15 13 13 

Farmer 3 12 5 14 3 17 8 4 12 13 
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5.2  PROBABILITY 

In Grade 9, you have studied basic concepts of probability.  In this section you will 

revise some definitions before we proceed to the next section. 

1 An Experiment is an activity (measurement or observation) that generates results 

(outcomes).  

2 An Outcome (Sample point) is any result obtained in an experiment.  

3 A Sample Space (S) is a set that contains all possible outcomes of an experiment. 

4 An Event is any subset of a sample space. 

Example 1   When a "fair" coin is tossed, the possible results are either head (H) or    

tail (T). Consider an experiment of tossing a fair coin twice. 

a What are the possible outcomes? 

b Give the sample space. 

c Give the event of H appearing on the second throw. 

d Give the event of at least one T appearing.  

Solution: 

a HH, HT, TH, TT    c A = {HH, TH} 

b S = {HH, HT, TH, TT}   d B = {HT, TH, TT} 

�Note: 

 In tossing a coin, if the coin is fair, the two possible outcomes have an equal chance of 

occurring.  In this case, we say that the outcomes are equally likely. 

Probability of an event (E) 

If an event E can happen in m ways out of n equally likely possibilities, the probability 

of the occurrence of an event E is given by 

 
number of favourable outcomes ( )

( )
total number of possible outcomes ( )

n E m
P E

n S n
= = =  

Example 2 A box contains 4 red and 5 black balls.  If one ball is drawn at random, 

what is the probability of getting a 

a red ball?   b black ball? 
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Solution    Let event R = a red ball appears and event B = a black ball appears. Then, 

a P (R) = 
( ) 4

( ) 9

n R

n S
=   b P (B) =  

 ( ) 5

 ( ) 9

n B

n S
=  

Example 3 If a number is to be selected at random from the integers 1 through to10, 

what is the probability that the number is 

 a odd?     b divisible by 3? 

Solution    S = {1, 2, 3, 4, 5, 6, 7, 8, 9, 10} 

a odd is the event E = {1, 3, 5, 7, 9}⇒P (odd) = 
number of odds 5 1

 = 
total numbers 10 2

=

 b divisible by 3 is the event E = {3, 6, 9}⇒P (divisible by 3) = 
3

10  

AACCTTIIVVIITTYY  55..66  

A fair die is tossed.  What is the probability of getting 

 a the number 4?    b an even number?  

  c the number 7?    d either 1, 2, 3, 4, 5 or 6?  

  e a number different from 5?  

5.2.1      Permutation and Combination 

In the previous example of tossing a fair coin twice, the number of all possible outcomes 

was only four.  To find the probability of the event A = {HH, TH}, you have to count the 

number of outcomes in event A (which is 2) and divide by n (S).  Thus, we have  

 
( ) 2 1

( )
( ) 4 2

n A
P A

n S
= = =  

Now, if the experiment is tossing a coin five times, what is the total number of possible 

outcomes?  If an event E is defined by "3 heads and 2 tails", then how do you find n(E)? 

From this, you can observe that counting plays a very important role in finding 

probabilities of events. 

In this section, you shall see some mathematical techniques which will help you to 

simplify counting problems.  When the number of possible outcomes is very large, it 

will be difficult to find the number of possible outcomes by listing.  So you have to 

investigate different counting techniques which will help you to find the number of 

elements in an event and a possibility set.   
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Fundamental principles of counting 

There are two fundamental principles that are helpful for counting.  These are the 

multiplication principle and the addition principle.  

Multiplication principle 

Before we state the principle, let us consider the following example. 

Example 4 Suppose Nuria wants to go from Harrar via Dire Dawa to Addis Ababa.  

There are two minibuses from Harrar to Dire Dawa and 3 buses from 

Dire Dawa to Addis Ababa.  How many ways are there for Nuria to 

travel from Harrar to Addis Ababa? 

Solution:  Let M stand for Minibus and B stand for Bus. 

 

There are (2 × 3) = 6 possible ways. 

These are M1B1, M1B2, M1B3, M2B1, M2B2 , M2B3. 

The example above illustrates the Multiplication Principle of Counting. 

If an event can occur in m different ways, and for every such choice another event can 

occur in n different ways, then both the events can occur in the given order in m × n 

different ways. That is, the number of ways in which a series of successive things can 

occur is found by multiplying the number of ways each thing can occur. 

In the above illustration, Nuria has two possible choices to go from Harar to Dire Dawa  

and three alternatives from Dire Dawa to Addis Ababa.   

The total number of ways is 2 × 3 = 6.    

Example 5 Suppose there are 5 seats arranged in a row.  In how many different ways 

can five people be seated on them? 

Solution: The first man has 5 choices, the 2nd man has 4 choices, the 3rd man has 3 

choices, the 4th has two choices, and the 5th has only one choice. 

Therefore, the total number of possible seating arrangements is  

  5 × 4 × 3 × 2 × 1 = 120. 

Example 6 Suppose that you have 3 coats, 8 shirts and 6 different trousers.  In how 

many different ways can you dress? 

Solution: 3 × 8 × 6 = 144 ways. 
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Addition principle 

If an event E1 can occur in m ways and another event E2 can happen in n ways, then 
either of the events can occur in n + m ways. This is true when E1 and E2 are mutually 

exclusive events. 

�Note: 

Two events are said to be mutually exclusive, if both cannot occur simultaneously.  

In tossing a coin, Head and Tail are mutually exclusive events because they cannot 
appear at the same time. 

Example 7 A question paper has two parts where one part contains 4 questions and 

the other 3 questions.  If a student has to choose only one question, from 

either part, in how many ways can the student do it? 

Solution: The student can choose one question in 4 + 3 = 7 ways. 

Combined counting principles 

The fundamental counting principles can be extended to any number of sequences of 

events. 

Example 8  A question paper has three parts: language, arithmetic and aptitude tests.  

The language part has 3 questions, the arithmetic part has 6 questions and 
the aptitude part has 5 questions.  If a student is expected to answer one 
question from each of two of the three parts, with arithmetic being 
compulsory, in how many ways can the student take the examination? 

Solution: The student can either take language and arithmetic or arithmetic and 

aptitude.  This gives 3 × 6 + 5 × 6 = 48 possibilities. 

Exercise 5.Exercise 5.Exercise 5.Exercise 5.11111111    

1 In an experiment of selecting a number from 1 – 10, which of the following 

cannot be an event? 

a The number is “even and prime”. 

b The number is “even and multiple of 5”. 

c The number is multiple of 3. 

d The number is zero. 

2 In an experiment of tossing three coins at a time, 

a Determine the sample space. 

b Find the probability of getting two heads. 

3 A box contains 2 Red and 3 Black balls.  If two balls are drawn at random, 
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a Determine the possible outcomes 

b Find the probability of getting 2 Red balls. 

c Find the probability of getting 1 Red and 1 Black balls. 

4 Suppose you have six different books.  In how many different ways can you 

arrange these books on a shelf?  

5 There are three gates to enter a school and two doors to go into a classroom.  In 
how many different ways can a student get into a class from outside? 

6 In a classroom there are 50 students from whom 27 are female students. If one 

student is selected at random, what is the probability of getting male student? 

Example 9 Suppose there are only three seats and there are five people to be seated.  
In how many ways can these people be seated on the three seats? 

Definition 5.13 

For any positive integer n, n factorial denoted as n! is defined as  

   n! = n × (n – 1) × (n – 2) × (n – 3) ×. . . × 3 × 2 × 1 

We define 0! = 1. 

Example 10 Calculate   

a 3!    b 5!   c 
!4

!8
 

Solution:   

a 3! = 3 × 2 × 1 = 6  b 5! = 5 × 4 × 3 × 2 × 1 = 120    

 c 
8! 8  7  6  5  4!

 =  
4! 4!

× × × ×
 = 8 × 7 × 6 × 5 = 1680 

Permutation 

Definition 5.14 

A Permutation is the number of arrangements of objects with attention given to the 

order of arrangements. 

In Example 5 above, the 5 people can be arranged in 5 seats in  

5 × 4 × 3 × 2 × 1 = 120 ways.  

The number of permutations of a set of n objects taken all together is denoted by P(n, n) 
or nPn and is equal to n! 

 Thus, P(n , n) = n! 
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Example 11  

a Give all the permutations of three letters A, B and C. 

b Suppose we have 5 people to be seated in only 3 seats. In how many ways 

can they sit? 

Solution: 

a The three letters A, B and C can be arranged in 

  P(3, 3) = 3! = 3 × 2 × 1 = 6 different permutations.   

These are:  ABC, ACB, BAC, BCA, CAB and CBA. 

b The first chair can be filled by any one of the 5 people, the second by any one 

of the remaining 4 people and the third by any of the remaining 3 people. By 

the multiplication principle, this gives 5 × 4 × 3 = 60 possibilities. 

 60 = 5 × 4 × 3 =  
5 4 3 2 1 5! 5!

2 1 2! (5 3)!

× × × ×
= =

× −
 
 

Definition 5.14 

The number of permutations of n objects taken r at a time, where 0 < r ≤ n, is 

denoted by P(n, r) or nPr and is given by ( )
( )

!
, .

!

n
P n r

n r
=

−
 

G r o u p  W o r k  G r o u p  W o r k  G r o u p  W o r k  G r o u p  W o r k  5 . 45 . 45 . 45 . 4     
Do the following in groups 

1 Compute the following. 

 a 6P2   b 8P5   c 1000P999 

2 Five students are contesting an election for 5 places on the committee of the 

environmental protection club in their school. In how many ways can their names 

be listed on the ballot paper? 

3  From the letters A, B, C, D, E, how many three – letter "words" can be formed?  

(the words need not have meanings) 

4 Consider the word CALL.  .  .  .  If you think of the two Ls as different, say L1 and L2, 

then CL1AL2 and CL2AL1 would have been different.  But, as it happens, L1 and 

L2 represent the same letter L. Taking this into consideration, find all the 12 

(distinct) permutations of CALL. 
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Permutation of duplicate items 

If  there are n objects with n1 alike objects of a first type, n2 alike objects of a second 

type,…, and nr alike objects of the rth type, where n1 + n2 +…+nr = n, then there are 

1 2

!

! ! !
r

n

n n n⋯  

permutations of the given n objects. 

For the above group work, in the word CALL, the number of permutations will be  

  
4!

12
2!

=  

Exercise 5.1Exercise 5.1Exercise 5.1Exercise 5.12222    

1 Find the Factorial of each of the following numbers 

a 6  b 8  c 12 

2 How many four – digit numbers can be formed from the digits 1, 3, 5, 7, 8 and 9 

where a digit is used at most once?  

 a if the numbers must be even?  b if the numbers are less than 3000? 

3 Two men and a woman are lined up to have their picture taken.  If they are 

arranged at random, find the number of ways that  

 a the woman will be on the left in the picture. 

 b the woman will be in the middle of the picture. 

4 Find the number of permutations that can be made out of the letters of the word 

"MATHEMATICS". In how many of these permutations  

a do the words start with C?  b do all the vowels occur together? 

c do the words begin with H and end with S? 

5 In a library there are 3 Mathematics, 4 Geography and 3 Economics books. If each 

of them will be put on a shelf and each type of a book are identical, in how many 

ways can these books be arranged? 

6 Verify that nPn-1 = nPn . 

Circular permutations 

Is there a difference between arrangements of objects in a straight 

line and around a circle?  Consider three letters A, B, C and try to 

find the number of different permutations along a circle. Since it is 

difficult to indicate the relative position of objects in a circle, we 

fix the position of one object and arrange the remaining objects. 

If n objects are to be arranged on a circle (along the circumference of a circle), then the 
number of circular permutations is given by (n – 1)! 

 A 

C B 
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Example 12   

a 7 people are to sit around a circular table. In how 

many different ways can these people be seated? 

b In how many ways can 6 boys and 6 girls sit around 

a table of 12 seats, if no two girls are to sit together? 

Solution  

a   The number of ways these 7 people sit around  a round table is 

(7 – 1) ! = 6! = 720 ways. 

b    First allot seats to the boys, as shown in the diagram.   

Now the 6 boys can sit in (6 – 1)! = 5! = 120 ways. 

Next the 6 girls can occupy seats marked (G). There are 6 such seats.  This can be 

done in 6P5 = 720 ways. By the Fundamental Principle of Counting, the required 

number of ways is 

120 × 720 = 86,400 ways. 

Combination 

Before you define the concept of combinations, see the following example that helps to 
illustrate how it is different from permutations.    

Three students A, B and C volunteer to serve on a committee. How many different 

committees can be formed containing two students? 

Let us try to use permutations of two out of three: 3P2 = 
3!

 = 6
(3 2)!−

. The possible 

arrangements are AB, AC, BC, BA, CA, CB. But AB and BA, AC and CA, BC and CB 

contain the same members. Hence AB and BA cannot be considered as different 

committees, because the order of the members does not change the committee. 

Thus, the required number of possible committee members is not six but three: AB, AC 

and BC. This example leads us to the definition of combinations. 

Definition 5.15 

The number of ways r objects can be chosen from a set of n objects without 

considering the order of selection is called the number of combinations of n objects 

taking r of them at a time, denoted by 

   

( , ) .n

r

n
C n r C

r

 
= = 
 

and defined by nr
rrn

n
rnC ≤<

−
= 0,

!)!(

!
),(  

To arrive at a formula for nCr, observe that the r objects in nPr can be arranged among 

themselves in r! ways.   

 G 

G 

G 

G 

G 

G 

B 

B 

B B 

B 

B 
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Hence,  

!

!( )!
( , )

! ! ( )! !
n r

n

P nn r
C n r

r r n r r

−
= = =

−
 

Therefore, the number of possible combinations of n objects taken r at a time is given 

by the formula  

!
 ( , )

( )! !

n n
C n r

r n r r

 
= = 

− 
 , 0 < r ≤ n 

From this, you can see that the number of ways that a committee of two members can be 
selected from three individuals is given by  

  C (3,2)  =  
3!

1!2!
 = 3 ways. 

Example 13  Compute the following. 

a C (6,2)   b C (10,4) 

Solution:   

a 
6! 6! 6 5 4!

C (6,2) 15
(6 2)!2! 4!2! 4! 2 1

× ×
= = = =

− × ×   

b 
10!

 (10,4) 210
6!4!

C = =

 

AACCTTIIVVIITTYY  55..77  

Show each of the following. 

  a C(n, 0) = 1    b C(n, r) = C(n , n – r)  

  c 
1

1    

n n n

r r r

+     
+ =     

−     
 

Example 14   

a In an examination paper, there are 12 questions.  In how many different 

ways can a student choose eight questions in all, if two questions are 
compulsory? 

b In how many different ways can three men and three women be selected 
from six men and eight women?   

c In how many ways can Bekele invite at least one of his friends out of 5 
friends to an art exhibition? 

d A committee of 7 students has to be formed from 9 boys and 4 girls. In how 
many ways can this be done when the committee contains  

i    exactly three girls?    ii at least three girls?  

iii 2 girls and 5 boys? 
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Solution  

a Since 2 questions are compulsory, the student is left with a choice of 

selecting 6 questions from the remaining 10 questions. 

 Hence, he/she can do it in C (10, 6) ways i.e.  C (10, 6) =  
10!

4!6!
 = 210 ways. 

b Three men from six can be selected in 
6

3

 
 
 

 ways. Three women from 8 can 

be selected in 
8

3

 
 
 

 ways. Therefore, the total number of ways that a 

committee of three men and three women be selected out of 6 men and 8 
women is given by  

6 8
20 56 1120

3 3

   
× = × =   

   
 ways (by the Multiplication principle). 

c At least one means that he can invite either one, two, three, four or five. 

Therefore, the total number of ways in which he can invite at least one of his 
friends is given by (Addition principle) 

  C (5,1) + C (5,2) + C (5,3) + C (5,4) + C (5,5) = 5 + 10 + 10 + 5 + 1 = 31. 

d i When exactly 3 girls are included in the committee, the remaining 

members will be 4 boys. 

 ∴ The total number of ways of forming a committee is  

  C (4, 3) ×  C (9, 4) = 4 × 126 = 504 ways. 

ii At least 3 girls are included means the committee will consist of either 

3 girls and 4 boys or 4 girls and 3 boys. 

 ∴  Total number of ways of forming a committee is given by  

[C (4,3) ×  C (9,4)] + [C (4,4) ×  C (9,3)] = 4 × 126 + 1 ×  84  

= 504 + 84 = 588 ways. 

iii Two girls and 5 boys can be selected in  

C (4,2) ×  C (9,5) =  6 ×  126 = 756 ways. 

Exercise 5.Exercise 5.Exercise 5.Exercise 5.11113333    

1 Compute each of the following.   

 a C (8, 0)   b C (n, n)   c C (8, 6) 

2 If C (n, 6) = C (n, 4), find n. 

3 In how many ways can a committee of 5 be selected from 10 people willing to 
serve? 
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4 A committee of 5 students has to be formed from 9 boys and 9 girls.  In how 

many ways can this be done when the committee consists of  

a 2 girls and 3 boys? b all boys?   c all girls?  

d at least 3 boys?  e at most 3 girls?  

5 In Ethiopia there are 20 Premier league Soccer teams.  

 a In one round how many games are there? 

  b If five of the teams represent one company, find the number of ways pairs of 

teams representing different companies can play a game. 

6 In a box there are 3 red, 4 white and 5 black balls.  If we choose three balls at 

random, what is the number of ways such that: 

 a  one ball is white?  b  3 of them are black? c  at most 2 are red? 

5.2.2      Binomial Theorem 

G r o u p  W o r k  G r o u p  W o r k  G r o u p  W o r k  G r o u p  W o r k  5 . 55 . 55 . 55 . 5     
Do the following in groups: 

1 For any 1 ≤ n ≤ 5, expand (a + b)n
. 

2 Generalize the formula for any natural number n. 

3  Answer the following from what you have done in 2 above : 

 a How many terms are there?  

 b What is the pattern you notice concerning the exponents of "a" ? What 

about the exponents of  “b”? 

 c Given a term, what is the sum of the exponents of a and b? 

 d Give the coefficients of the first and the last terms. 

 e Can you express the coefficients using combination notation? 

 f Complete the “Pascal’s triangle” given below.     

                                     1 . . . . . . . . . . . . . . . . . . . . . . . . Coefficient in (a + b)0 

                                1          1  . . . . . . . . . . . . . . . . . . . . Coefficients in (a + b)1   

                          1          2         1 . . . . . . . . . . . . . . . . . . Coefficients in (a + b)2        

                   __       __        __         __ . . . . . . . . . . . . . . Coefficients in (a + b)3        

           __         __        __        __        __. . . . . . . . . . . . Coefficients in (a + b)4         

      __       __         __        __        __       __. . . . . . . . .  Coefficients in (a + b)5        

 g Consider the terms in the middle. How is a term there related to the two 

terms immediately above it? 

 h How does your observation relate to Activity 5.7 c? 
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AACCTTIIVVIITTYY  55..88  

Using Pascal's Triangle, expand (a + b)6,  (a + b)7 and (a + b)8. 

Binomial theorem 

For a non – negative integer n, the binomial expansion of (x + y)n is given by  

( ) ( ) ( ) ( ) ( ) ( )
1 2 2, 0 ,1 , 2 ... , ... ,

n n n n n r r n
x y C n x C n x y C n x y C n r x y C n n y

− − −
+ = + + + + + +  

Example 15 Expand (x + y)4. 

Solution:   (x + y)4 = C (4,0) x4 + C(4,1) x3
y + C(4,2) x2

y
2 + C(4,3) xy

3 + C(4,4) y4 

                              =  x4 + 4x
3
y + 6x

2 y2 + 4xy
3 + y4. 

Exemple 16 Find the coefficient of x2
y

3 in the expansion of (x + y)5. 

Solution :   (x + y)5 = 5 4 3 2 2 3 4 55 5 5 5 5 5
.

0 1 2 3 4 5
x x y x y x y xy y

           
+ + + +           

           
 

Thus, the coefficient of x2
y

3 is 
5 5! 5 4

10
3 3!2! 2

  ×
= = = 

 
. 

Exercise 5.Exercise 5.Exercise 5.Exercise 5.11114444    

1 Expand each of the following using the Binomial Theorem: 

 a (a + b)5        b (a + b)7        c (3x – 4y)6    

2 Without writing all the expanded terms, answer the following 

 a What is the coefficient of a3
b

5 in the expansion of (a + b)8? 

 b What is the coefficient of a4
b

2 in the expansion of (a + b)6? 

 c What is the coefficient of the term containing a2 b4 in (a + b)6? 

3 In expanding (x + y)3 find the terms that have equal coefficients. 

4 In the expansion of (a + b)10  

a How many terms are there? 

b Find the terms whose coefficient is 45. 

5 In the expansion of (2x + 5y)5  

a What is the coefficient of the term x2
y

3? 

b Find the terms whose coefficient is 400. 

6 Find the constant term in the expansion of 

4

3

3
x

x

 
+ 
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5.2.3     Random Experiments and Their Outcomes 

At the beginning of this section, you saw the basic definitions of experiment, event and 

sample space. In this section, you will use these terms again and also see additional 

concepts. 

Definition 5.16 

A random experiment is an experiment (activity) which produces some well 

defined results.  If the experiment is repeated under identical conditions it does not 

necessarily produce the same results. 

Example 17 Give the outcomes for each of the following experiments. 

a Tossing a coin   b Tossing a pair of coins  

c Rolling a die   d Rolling a pair of dice  

Solution:  

a {H, T}  b {HH, HT, TH, TT} c {1, 2, 3, 4, 5, 6} 

d   (1 ,1) (1, 2) (1, 3) (1, 4) (1, 5) (1, 6) 

 (2, 1) (2, 2) (2, 3) (2, 4) (2, 5) (2, 6) 

 (3, 1) (3, 2) (3, 3) (3, 4) (3, 5) (3, 6) 

 (4, 1) (4, 2) (4, 3) (4, 4) (4, 5) (4, 6) 

 (5, 1) (5, 2) (5, 3) (5, 4) (5, 5) (5, 6) 

 (6, 1) (6, 2) (6, 3) (6, 4) (6, 5) (6, 6) 

�Note: 

Outcomes of a random experiment are said to be equally likely when there is no reason 

to expect any one of the outcomes in preference to another. That is, each element has 

equal chance of being chosen. 

Example 16  If a fair die is thrown, any one of the outcomes 1, 2, 3, 4, 5, 6 has an 

equal chance of appearing at the top. Therefore, they are considered as 

equally likely. 

�Note: 

In a random experiment, the outcomes which insure the happening of a particular result 

are said to be favourable outcomes to that particular result. 
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Example 18   

a A fair die is thrown.  How many favourable outcomes are there for getting 

an even number? 

b In picking a playing card from a pack of 52 cards, what is the number  of 

favourable outcomes to getting a picture card? 

Solution:  

a There are 3 favourable outcomes.  These are 2, 4 and 6. 

 b There are 12 favourable outcomes - 4 Jacks, 4 Queens and 4 Kings. 

   

Four Jacks   Four Queens   Four Kings 

Figure 5.1 

5.2.4      Events 

Recall that any subset of a sample space is called an event and is usually denoted by E.  

An event is a collection of sample points. 

Example 19 The four faces of a regular tetrahedron are numbered 1, 2, 3 and 4.  If it is 

thrown and the number on the bottom face (on which it stands) is 

registered, then list the events of this experiment. 

Solution  The sample space = {1, 2, 3, 4}. 

The possible events are {1}, {2}, {3} and {4}. 

AACCTTIIVVIITTYY  55..99  

List some events of the following experiments. 

a Tossing a coin three times. 

b Inspecting produced items. 

c Selecting a number at random from integers 1 through to 12. 

d Drawing a ball from a bag containing 4 red and 6 white balls. 

e A married couple expecting a child. 
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Types of events 

a Simple Event (Elementary Event)  is an event containing exactly one 

sample point. 

Example 20 In a toss of one coin, the occurrence of tail is a simple event. 

b Compound Event  When two or more events occur simultaneously, their 

joint occurrence is known as a compound event, an event that has more than 

one sample point. 

Example 21 When a die is rolled, if you are interested in the event "getting even 

number", then the event will be a compound event, i.e. { 2, 4, 6}. 

We can determine the possible number of events that can be associated with an 

experiment whose sample space is S. As events are subsets of a sample space, and any set 

with m elements has 2m subsets, the number of events associated with a sample space 

with m elements is 2m. (Sometimes this is called the exhaustive number of events).  

Example 22 Suppose our experiment is tossing a fair coin. The sample space for this 

experiment is S = {H, T}. Thus, this sample space has a total of four 

possible events that are subsets of S. The list of the possible events is { }, 

{H}, {T}, and {H, T}. 

Occurrence or Non-occurrence of an event  

During a certain experiment, there are two possibilities associated with an event, 

namely, occurrence or non-occurrence of the event.  

Example 23 If a die is thrown, then S = {1, 2, 3, 4, 5, 6}. Let E be the event of getting 

odd number, then E = {1, 3, 5}. When we throw the die, if the outcome is 

3, as 3∈E, then we say that E has occurred.  If in another trial, the 

outcome is 4, then as 4∉E, we say that E has not occurred (not E). 

c Complement of an Event E, denoted by E ' (not E) consists of all events 

in the sample space that are not in E. 

Example 24 Let a die be rolled once.  Let E be the event of a prime number appearing 

at the top i.e. E = {2, 3, 5}. Give the complement of the event. 

Solution: E ' = {1, 4, 6}. 

�Note: 

      E ' = S – E = {w: w∈S and w∉E} 
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Algebra of events 

AACCTTIIVVIITTYY  55..1100  

Discuss the following: 

a Union and intersection of two events: 

b State properties of union and intersection. 

c What are exhaustive and mutually exclusive events? 

d When are two events called independent? 

�Note: 

 Since events are sets (subsets of the sample space) one can form union, 

intersection and complement of them.  The operations obey algebra of sets, like 

commutativity, distributivity, De Morgan’s laws and so on. 

d Exhaustive Events  are events where at least one of them must 

necessarily occur every time the experiment is performed. 

Example 25 If a die is thrown give instances of exhaustive events. 

Solution:  The sample space is S = {1, 2, 3, 4, 5, 6}. From this, the events {1}, 

{2}, {3}, {4}, {5}, {6} are exhaustive events.  The events {1, 2}, {3, 4}, 

{4, 5, 6} are also exhaustive events for this experiment. 

More generally, events E1, E2, …, En form a set of exhaustive events of a sample space 

S where 
1 2, , ...,

n
E E E  are subsets of S and 1 2 ...

n
E E E S=∪ ∪ ∪ .  

e Mutually Exclusive Events are events that cannot happen at the same 

time. 

       Figure 5.2 

Example 26 Say whether or not the following are mutually exclusive events. 

  i When a coin is tossed once, the events {H} and {T}. 

ii When a die is rolled, E1 = getting an even number   

                 E2 = getting a prime number  

 

E 
S 

E' 
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Solution:  

i Either we get head or tail but we cannot get both at the same time. Thus, 

{H} and {T} are mutually exclusive events. 

  

E1∩E2 = ∅ 

ii E1 and E2 are not mutually exclusive because 2 is even and prime at the same 

time. 

f Exhaustive and Mutually Exclusive Events: If S is a sample space 

associated with a random experiment and if E1, E2, ..., En are subsets of S such that 

i 
i j

E E = ∅∩  for i ≠ j and, 

ii 1 2 ... ,
n

E E E S=∪ ∪ ∪ then the collection of the events E1, E2,…, En 

forms a mutually exclusive and exhaustive set of events. 

Example 27 If a die is thrown, the events {1}, {2}, {3}, {4}, {5}, {6} are mutually 

exclusive and exhaustive events. But, the events {1, 2}, {3, 4}, {4, 5, 6} 

are not because {3, 4}∩{4, 5, 6} ≠ ∅. 

g Independent Events:  Two events are said to be independent, if the 

occurrence or non occurrence of one event does not affect the occurrence or non-

occurrence of the other. 

Example 28 In a simultaneous throw of two coins, the event of getting a tail on the 

first coin and the event of getting a tail on the second coin are 

independent. 

Example 29 If a card is drawn from a well shuffled pack of cards and is replaced 

before drawing a second card, then the result from drawing the second 

card is independent of the result of the first drawn card. 

h Dependent Events Two events are said to be dependent, if the occurrence or 

non occurrence of one event affects the occurrence or non-occurrence of the other. 

Example 30 If a card is drawn from a well shuffled pack of cards and the card is not 

replaced, then the result of drawing a second card is dependent on the 

first draw. 

 
E1 E2 
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5.2.5      Probability of an Event 

In grade 9, you dealt with an experimental approach to probability.  You also discussed 

the definition of theoretical probability of an event.  Probability can be measured by 
three different approaches. 

a The classical (mathematical) approach.   

b The empirical (relative frequency) approach. 

c The axiomatic approach. 

a The classical approach 

This is the kind of probability that you discussed in grade 9.  In the classical approach to 
probability, if all the outcomes of a random experiment are equally likely and mutually 
exclusive, then the probability of an event E is  

 
( ) number of outcomes favoring 

( )
( ) number of all possible outcomes

n E E
P E

n S
= =  

Example 31 A fair die is tossed once. What is the probability that an even number 
appears? 

Solution: E = an even number shows up = {2, 4, 6}. Then,   
( ) 3 1

( )
( ) 6 2

n E
P E

n S
= = = . 

b The empirical approach 

This approach is based on the relative frequency of an event (or outcome) when an 

experiment is repeated a large number of times.  Here, the probability of an event E is 
the proportion of outcomes favourable to E in the experiment. 

 Thus,  
frequency of 

( )
total number of observations

E
fE

P E
N

= =  

Example 32 If records show that 60 out of 100,000 bulbs produced are defective (D), 
then the probability of a newly produced bulb being defective is given by 

P (D) = 
60

 =  = 0.0006
100,000

D
f

N
 

c The axiomatic approach 

In this approach, the probability of an event is given as a function that satisfies the 

following definition:  

 Let S be the sample space of a random experiment. With each event E we 

 associate a real number called the probability of E, denoted by P(E), that 
 satisfies the following properties called axioms (or postulates) of probability. 
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1 0 ≤ P (E) ≤ 1 

2 P (S) = 1, S is the sample space (the sure event) 

3 If E
1
 and E

2
 are mutually exclusive events, then  

  P (E
1
⋃E

2
) = P(E

1
) + P(E

2
) 

�Note: 

P is a function with domain the set of subsets of S (Sample space) and its range is the set of 

real numbers between 0 and 1 (both inclusive). Thus we note the following: 

a The probability of an event is always between 0 and 1. 

b If E = ∅ (the impossible event), then P (∅) = 0, and if E = S (the certain event), 

then P(S) = 1. 

c If E ⋃ E ' = S then P(E ⋃ E ') = P(S) = 1, and P(E ') = 1 – P(E), where E ' = S \ E 
(not E). 

Example 33 A box contains 6 red balls. One ball is drawn at random. Find the 
probability of getting 

 i a red ball    ii a white ball 

Solution   

i The box contains all red balls.  Hence we are sure that red will occur. Then, 
the probability of getting a red ball is one. 

That is, P (R) =  
( ) 6

 =  = 1
( ) 6

n R

n S
 

ii The box contains no white balls. The chance of getting white ball is 

impossible, and the probability is zero. 

That is, P (W) = 
( ) 0

 =  = 0
( ) 6

n W

n S
 

Example 34 A bag contains 3 red, 5 black, and 4 white marbles. One marble is drawn 
at random.  What is the probability that the marble is 

a black   b not black   

Solution 

a P (black) =  
5

12
 

b P (not black) = 1 – P (black)  . . . . . . complementary  events 

         = 1 – 
5

12
 =

7

12
. 

Thus,  P (black) + P (not black) =  
5 7 12

 +  =  = 1
12 12 12
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Example 35 Which of the following cannot be valid assignments of probabilities for 

outcomes of sample space S = {w1, w2, w3} where wi ∩wj = ∅, if i ≠ j. 

 w1 w2 w3 

a 0.3 0.6 0.2 

b 0.2 0.5 0.3 

c 0.3 -0.2 0.9 

Solution 

a is not valid assignment because the sum of the probabilities is not 1.  

b is valid; all the properties in the axiom above are satisfied. 

c is not valid because probability cannot be negative. 

Odds in favour of and odds against an event 

If m and n are probabilities of the occurrence and non-occurrence of an event 

respectively, then the ratio m : n is called the odds in favour of the event. 

The ratio n : m is called the odds against the event. 

Example 36 The odds against a certain event are 5 : 7.  Find the probability of its 

occurrence. 

Solution Let E be the event. Then, we are given that number (not E) = 5 and 

number (E) = 7. 

n (S)  = n (not E) + n (E) = 5 + 7 = 12 

∴  P (E) = 
7

12
. 

Example 37 The odds in favour of an event are 3 : 8.  Find the probability of its 

occurrence. 

Solution n (E) = 3, n (not E) = 8. Thus n (S) = 3 + 8 = 11. 

∴ P (E) =
3

11
. 

Rules of probability 

In the last section, you have seen different types of events and approaches to 

probability. We will now discuss some essential rules for probability and probabilities 

of the different types of events. 
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AACCTTIIVVIITTYY  55..1111  

For two events E1 and E2 discuss what conditions apply to the 
following rules. 

a P (E1 ∪ E2) = P (E1) + P (E2) – P (E1 ∩ E2) 

b P (E1 ∪ E2) = P (E1) + P (E2) 

c Illustrate each of the above by using  a Venn diagram. 

In your previous discussions, you saw how to determine probabilities of events. 

Example 38 Find the probability of obtaining a 6 or 4 in one roll of a die. 

Solution In one roll of a die, the sample space is S = {1, 2, 3, 4, 5, 6}. 

Obtaining 6 or 4 gives the event E = {4, 6}. 

Thus P (4 or 6) = P(E) = 
2 1

6 3

number of outcomes favouring E

number of all possible outcomes
= = . 

Trying to calculate probabilities by listing all outcomes and favourable outcomes may 

not always be convenient. For more complex situations, there are rules we can use to 

help us calculate probabilities. 

Addition rule of probability 

From previous discussions, recall that, if E1, E2 ,  . . ., En form a set of exhaustive events 

of a sample space S, then E1 ∪ E2 ∪ . . .∪En = S.  Moreover, the probability of an event 

E, i.e. P(E) is given by  

number of outcomes favoring E  ( )
( )

total number of otucomes in the sample space  ( )

n E
P E

n S
= = . 

With these we can easily calculate probabilities of compound events by making use of 

the addition rule stated below. 

Addition rule 

If E1 and E2 are any two events, then, 

  P (E1∪ E2) = P(E1) + P(E2) – P(E1 ∩ E2) and  

if the events are mutually exclusive, (i.e., E1 ∩ E2 = ∅) then P(E1 ∩ E2) = 0 so that  

  P(E1∪E2) = P(E1) + P(E2). 

Example 39  

a Find the probability of obtaining a 6 or 4 in one roll of a die. 

b Find the probability of getting Head or Tail in tossing a coin once. 

c A die is rolled once. Find the probability that it is even or it is divisible by 3. 
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Solution  

a Let E1 be event of getting 6,   E2 be event of getting 4. 

  Then E1 and E2 are mutually exclusive events 

  ∴  P (E1 ∪ E2) = P (E1) + P (E2) = 
1 1 2 1

 +  =  = 
6 6 6 3

. 

b   The events are mutually exclusive  

∴  P(H or T) = P(H) + P(T) =  
1 1

 +  = 1
2 2

. 

c     S = { 1, 2, 3, 4, 5, 6 } 

  Let E1 = getting even = { 2, 4, 6}. 

         E2 = getting a number divisible by 3 = {3, 6}. 

Then E1 and E2 are not mutually exclusive, because E1 ∩ E2 = {6}  

∴ P(even or divisible by 3) = P(even) + P(divisible by 3) – P(even and divisible by 3). 

             =  
3 2 1 1 1 1 2

 +  =  = 
6 6 6 2 3 6 3

− + − . 

This shows the addition rule of probability with two events. What do you think the rule 
will be for three or more events? The rule can be extended for a finite number of events, 
but becomes increasingly complicated. For example, for three events it becomes:  

�Note: 

P(E1∪E2∪E3)  

  = P(E1) + P(E2) + P(E3) – P(E1∩E2) – P(E1∩E3) – P(E2∩E3) + P(E1∩E2∩E3) 

Multiplication rule of probability 

This rule is useful for determining the probability of the joint occurrence of events. It is 
based on the concepts of independence or dependence of events, discussed earlier. Let 
us take a brief revision of independent and dependent events. 

When the occurrence of the first event affects the occurrence of the second event in 
such a way that the probability is changed, the events are said to be dependent.  

Example 40 A bag contains 3 black and 2 white balls. We draw two balls one after the 
other with replacement (the second is drawn after the first is replaced). 
Find the probability that the first ball is black and the second ball is also 
black. 

Solution Let event A be the first ball is black. 

Let event B be the second ball is black. 

Then P (A) =  
3 3

 and ( ) = 
5 5

P B  (Since the ball is replaced, the sample space is not 

affected). 
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Example 41 Suppose we repeat the experiment in Example 39, but this time the first 

ball is NOT replaced. This time 

P(A) = P (the first ball is black) = 
3

5
 

If the first ball is black P(B) = 
2

4
 (one black ball has been removed) 

If the first ball was NOT black P(B) = 
3

4
 

Recognizing dependence or independence is of paramount importance in using the 

multiplication rule of probability. When occurrence of one event depends on the 
occurrence of another event, we say the second event is conditioned by the first event.  
This leads into what is called conditional probability. 

Conditional probability 

If E1 and E2 are two events, the probability that E2 occurs given that E1 has already 
occurred is denoted by P (E2 | E1) and is called the conditional probability of E2 given 

that E1 has already occurred.  If the occurrence or non occurrence of E1 does not affect 

the probability of E2, or if E1 and E2 are independent, then P (E2 | E1) = P (E2).  This is 
often called the multiplication rule of probability. 

Multiplication rule of probability 

 If E1 and E2 are any two events, the probability that both events occur, 

 denoted by P (E1 and E2) = P (E1 ∩E2) = P (E1 E2) is given by 

P (E1 ∩ E2) = P (E1) × P (E2 | E1), whenever P (E1) ≠ 0. 

            = P (E2) × P (E1 | E2), whenever P (E2) ≠ 0. 

�Note: 

 If E1 and E2 are independent, then P (E2 | E1) = P (E2). 

  Hence, P (E1 ∩ E2) = P (E1) × P (E2) for independent events E1 and E2. 

Example 42  

a A box contains 3 red and 2 black balls.  One ball is drawn at random, is not 

replaced, and a second ball is drawn.  Find the probability that the first ball 
is red and the second is black. 

b A die is rolled and a coin is tossed.  Find the probability of getting 3 on the 

die and a tail in the coin. 
c A bag contains 3 red, 4 blue and 3 white balls. Three balls are drawn one 

after the other.  Find the probability of getting a red ball on the first draw, a 
blue ball on the second draw and a white ball on the third draw if  

   i each ball is drawn, but then is replaced back before the next draw. 

  ii the balls are drawn without replacement. 
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Solution 

a  Let E1 = getting red in the first draw. 

         E2 = getting black in the second draw. 

         P (E1∩E2) = P (E1) × P 2 1

3 2 6 3
( | )

5 4 20 10
E E = × = = . 

b Let E1 = getting 3 on the die and    E2 = getting tail on the coin.  

  Since the two events are independent, 

  P (E1∩E2) = P (E1) × P (E2) =
1 1 1

6 2 12
× = . 

c Let  E1 = getting red, in the first draw,  

E2 = getting blue in the second draw,  

E3 = getting white in the third draw.  

i The balls are replaced after each draw.  The events are independent. 

          P(E1 ∩ E2 ∩ E3) = P(E1) × P(E2) ×  P(E3) = 
3 4 3 36 9

10 10 10 1000 250
× × = = .  

ii The balls are not replaced, so events are dependent . 

    P(E1∩ E2 ∩ E3) = P(E1) × P(E2 | E1) × P(E3 | E1 and E2) =  
3 4 3 1

.
10 9 8 20

× × =  

Exercise 5.Exercise 5.Exercise 5.Exercise 5.11115555    

1 A die is rolled.  What is the probability of scoring 

 a  4 ?    b 3 or 5?  

2 In throwing a die, consider the following events. 

   E1 = the number that shows up is even 

   E2 = the number that shows up is prime 

   E3 = the number that shows up is more than 3 

a Determine the event E2 ∩E3 

b Determine the number of elements in E1 ∩E2  

c Determine the number of elements in P(E1 ∩E2 ∩E3) 

d Determine the P(E1 ∩E2 ) 

e Determine the P(E1 ∪E2 ) 

f Determine P(E1 ∪E2 ∪E3) 
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3 From a pack of 52 playing cards, one card is drawn. Find the probability that it is  

a either a King or a Jack; 

b either a Queen or red. 

4 A die is thrown twice. What is the probability of scoring a 3, followed by a 4? 

5 A red ball and 4 white balls are in a box.  If two balls are drawn without 

replacement, what is the probability of  

 a getting a red ball on the first draw and a white ball on the second? 

 b getting two white balls? 

6 Two cards are drawn from a pack of 52 cards. What is the probability that the first 

is an Ace and the second is a King,  

 a if the first card was replaced before the second was drawn? 

 b if the cards were drawn without replacement? 

7 A box contains 24 pens, 10 of which are red.  A pen is picked at random.  What is 
the probability that the pen is not red? 

8 The following table gives assignments of probabilities for outcomes from a sample 
space. 

 w1 w2 w3 w4 w5 w6 w7 

   a 0.1 0.001 0.05 0.03 0.01 0.2 0.6 

   b 
1

7
 

1

7
 

1

7
 

1

7
 

1

7
 

1

7
 

1

7
 

   c 0.1 0.2 0.3 0.4 0.5 0.6 0.7 

   d -0.1 0.2 0.3 0.4 -0.2 0.1 0.3 

   e 
1

14
 

2

14
 

3

14
 

4

14
 

5

14
 

6

14
 

13

14
 

a Which of the probabilities are invalid assignments? Why? 

b Why is (b) a valid assignment of probabilities. 

9 In throwing a die what is the probability of getting even or prime number? 

10 Two students are selected from a class of 28 girls and 22 boys one after the other. 

What is the probability that the second student selected is a boy given that the first 
was a girl? 

You have seen how to determine probability by using either of the product rules (for 

independent or dependent events). It is also possible to show joint events using tree 
diagrams and tables, and calculate probabilities from these. 



Mathematics Grade 11  

210 

Example 43 A fair coin is tossed twice.  Find the probability that both outcomes will 

be Heads. 

Solution:  From the multiplication rule, P(HH) = P(H) × P (H) = 
1 1 1

   = 
2 2 4

×

 
You can use a tree diagram and/or table to portray the possible outcomes.  

Joint event 
Probability of joint 

event 

HH 
1

4
 

HT 
1

4
 

TH 
1

4
 

TT 
1

4
 

Therefore, the probability that both outcomes are heads is 
1

4
. 

Example 44 Suppose that a group of 10 students contain eight boys (B) and two girls 

(G). If two students are chosen randomly without replacement, find the 

probability that the two students chosen are both boys. 

Solution: P (B1 and B2) = P (B1) × P (B2/ B1) = 
8 7 56 28

   =  = 
10 9 90 45

× .  

Hence, the probability that the two students chosen are both boys is
56

90
. 

  

 

 

 

 

 

 

 

 

Joint 

Event 

Probability of 

joint event 

B1 and B2 
56

90
 

B1 and G2 
16

90
 

G1 and B2 
16

90
 

G1 and G2 
2

90
 

Outcomes of 
first selection 

Outcomes of 
second selection 

7

9
 

B1 

2

10

8

10 2

9
 

8

9

1

9

G1 

G2 

G2 

B2 

B2 

1

2
 

H 

1

2
 

1

2
 

1

2
 

1

2
 

1

2
 

T 

T 

T 

H 

H 

Outcomes 
of first toss 

Outcomes of 
second toss 

Using tree diagram 
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Example 45 A bag contains 5 red balls, 4 blue balls, and 3 white balls. Two balls are 

drawn one after the other, without replacement. 

 a Find the probability that both are red. 

 b Draw tree diagram representing the experiment. 

Solution: P (R and R) = 
5 4 20 5

   =  = 
12 11 132 33

× . 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

Example 46 Two dice are thrown simultaneously.  Find the probability that the sum of 

the numbers scored is 

 a 7   b greater than 9  c less than 4 

Solution: 

 

 Second die 

 1 2 3 4 5 6 

F
ir

st
 d

ie
 

1 (1 , 1) (1, 2) (1, 3) (1, 4) (1, 5) (1, 6) 

2 (2, 1) (2, 2) (2, 3) (2, 4) (2, 5) (2, 6) 

3 (3, 1) (3, 2) (3, 3) (3, 4) (3, 5) (3, 6) 

4 (4, 1) (4, 2) (4, 3) (4, 4) (4, 5) (4, 6) 

5 (5, 1) (5, 2) (5, 3) (5, 4) (5, 5) (5, 6) 

6 (6, 1) (6, 2) (6, 3) (6, 4) (6, 5) (6, 6) 

Joint Event Probability of joint Event 

R and R 
5 4

12 11
×  

R and B 
5 4

12 11
×  

R and W 
5 3

12 11
×  

B and R 
4 5

12 11
×  

B and B 
4 3

12 11
×  

B and W 
4 3

12 11
×  

W and R 
3 5

12 11
×  

W and B 
3 4

12 11
×  

W and W 
3 2

12 11
×  

5

12

 Red 

Blue 

White 

Red 

Red 

Red 

Blue 

Blue 

Blue 

White 

White 

White 

4

12

 

3

12

 

4

11

 
4

11

 

3

11

 
5

11

 

5

11

 

3

11

 

4

11

 

3

11

 

2

11
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From the table above n(S) = 36. 

a Let  E = the sum of numbers at the top is 7. Then n(E) = 6. 

∴ P (E) =
6 1

 = 
36 6

. 

b Let E = sum of the numbers at the top is greater than 9 (i.e., 10 or 11 or 12) 

∴  P (E) =
6 1

 = 
36 6

. 

c Let E = sum is less than 4 (i.e. 2 or 3). Then, n(E) = 3 

  ∴  P (E) = 
3 1

 = 
36 12

. 

Exercise 5.1Exercise 5.1Exercise 5.1Exercise 5.16666    

1 A box contains 5 red and 6 white balls.  If one ball is drawn at random, find the 

probability that it will be  

 a red or white? b not red?     c yellow? 

2 From a pack of 52 playing cards, three cards are drawn one after the other.  What 

is the probability that all are Kings if  

 a drawing is made with replacement? 

 b drawing is made without replacement? 

3  Use the table in Example 45, to find the probability that 

a the sum of the top numbers is 12.  

b the sum of the top numbers is 13. 

c the sum of the numbers is greater than 10. 

4 There are 4 black, 2 red and 4 white balls in a box.  If three balls are selected at 

random what is the probability that 

a all the balls selected are black? b at least one ball is white? 

c all the balls are of different colour? 

5 Two lamps are to be chosen from a pack of 12 lamps where four are defective and 

the rest are non defective.  What is the probability that  

a both are defective?   b One is defective?  

c at most one is defective? 

6 If a plate of a car consists of two letters and four digits and one car is chosen at 

random, then find the probability that the car has the letters at the beginning and at 

the end.  



Unit 5 Statistics and Probability 

213 

 Key Terms 
 

 

class boundary exhaustive   events percentiles 

class interval frequency permutation  

class limit fundamental counting principles probability of an event 

class mid point independent events qualitative data 

combination  mean quantitative data 

continuous variable measures of location quartiles 

deciles measures of variations range 

dependent events median standard deviation 

discrete variable mode variance 

 Summary 
 

 

1 Quantitative data can be numerically described. Height, weight, age, etc. are 

quantitative. 

2 Qualitative data cannot be expressed numerically. Honesty, beauty, sex, love, 

religion, etc. are qualitative.  

3 A quantity which assumes different values is said to be a variable. A variable may be 

 i  continuous, if  it can take any numerical value within a certain range. Some 

examples are height, weight, temperature.  

 ii discrete, if it takes only discrete or exact values. It is obtained by counting.  

4 Frequency means the number of times a certain value of a variable is repeated in 

the given data. 

5 A grouped frequency distribution is constructed to summarize a large sample of 

data. 

  The appropriate class interval is given by  

Largest value Smallest value

in ungroupeddata in ungrouped data
Class interval  

Number of classes required

   
−   

   
=  
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6 A measure of location is a single value that is used to represent a mass of data. 

The common measures of location are mean, median, mode, quartiles, deciles  

          and percentiles. 

           Mean 1( )

n

i

i

x

x
n

=
=

∑
  for raw data  

1

1

n

i i

i

n

i

i

f x

f

=

=

=

∑

∑
 for discrete data 

1

1

n

i i

i

n

i

i

f m

f

=

=

=

∑

∑
 for grouped data (m= class mark) 

7 Median of ungrouped data is given by 

if  is odd
After data is arranged in 

increasing or decreasing 

order of magnitude.
if  i

( 1)
,

2

1
2 2

, s
2

 even

th

d

th th

n
M item

n n
item

item

n

n


  
 
 
 


 +
=  
 

   
+ +   

   
=

 

8 Median for a grouped data is given by   2
b

d L

c

n
cf

M B i
f

 
− 

= +  
 
 

 

9 Mode is the value with the highest frequency. 

10 If a distribution has a single mode it is "unimodal". If it has two modes, it is 

"bimodal". If it has more than two modes, it is called "multimodal". 

11 For grouped frequency distributions, the mode is given by 1

1 2

o L

d
M B i

d d

 
= +  

+ 
 

12 Quartiles for grouped frequency distributions are given by 4
b

R L

tn
cf

Q B i
f

 
− 

= +  
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13 Similarly the tth Decile and  ��   Percentile for grouped frequency distributions,  

are given by 

   10  
b

t L

tn
cf

D B i
f

 
− 

= +  
 
 

 and 100     respectivley.
b

i L

tn
cf

P B i
f

 
− 

= +  
 
   

 

14 Variation is used to demonstrate the extent to which the individual item in the 

distribution varies from the average. 

15 The different measures of variation are Range, Variance and Standard 

Deviation. 

� Range = xmax – xmin  

� Variance =  

2

1

( )
n

i

i

x x

n

=

−∑
 

� Standard deviation (S) is the positive square root of variance, 

        S Variance=  

16 Probability of an event E is defined as follows 

      If an experiment results in n equally likely outcomes and m < n is the number of 

the ways favourable for event E, then ( )P = .
m

E
n

 

17 Multiplication Principle  

  If an event can occur in m different ways and for every such choice another event 

can occur in n different ways, then both events can occur in the given order in     

m × n different ways. 

18 Addition Principle 

  If an operation can be performed in m different ways and another operation can 

occur in n different ways and the two operations are mutually exclusive,              

(the performance of one excludes the other) then either of the two can be 

performed in m + n ways. 

19 If n is a natural number, then n factorial, denoted by n!, is defined  by 

   ( ) ( )! 1 2 ... 2 1n n n n= × − × − × × ×         (0! = 1) 
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20 Permutations are the number of arrangements of n objects taking r of them at a 

time is denoted by P(n, r) where ( )
( )

!
,

!

n
P n r

n r
=

−
. 

21 The number of combination of  n things taking r at a time is given by 

   
( )

( ,  ) !

! ! !

n P n r n
nCr

r r n r r

 
= = = 

− 
. 

22 The Binomial Theorem: ( )
1 2 2

1 2 ...
n n n n n

o n
x y nC x nC x y nC x y nC y

− −
+ = + + + + . 

 Review Exercises on Unit 5 

1 Construct a grouped frequency distribution table for the following data: 

13 1 18 21 2 5 15 17 3 20 

15 5 16 12 4 2 1 5 12 10 

22 13 18 16 15 9 8 7 6 12 

24 16 3 13 17 15 15 4 3 12 

Hint:- Use 8 classes. 

2 Find the mode(s) of each of the following scores 

       a 10, 4, 3, 6, 4, 2, 3, 4, 5, 6, 8, 10, 2, 1, 4, 3 

       b 4, 3, 2, 4, 6, 5, 5, 7, 6, 5, 7, 3, 1, 7, 2 

  c 

    x 20-39 40-59 60-79 80-99 100-119 120-139 140-159 160-179 180-199 

 f 6 9 11 14 20 15 10 8 7 

3 Find the median of each of the following scores  

a 2, 3, 16, 5, 15, 38, 18, 17, 12  b 3, 2, 6, 8, 12, 4, 3, 2, 1, 6 

c 

x 300–309 310–319 320–329 330–339 340–349 350–359 360–369 370–379 

f 9 20 24 38 48 27 17 6 

4 Find the mean of each of the following scores 

  a 12, 8, 7, 10, 6, 14, 7, 6, 12, 9  b 2.1, 6.3, 7.1, 4.8, 3.2 

c x 12 13 14 15 16 17 18 20 

 f 4 11 32 21 15 8 5 4 
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d Find the mean score of 30 students with the following scores in mathematics   

Score 
Number of 

students 

40 – 49 2 

50 – 59 0 

60 – 69 6 

70 – 79 12 

80 – 89 8 

90 – 99 2 

5 Find Q2, D3 and P20 of the following. 

x 2.5 7.5 12.5 17.5 22.5 

f 7 18 25 30 20 

6 Find the variance and standard deviation of each of the following scores.  

 a 3, 5, 7, 8, 2, 11, 6, 5 

b x 3 4 5 6 7 

 f 2 4 8 4 2 
    

c x 1 – 3 4  –  6 7  –  9 10  – 12 13  –  15 16  –  18 19 – 21 

 f 1 9 25 35 17 10 3 

7 If a fair coin is tossed 6 times what is the probability that 

        a 6 heads will occur?   b 2 heads will occur? 

8 If  
( )1 !

5,
!

n

n

+
=  then find n. 

9 How many three – digit numbers can be formed from the digits 2, 5, 7, 9 

 a if each digit is used once only?  

  b if each may be used repeatedly? 

10 Compute    

  a 6C2    b 8C6    c 3C1. 
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11 A box contains 12 bulbs with 3 defective ones.  If two bulbs are drawn from the 

box together, what is the probability that  

 a both bulbs are defective?   b both are non defective? 

  c one bulb is defective? 

12 In how many ways can 8 people be arranged at a round table? 

13 In the expansion of (a + b)10, find  

 a the coefficient of a7 b3
.   b the coefficient of a3 b7. 

14 A committee of 5 members is to be selected from 7 men and 8 women. In how 

many ways can this be done so as to include  

 a 2 women?  b at least 2 men?  c at most 4 women? 

15 A box contains 3 red and 8 white balls. If one ball is drawn from it, find the 

chance that the ball drawn is red. 

16 From a pack of 52 playing cards, three cards are drawn one after the other without 

replacement. What is the probability that Ace, King and Jack will be obtained 

respectively? 

17 Suppose a pair of dice is thrown. What is the probability that the sum of the scores 

is 5? 




