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MATRICES AND DETERMINANTS

Unit Outcomes:

After completing this unit, you should be able to:

»

know bas ¢ concepts about matrices.

know specific ideas, methods and principles concerning matrices.
perform operation on matrices.

apply principles of matrices to solve problems.
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Mathematics Grade 11

INTRODUCTION

Matrices appear wherever information is expressed in
tables. One such example is a monthly calendar as shown in
the figure, where the columns give the days of the week and

4 5 & 7 § 9
the rows give the dates of the month. A matrix issmply a |1y 12 13 14 15 1&

rectangular table or array of numbers writtenin either () or |15 19 z0 z1 zz 23 24
[ ] brackets. Matrices have many applications in science, |25 26 27 28 29 30 31
engineering and computing. Matrix calculations are used in
connection with solving linear equations.

.
5 5 mig

In this unit, you will study matrices, operations on matrices, and determlnants You will
also see how you can solve systems of linear equations using matrlces

L] HISTORICAL NOTE

Arthur Cayley (1821-95) &
Many people have contributed to the development of the theory
of matrices and determinants. Starting from the 2nd century BC,
the Babylonians and the Chinese used the concepts in connection
with solving simultaneous equations. The first abstract definition 4
of a matrix was given by Cayley in 1858 in his book named _
Memoir on the theory of matrices.
He gave a matrix algebra defining addition, multiplication, scalar multiplication
and inverses. He also gave an explicit construction of the inverse of a matrix in
terms of the determinant of the matrix.

OPENING PROBLEM

Consider a nutritious drink which consists of whole egg, milk and orange juice. The
food energy and protein of each of the ingredients are given by the following table.

Food Energy (Calories) ‘ Protein (Grams)

1egg 80 6
1 cup of milk 160 9
1 cup of Juice 110 2

How much of each do you need to produce adrink of 540 caories and 25 grams of
protein?
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Unit 6 Matrices and Determinants

MATRICES

Definition 6.1

Let R bethe set of real numbers and mand n be positive integers.

A rectangular array of numbersin R of the form,

& B o &,
Al F o
EhL Gl oo G

iscalled an mby n (mx n) matrix inR.

Consider the matrix A in the definition above:
v" The number mis caled the number of rows of A.
v' The number n is called the number of columns of A.
v' Thenumber g iscalled the ij"™ element or entry-of A which isan element in
the i row and | column of A.

A can be abbreviated by: A= (8;)

The rectangular array of entries is enclosed in an ordinary bracket or in a
square bracket.
v" mx n(read asmbyn) iscdled the size or order of the matrix.

Example 1 Consider the matrix:.
Al 1 -3 2
4 0 3

Then Aisa2x 3 matrix with a,, =1, a,; = 2anda,, = 3.

3 -1
Example 2 Thematrix A=|1 2 |isa 3 x 2 matrix with:
4 0

a,=3,a,=--1,a,=1,a,=2, 8, =4 ad a,, =0.
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v Theentriesin agiven matrix need not be digtinct.
v" The best way to view matrices is as the contents of a table where the labels of the
rows and columns have been removed.

Example 3 Three students Chaltu, Solomon and Kalid have a number of 10, 50 and 25
cent coinsin their pockets. The following table shows what they have.

Student name

Chaltu Kalid Solomon

0
g 10 cent coins 2 6 4
§| 50 cent coins 3 2 0
= 25 cent coins 4 0 5
a Represent the table in matrix form.
b What isrepresented by the columns?
c  What isrepresented by each row? y ?
d  Suppose a; denotes the entry in the i" row and j"™ column. What does ax
tell you? What about ap3?
Solution
2 6 4
a A=|3 2 0
4 0 5

b The columns represent the number of the various kinds of coins each student
has.

c  The rows represent the number of coins of a certain fixed vaue that the
students have.

d az1 = 4. It means Chaltu has four 25-cent coinsin her pocket.
ax="0. Thi’s means Solomon has no 50-cent coins.

ACTIVITY 6.1

In each of the following matrices, determine the number of rows and
the number of columns.

0 -5
A:@ j],B= 0 |,C={3 4|andD=(0 -6 7).
29 8 6
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Unit 6 Matrices and Determinants

From Activity 6.1, you may have observed that:

v The number of rows and columnsin matrix A are equal.
v The number of columnsin matrix B isone.
v" The number of rowsin matrix D is one.

Some important types of matrices

1

a B~ W N

A matrix with only one columnis called acolumn matrix. Itisaso called a
column vector.

A matrix with only one row is called a row matrix (also called arow vector).
A matrix with the same number of rows and columnsiis called a square matrix.
A matrix with all entries 0 is called azero matrix which is denoted by 0.

A diagonal matrix isasguare matrix that has zeros everywhere except possibly
aong the main diagonal (top left to bottom right).

Theidentity (unit) matrix is a diagona matrix where the dements of the
principal diagonal are all ones.

A scalar matrix isadiagonal matrix where all elements of the principal diagona
areequal.

A lower triangular matrix is a sguare matrix whose elements above the main
diagonal are all zero.

Anupper triangular matrix isasquare matrix whose elements below the main
diagonal are all zero.

Example 4 Givethe type(s) of each matrix below.

Solution

200
a 00 OJ (O Oj . 03 0
0 0O 00 00 1
1 -3 0 O
d 04 VY/, re (=35 0 4) f 0 -3 0
-2 ' o\ 0O 0 -3
10
9/ Nk J
a .azero matrix b Itisasguare, zero, diagonal and scalar matrix
c adiagonal matrix d a column matrix e arow matrix
f  ascalar matrix g anidentity matrix
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Example 5 Decide whether each matrix isupper triangular, lower triangular or neither.

00 ) 0 321
a 1 40 b c 0 5 4
30
3 97 0 0.7
. 0000 A
d 0 2} e 0000 f 4.6 7
009
0 00O
Solution
a  lower triangular b lower triangular c upper triangular
d upper triangular e both (notice that it satisfies both conditions)
f neither

Equality of matrices

Definition6.2

Two matrices A = (ajj)mxn and B = (bjj)mxn Of the same order are said to be equal,
written A= B, if their corresponding elements are equal, i.e.; =y, fordl 1<i<m

and 1< j<n.

Example 6 Find x andy if the matrices

1 2 3 1 2 3
A=/0 x+y-1lland B={0 0 -1 |areequd.
x -7 2 1 -7 3+y
x+y=0
Solution If A=B, then {x=1
3+ty=2

Solving thisgivesyou: x =1 andy = -1.
Addition and subtraction of matrices

ACTIVITY 6.2

A school book store has books in four subjects for four grade levels.

Some newly ordered books have arrived.
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Unit 6 Matrices and Determinants

Newly arrived
Books

Previous Books in
Stock

Grade Level Grade Level

2] [e][]s)%

Physics

Chemistry

Mathematics

[2][e][]s)%
Physics
Chemistry

Mathematics

How many of each kind do they have now?

Definition 6.3

Let A = (&;j)mxn and B = (j)mn be two matrices. Then the sum of A and B, denoted by
A + B, is obtained by adding the corresponding elements, while the difference of A
and B, denoted by A — B, is obtained by subtracting the corresponding elementsii.e.,
A+B=(a.-,-+bi,-)mxn and A—B=(a.-,-—

bij)mxn-

5 2 2 314
4 4 1
Example 7 Lea A= andB—5 0 3.
6 0 3} - 6 0 2
360 4 0 4
Find the sum and difference of A and B, if they exist.
5 2 2 31 4 5+3 2+1 2+4 8 3 6
Solution A+B=4 4 1 N 5 0 3 G 4+5 4+0 1+3 _ 9 4 4
6 0 3 6 0 2 6+6 0+0 3+2 12 0 5
360 4 0 4 3+4 6+0 0+4 7 6 4
5 & /2 314
4\ 4/ ' - -
A_B= _ 503 g 14 -2
6 0 3 6 0 2 0 0 1
360 4 0 4 -1 6 -4
ExampleS Let A= 16 ,B= 21 3 -[3 4.
6 5 4 0 7 9 2 5

Find A—B and B +C, if they exist.

-1 1 0
6 -2 - J,butsinceBandChavedifferent orders, they

cannot be added together.

Solution A—'Bat(
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ACTIVITY 6.3
LetA:@ i] B=(_62 _1],c=(; _5]and0=(8 8].
a (A+B)+C, b A+B+C) c A-A
d A+0 e A+B f B+A

From Activity 6.3, you can observe the following properties of matrix addition.
1 A+ B = B + A (Commutative property)

2 (A+B)+C=A+(B+ C) (Associative property)

3 A+0=A=0+A (Existenceof additive identity)

4 A+(-A)=0 (Existence of additive inverse)

Multiplication of a matrix by a scalar

ACTIVITY 6.4

The marks obtained by Nigist and Hagos (out of 50) in their
examinations are given below.

Nigist ‘ Hagos

English 37 31
Mathematics | 46 44
Biology 28 25

If the marks are to be converted out of 100, then find the marks of Nigist and Hagosin
each subject out of 100.

From Activity 6.4, you may have observed that given a matrix, you can get another
matrix by multiplying each of its elements by a constant.

Definition 6.4

If risascalar (i.e. areal number) and A= (a&j)mxn iSagiven matrix, thenrAisthe

matrix obtained from A by multiplying each element of Aby r.i.e rA=(raj)m<n

8 a2

Example9 If A=
4 4 -65

j then find 5A. %A and —3A.
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) 5x5 5x(-2) 5%x(-2) 25 -10 -10
Solution 5A= =
5x4 5x4 5x(-6.5) 20 20 -325
£x5 Ex(—Z) Ex(—Z) 5
EA- 2 2 2 = 2 4t and
2 |1, 1 %x(—6.5) 2 2 -325

(-3)x4 (-3)x4  (-3)x(-65)) |~12 ~-12 195

Example 10 Alemitu purchased coffee, sugar, wheat flour, and teff flour from a shop
as shown by the following matrix. Assume the quantities are in kg.

2 2
[(—3)><5 (-3)x(-2) (-3)x(-2) j_(—lS 6 6 J

6
1 . ..
A= . Find the new matrix, if
90
a she doubles her order b she halves her order

c she orders 75% of her previous order

Solution
12 3 45
22 ) )
a 2A= b EA: S (4 0.75A= 8.25
120 2 30 45
180 45 67.5
ACTIVITY 6.5
-1 1 - 1 0 1
LetA= and B=
6 -2 - 2 -1 3
If r = -7 and s= 4, then find each of the following:
a rA+B) b rA+rB c (r9A d r(sA)
e (r+s A f rA +sA g 1A h 0A

Properties of scalar multiplication
If A and B are matrices of the same order and r and s are any scaars (i.e., real numbers),

then:
a TrA+B)=rA+rB b

c (r9A=r(sA) d

(r+s)A=rA+ sA
1A= Aand0A=0
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8 2 423 -4

1 If A= v 2 1 3 , then determine the values of the following:
75 51 2 4
0O 9 3 6
a ax b as C agp d ax
2 What isthe order of each of the following matrices?
00
a [i _OBJ b @ _46 g c |12
0 3
d @23 e (7
3 What are the diagonal elements of each of the following square matrices?
1 0 0 0O 1 3 1
a 3 -4 7 b -45 1 8 2
0 7 1 54 1 71 3
2 1 5 4

4 Construct a3 x 4 matrix A = (&;), where g; = 3i — 2j.

5  Given A= [1 0 _Zjande [_4 21 gj,findeachofthefollowing.

1 2 3 -

a A+B b A-B c 3B+2A

d B+A e 2A+3B
1 2 -3 3 -1 2

6 GivenA=|5 0 2landB= |4 2 5|, find matrices C that satisfy the

3 -1 1 2 0 3

following condition:

a A+C=B b A+2C=3B

7  Graduating students from a certain high school sold cinema tickets on two
different occasions, in two kebeles, in order to raise money that they wanted to
donate to their school. The following matrices show the number of students who
attended the occasions.
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1* occasion
kebelel  kebele2
Boys (175 221
Girls (199 150}

Give the sum of the matrices.

2" occasion
kebelel  kebele2
Boys (120 150
Girls (199 181}

b If the tickets were sold for Birr 2.50 a piece on the 1% occasion and Birr 3.00
a piece on the second occasion, how much money was raised from the boys?
from the girls? In kebele 1. What is the total amount raised for the school?

Multiplication of matrices

To study the rule for multiplication of matrices, let us definethe rule for matrices of
order 1xpandpx 1.

Let A=(a, a, .., andB=|.

b,
b |

b

pl

Then the product AB in the given order isthe 1 x 1 matrix given by

Example 11

Solution AB=(1 2 3)

by,

b,
AB: (all a12 alp)
b

pl

2

1

1
= (2111 + aioor + agghar + ... + agghp)

IfA=(1 2 3)andB=|-3|, find AB.

~3|=(1x2)+(2x (3)+@x1)=-1

The number of columns of A = The number of rows of B = p.
The operation is done row by column in such away that each element of the row
is multiplied by the corresponding element of the column and then the products

v
v

are added.
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a; @, ... ay
Let A= G 8y e By,
A Ay, oo 8y
Then you denote the i row and the j™ column of A by A and A/, respectively.
1 2 3
Example 12 LetA=[ 0 4 1|. Then A=(123),A =04 1),
-3 56
1 2 3
As=(-356), A'=|0 |, A°=4|and A’=|1.
-3 5 6
ACTIVITY 6.6
320 > 33
Given A= [2 0 1] andB=|2 4 2|, find:
2 1 2
a AlBl b Ale © /A\lB3
d AzBl e Asz f /A\zB3
. (AB" AB* AB® ). . ;
The matrix in Activity 6.6 isthe product of A and B, denoted by AB.
AB" AB® AB’

In general, you have the following definition of multiplication of matrices.

Definition 6.5

Let A =(a;j) bean mx p matrix and B = (bjx) be ap x n matrix such that the number
of columns of A isequal to the number of rows of B. Then the product AB is a matrix
C= (c) of order mx n, where Cix= AB", i.e. Gk = a1 bi + &2 bk + @isbak + ... + @ipbpk

2 5 -4

2
Example13 La A= e and B = . Then find AB
2 -1 32 6

AB' AB? ABBJ

Solution AB =
AB" AB® AB’
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(2 3)@} (2 3) @ (23 (_gj (13 16 10

AB = 2 @ . _1)@ - (_64j {1 8 .—14J

ACTIVITY 6.7
LetAz[l 2],B=[_2 O] andC=[3 _4].Find:
-1 3 4 5 0 1
a ABOC b (AB)C c AB+ C)
d AB + AC e (B+ C)A f BA + CA

Properties of Multiplication of Matrices

If A, B and C have the right order for multiplication and addition i.e., the operations are
defined for the given matrices, the following properties hold:

1 ABC=(AB)C (Associative property)
2 AB+C)=AB+AC (Didributive property)
3 (B+C)A=BA+ CA (Didributive property)

1 2 11
Example 14 Let A:[g 4} and B:(l lj' Find AB and BA.

Solution: AB = 33 and BA= 46 s
7 7 4 6

From Example 14, you can conclude that multiplication of matrices is not commutative.

Transpose of a matrix

Definition 6.6

The Transpose of a matrix 4 = (a;) denoted by A',1s the n x m matrix

mxn?

found by interchanging the rows and columns of A. i.e., AT =B= (bji) of

order n x msuchthat b, =g, .

1 2
Example 15 Givethe transpose of the matrix A = (4 5 2}
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1 4
Solution AT=l2 5].
3 6
ACTIVITY 6.8
1 O
; 12 3 ;
Given Az( ]and B=|1 3|, find:
0114
2 0
a A b (AN c 3A
d 3A)7 e (AB)' f  B'AT

Properties of transposes of matrices
The following are properties of transposes of matrices:

a AN =A
b (A+B)'= A"+ B, Aand B being of the same order.
c  (rA)T=rAT, r any scalar

d (AB)'=B'AT; provided AB is defined

Definition 6.7

A square matrix A is called a symmetric matrix if AT = A.

142 3
Example 16 Showtha A=|2 4 -5|issymmetric.
3-5 6
1.2 3
Solution A'=12 .4 -5|=A. S0, Aissymmetric.
13-5 6

Example 17 ‘Which of the following are symmetric matrices?

LN\ — 92 : i T d 1 7 0
Af|2-2 4 B=|" Mandc=|-3 -1 0
24 3 c o wa 1 0 5
d m a x
Selution Aand B are symmetric while C is not.
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Find the products, AB and BA, whenever they exigt.

1 5
1 21 -
a Azz 1,B=(31 :J b A=(2 2),B=|-2 3
0 4
-1 2 _ 10 3 2 3
¢ A=|1 4,82[3 ) OJd A=|-8 -5 9| ,B=|-1
-3 0 -5 7 7 1
2 -4 1 -4
Let A=|1 -1 0|andB=|2 3
0 0 3 4 0

a What is the order of AB? b If C = AB, then find Cs,, Cy1; and Cy;.
For the matrices in question 2 above, find —4AB, AA, and A(AB).

The first of the following tables gives the point system used in soccer (football) in
the old days and the point system that is in use now. The second table gives the
overall results of 4 teamsin a game season.

Win Draw Loss

Points

Old New
system  system

(6]
N

2 2 3
360 : ,
LetT= a7 oq andP=|1 1|. Answer thefollowing questions:
00
6 0
a  Findthe product TP. Which system is better to rank the teams-the old or the
new?

b Which team stands first? Which stands last?
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3 2 2
5 IfA:(g ﬂ} andB=| 2 4 -2 | thenfind A+A" andB+B". Check
3 -1 0 1
whether or not the resulting matrices are symmetric.
P A:(cosé’—siné’

1
. then show that AAT = ATA= [ °
snfd cosd 0 1

7 Show that, if A isasquare matrix of order n, then A+ A" is a symmetric matrix.
(Hint: Show that (A+ AT)T = A" + A)

8 A square matrix A is called skew-symmetric, if and only if A+ AT = 0. Verify that
the following matrices are skew-symmetric:

0O -1 4 0O a -b
a A=| 1 0O 7 b B=|-a 0 -c¢
-4 -7 0 b c¢c O

9 If Aisasquare matrix, show that A— A is a skew-symmetric matrix.
10 If Aisa skew-symmetric matrix, show that the elements in the main diagona are
al zero.

DETERMINANTS AND THEIR PROPERTIES

The determinant of a square matrix is a real number associated with the square matrix.
It is helpful in solving smultaneous equations. The determinant of a matrix A is
associated with A according to the following definition.

Determinants of 2 x 2 matrices

Definition 6.8

1 Thedeterminant of al x 1 matrix A = (a) isthe real number a.

2 Thedeterminant of a2 x 2 matrix A= (a Zj is defined to be the number ad —bc.

c
The determinant of A isdenoted by det(A) or |Al.
ab
Thu = = ad - bc.
s[4= 2 4

1 2
Find |A| for A= .
nd A (6 4j

2
4‘: 1x4-2x6=4-12=-8
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v" |A] denotes determinant when A is a matrix; the same symbol is used for absolute
value of areal number. It isthe context that decides the meaning.

a b ) L|a
v ( j denotes a matrix, while
c d C

b
d denotes its determinant. The determinant

isarea number.

ACTIVITY 6.9
-3 2 5 1
an=(2 2Jman® 1)
1 Cdlculate
a W b Bl c AT

2  Calculate and compare |AB| and |A| [BJ.
3  Calculate and compare |A + B| and |A| + |B|.

Determinants of 3 x 3 matrices

To define the determinant of a3 x 3 matrix, it is useful to first define the concepts of
minor and cofactor.
Let A = (&jj)a«s. Then the matrix Ajjisa 2% 2 matrix which is found by crossing out the
i™ row and the j™ column of A.

0O 1 2

3415 01
E le2 If A=|-2 3 5/|,th = d A, = .
xample en A, (7 ls)an A, (4 7}
4 7 18

Definition 6.9

a, &, @,
Let A=|a, a, a, |. ThenM;=[A}L1dcaledthe minor of the element

8y 8y 8y

a; andc; =(-1)' "' [A} [is called the cofactor of the element aj;.

&y \y 8y
Example 3 Let A=|a, a, a,|. Givetheminorsand cofactorsof a1, ax and az.

& 8y 8y
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a22 a23
p Ay
row and the first column asin the figure.

Solution Theminor of a;3= My; = . Itisfound by crossing out the first

Thus, the minor of ay = My =| 2 2323 =a,,8,, — 8,8,
3
141 Ay Ay
The cofactor of djp = C1 = (— l) Mi1 =
Az
The minor of a3 = Mas= - aﬁ‘ , while ¢z = (- 1)**My=- B\ Rl
Az Q' &
Ma = ay A and Cap = - Map = - A ) B
a21 a23 a21 a23

Example 4 Find the minors and cofactors of the entries a,, ass and aj» of the matrix

-3 4 -7
1 2 0
-4 8 11
Solution
— — _3 —
My, = =—61'and Gy = (-1)*"* My, = = (-3)(11)- (-4)(-7) = -61
22‘_411‘ arnd ¢ = (-1) 22’_411‘()()()(7)
-3 3+3 -3
Maz = L = -10.and Cs3 = (-1)**Ma3= L =(=3) (2) - (1)(4) =-10

10 3 1 0
My, = ‘_ ; 11‘ =11 and c1p = (1) My, = -‘ J =-11

-4 1

Note that the ‘sign’ (-1)' *! accompanying the minors form a chess board pattern with
+ - +

‘+' sonthe main diagonal asshown: | - + -
+ - +
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Y ou can now define the 3 x 3 determinant (determinant of order 3) asfollows:

Definition 6.10

ay ap &g
LetA=|a, a, ay |. Thenthedeterminant of A aong any row i or any column j

Ay 8p 85
is given by one of the formulas:
i row expansion: |Al= aiiG1+aiaCiz+aisCis, for any row i (i = 1,2 or 3), or
j™ column expansion: |A|= ay;Cy+ayCa+asCs;, for any columnj (j = 1,2 or 3).

Note that the definition states that to find the determinant of a square matrix:

v choose arow or column;
v' multiply each entry in it by its cofactor;
v' add up these products.

Example 5 Find the determinant of the following matrix A first by expanding along
the 1% row and then expanding along the 2™ column, where

2 10
A=|1 1 4
-3 25
Solution
Along row 1:
A= a0+ 8,0, + 8gGy = 2(-1)° ; g‘ * 10D _13 2‘+0(-1)“ _13 ;‘

=2(Ix5-2x4) + (-)(Ax5-4%(=3)) + O(1x 2-1x (-3))
= 2(-3)-1(17) +0(5)= -6 -17=-23

I:[E' =-23
Along Column‘2:
1 2 2
A% 800 + 80 + 80 = 1D | ‘5“+1(1) 2 j+ 2-0) | j

= —1(Ax5-4%x(-3)) +1(2x5-0x(-3)) —-2(2x4-0x1)
=-1(17) + 1(10) -2(8) =-17+10-16=-23

CAl= -23,

Both methods give the same result.
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Forthematrix A=|4 1 3| do each of the following in groups.

1

13 2

2 5 2

a  Cadculate|A]and |AT|
b What can you conclude from these results?
Let B be the matrix found by interchanging row 1 and row 3 of matrix A, i.e.,

2 5 2
B=|4 1 3

13 2
a  Find|B|

b Compareit with |A|. What relationship do you see between |B| and |A|?
Let C be the matrix found by multiplying row 2 by 5. i.e,,

1 3 2 1 3 2
C=|5%x4 5x1 5x3|=/20 5 15
2 5 2 2 5 2
a Find|C|
b Compare it with JA]. What relationship do you see between |C| and |A|?
Let D bethe matrix found by adding 10 times column 1 on column 3. i.e.,
13 2+10x1 1312
D={41 3+10x4|=(41 43
25 2+10x2 2522
a  Find|D|
b Compare it with [Al. What relationship do you see between [D| and |A[?

Properties of determinants ¢

1

238

Thefollowi ngr; properties hold. All the matrices considered are square matrices:
I

A= A
Verify this property by considering a2 x 2 matrix.

b
e ifA= |2 2] thenaT=[2 €
¢ d b d

a

a c
Hence, |A| =
c

b
=ad—bc. Also, |AT| = =ad—-bc
d b d

Therefore, |JA| = |A].
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N

If B isfound by interchanging two rows (columns) of A, then |B| = - |A|.
If B isfound by multiplying one row (one column) of A by ascalar r, then |B| = r|A|.

4 If B isamatrix obtained by adding a multiple of arow (column) of A to another
row (column) of A, then |B| = |A|.

5 If A hasarow (or acolumn) of zeros, then the determinant of A is zero.
6 If A hastwo identical rows (or columns), then the determinant of A is zero.

We omit the proofs of the above properties; however, we shal illustrate these
properties with examples.

4 0 -5
Example 6 Compute thedeterminantof | 10 0 7
-14 0 1

Solution By expanding using the 2™ column, we get
4 0 -5

10 0 7:-0‘10 7‘+o‘4 _1-0‘4 _5‘:0
-14 1 -14 1 10 7
-14 0 1
a x p
Example 7 If b y q| =2, givethevauesof each of the following.
c zr
p X p X a b c
a [ayaq b q vy b c Xy
rzr r z c p qr
p X 4a 12x 4p a X p
d q vy e b '3y ¢ f b y q
r & g~\3z/ r 3b+c 3y+z 3q+r
Solution:

a  0(1% column and 3" column are the same.)
=2 (Column interchange results in change of sgn.)
2 (A matrix and its transpose have the same determinant.)
0 (0 column.)
24 (factor 4 out and then 3; 12 x original determinant.)
2 (Adding a constant multiple of a row on another row gives the same
result.)

O Q QO T
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240

Compute each of the following determinants:
1 3 3

a ‘; j b o2 - s P fb
2 1 2 a a
Solve each of the following equations:
2 -2 1 x+1 2 1
2X
a . j:o b x 1 =1 c 1 1 2=0
3 1 x-1 1 X

For the given matrix A, calculate the cofactor of the given entry:

1 2 3
A=19 -1 3
0 3 -1
a aze b ax © azs
1 X
a  Computethedeterminant I a b
1 c¢c d
b Verify that the equation of a straight line through the distinct points (a, b)
1 x vy
and (c,d)isgivenby 1 a bl =0
1 c¢c d

Verify that each of the following statements is true. (Assume that all letters
represent non-zero real nunber).

a X tHw Xt X atrb bl _|a b
y s+ul |y y u c+rd d [c d
1 a b+c

c 1 b c+ta=0
1 c a+
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INVERSE OF A SQUARE MATRIX

ACTIVITY 6.10

-3 2 6 2 10 ;
LetA= , B= and I, = . Find:
1 -1 31 01

a Al, b LA
c Find a matrix C(if it exists) such that AC = I
d Isthere amatrix D so that BD = 1,?

From Activity 6.10, the matrix C obtained in () is called the inverse of matrix A.

Definition 6.11

A square matrix A issaid to be invertible or non-singular, if and only if thereisa
sguare matrix B such that AB = BA = |, where | isthe identity matrix that has the
same order as A.

The inverse of a sgquare matrix, if it exists, isunique.

Proof: Let A be an invertible square matrix. Suppose B .and C are inverses of A.
Then AB = BA= |. and AC = CA =1 (by definition of inverse)
Now, B= Bl =B (AC) = (BA)C=IC=C.
Hence, the inverse of Ais unique.

v Only a square matrix can have an inverse.
v Theinverse of matrix A, whenever it exists, is denoted by Al
v' Aand A have the same order.
v A matrix that does not have an inverse is called singular.
Example 1
31 2 -1 .
a  Show that and are inverses of each other.
5 2 ¥ 3
_ 1 14, g e
b ' .Given A= ong find A~ (if it exists.)
Solution

(s 3l B[S S)le )elo )

Thus, they are inverses of each other.
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b Suppose A= {2 Zj ThenAA™ =1,.

1 1\(a b 10 a+c b+d 10
= = = = .
2 3)\lc d 0 1 2a+3c 2b+3d 0. 1
a+c=1 b+d=0

and
2a+3c=0 2b+3d=1

Solving these givesyou, a=3,b=-1,c=-2andd =1.
3 -1
Hence A™' =
-2 1
In the above example, you have seen how to find the inverses of invertible matrices.
Sometimes, this method is tiresome and time consuming. There is another method of
finding inverses of invertible matrices, using the adjoint.

Definition 6.12

The adjoint of asquare matrix A = (&) is defined as the transpose of the matrix
C = (cij) where c;; are the cofactors of the eements a;;. Adjoint of A is denoted by

adj A, i.e, adj A= (cy)T.

1 0 1
Findadj Aif A=|2 3 -1|.
4 00
3 5 2+12 -
= (- =9, =(-1 =-4,
23 0 1
= (-* =-12, c, = (-)** =0,
11 10
C. = _1 242 :_4’ C.. = _1 2+3 :O,
0 1 1
= _1 3+1 :_3’ - _1 3+2 :3’
c31(>3_]] c32(>2_j
10
=(-1)*3 =3.
e g
0 -4 -12\ 0 0 -3
Thenmatrix C=|.0 -4 0 | and, adjA=C" =| -4 -4 3
-3 3 3 -12 0 3
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ACTIVITY 6.11
1 Showthatadj(: 3] =(d _b].

-—C a
1

2 snowthat |2 Plxag[® 2|2 B[ O

c d c dl0 1

a find A b find adjA.

c d

3 fA=]C _3,then
4 2

g

A

From Activity 6.11, you may have observed that for a 2x2 matrix A,
AadiA) =|A1, = (adiA)A.

c  find |A]. d  compare Atand — adjA.

If |A#0, then AL adjA=1,
A
Therefore, A‘lzﬁade

Theorem 6.1
A square matrix A isinvertible, if and only if |A| # 0. If Aisinvertible, then

At=L aga

A

Example 3 Findtheinverseof A= 0 2 1

4.5 2
Solution  First find adjA. '
25K 0 0
e = (=) g 2‘ =-1 cp=(-1)"%_,4 j =-4; cCp=+ 4 g 8
czlz-‘_z jzlg; Cxn=+ ! j=14; c23=-‘1 _2‘=3
b D -4 -4 5
C31="'_2 j=—8; C32=-‘1 3‘=‘1; 033=+1 _2‘=2
2 01 0O 2

243



Mathematics Grade 11

-1 19 -8
Thus, adj A= | -4 14 -1
8 3 2

Next, find |A].
|A| = Q11C11+ A12C12 + 3C13 = (_1)( _1) + (_2)( _4) + (3)(8) = 31, Since
|A| #0,, then A isinvertible and

-119 -8

-1 19 -8 31 31 31

A_l:iajj(A): 1 -4 14 -1|= -4 14 -1
|A 3 31 31 31

8 3 2 8 32

31 31 31

1
Example 4  Show that { J isnot invertible

1 - .
Solution ‘ 3 = (1)(-6) — (3)(—2) = 0. Thus, the inverse does not exist.

Theorem 6.2

If A and B are two invertible matrices of the same order, then
(AB)'=BA™

Proof:
If A and B are invertible matrices of the same order, then|A|+# 0and |B|# 0.
=|AB|=|A|B|#0
Hence, AB isinvertible with inverse (AB)‘l. On the other hand,
(AB)(B*A™) = ABB)A™ = A(I)A* = AA™ = | and similarly
(BA™) (AB)=1 .
Therefore B A™ isan inverse of AB and inverse of amatrix is unique.
Hence B™A™ = (AB) .
Example 5 Verify that (AB)™= BA™, for the following matrices:
B [4 2} and B [—3 2}
5 3 3 1
Solution |A| =2 and |B] =-9. To find adj(A), interchange the diagonal elements
and take the negatives of the non-diagonal elements. Thus,
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3 - 1 -2
adj(A) = and adj(B) =
i(A) (_5 4J j(B) (_3 —3}
1 1(3 -2 >
It followsthat, A™ = — adj A= = = 2 ,while
| 2(-5 4 5
-— 2
2
12
Btz T agp=-1 1 "%z 9 9
B| 9\-3 -3 11
3 3
21o2y(3 ) (L85
ThisgivesusB™A™ = 9 9112 18\3
1 1113 ShAV1e
3 3 2 3 3
4 2\(-3 2 6 ¥
On the other hand, AB = 3 = 10 , 0 that
5 3){3 1 -6 13
. 13 -10
|AB| = —=18 and adj(AB) = [ j
6 -6
_13%5
13 -1
18(6 -6 Ay 1
3 3
Therefore, (AB)*=BA ™%,
|_Exercise 6.4 |
1 0 2 -11 2 2
Showthat |2 -1 3|and| -4 O 1 | areinversesof each other.
4 1 8 6 -1 -1
Find the inverse, if it exists, for each of the following matrices:
p 2 3 4 1 2 -1
(2 2} b 4 3 1 c -1 1 2
1 2 4 2 -1 1
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3-k 6
3 Show that thematrixA:{ 5 4 kj issingular whenk=0ork=7. What is

theinversewhenk = 1?
cosd snéd O

4  GivenA=|-sinfd cosé 0| ,showthat Al=AT

0 0 1
2 1 2

5 UsngA= 3 andB = , verify that (AB)™* = B'A™.
1 4 -1 1

6 Prove that if A is non-singular, then AB=AC implies B=C. Does this necessarily
hold if Aissingular? If not, try to produce an example to the contrary.

SYSTEMS OF EQUATIONS/WITH TWO OR
THREE VARIABLES

Matrices are most useful in solving systems of linear equations. Systems of linear
equations are used to give mathematical models of electrical networks, traffic flow and
many other real life situations.

Definition 6.13

An equation ax +aXx,+..+ax =b,where a,a,..,a,b ae constants and
X, %,..., X, @re variables is called alinear equation. If b =0, then the linear equation
is said to be homogeneous.

A linear system with m equations in n unknowns (variables) X1, Xa, ..., X» iS a set of
equations of the form

X+ A et B, Sy
B X, + X+ o 8%, = b

*)

The system of equations (*) is equivalent to AX = B, where

X by
A= (8 ) X =| 2 |and B=| 2 |.
X, b,

Matrix A iscalled the coefficient matrix of the system and the matrix
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a 8, ..., b

(A/B) = % 8z - 8 b iscalled the augmented matrix of the system.

aml a'mz amn bm

Example 1 Which of the following are systems of linear equations?
5x-23y =6 b 5x*-23y=6 . 5x-23y+z=6
X+14y =12 X+14y =12 X+14y-4z=18

Solution a and c are systems of linear equations. b is not alinear equation because
the first equation in the system is not linear in x.
Example 2 Give the augmented matrix of the following systems of equations.

2X-y+z=3 Xx+y=0
2x+5y=1
{3 8v =4 b 3X-2y+8z=-24" c 2x-y+3z=3
XToy= X+3y+4y= =2 Xx-2y-2=3
Solution
> 5 1 2 -11 3 11 0 O
[384} b 3 -2 8 =24 c 2 -1 3 3
1 3 4 -2 1.-2 -1 3

Elementary operations on matrices

ACTIVITY 6.12

Solve each of the following systems of linear equations. :
X+y=5 b 2Xx-y=4 . 3x-5y=-5
x-y=1 -X+ty=-1 X+2y=2

From Activity 6.12, equationsin a and b have the same solution set. Y ou have the
following definition for equations having the same solution set.

Definition 6.14

Two systems of linear equations are equivalent, if and only if they have exactly the

same solution.

To solve systems of linear equations, you may recall, we use either the substitution
method or the elimination method. The method of elimination is more systematic than
the method of substitution. 1t can be expressed in matrix form and matrix operations
can be done by computers. The method of elimination is based on equivalent systems of
equations.
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To change a system of egquations into an equivalent system, we use any of the following
three elementary (also caled Gaussian) operations.

Swapping I nterchange two eguations of the system.
Rescaling Multiply an equation of the system by a non-zero constant.

Pivoting Add a constant multiple of one equation to another equation of the system.

v Inthe elimination method, the arithmetic involves only the numerical coefficients.
Thusit is better to work with the numerical coefficients only.

v' The numerical coefficients and the constant terms of a system of equations can be
expressed in matrix form, called the augmented matrix, as shown below in
Example 3.

Elementary row operations
Swapping  Interchanging two rows of a matrix
Rescaling  Multiplying arow of amatrix by a non-zero constant

Pivoting Adding a constant multiple of one row of the matrix onto another row

Elementary column operations
Swapping  Interchanging two columns of amatrix
Rescaling  Multiplying a column of amatrix by a non-zero constant

Pivoting Adding a constant multiple of one column of the matrix onto another column.

Definition 6.15

Two matrices are said to be row (or column) equivalent, if and only if oneis
obtained from the other by performing any of the elementary operations.

v' Since each row of an augmented matrix corresponds to an equation of a system of
equations, we will use elementary row operations only.

v' We shall use the following notations:
e Swappingof i and j" rowswill bedenoted by: Ri « R;
. Rescaling of thei™ row by non-zero number r will be denoted by: R; — rR:

e Pivoting of thei"™ row by r timesthe ™ row will be denoted by: R; —R; + rR;
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Example 3 Solvethe system of equations given below by using the augmented matrix.
X-2y+z=7
X+y-z=2
2X+3y+2z=7
Solution

Write the
augmented
matrix

_ The objective isto get as many zeros as
1 12 = A
possible in the coefficients.

A zerois obtained in the ay; position.
7 -4 -19 Note that the other elements of row 2
7 are also changed.

R, — Ry + -3R;

A zerois obtained in the az; position.
7 -4 -19 Note that the other elements of row 3
7 0 -7 are also changed.

R; — R3;+ -2R;

A zero is obtained in the ag, position.
7 -4 -19 Note that the other elements of row 3
4 12 are also changed.

O P O ORI NOEFLP|IN WEPER
w
N

R; —R3;+-1.R,

o
o

The last matrix corresponds to the system of equation:

X-2y+z=7
7y-4z=-19
4z=12

Since this equation and the given equation are equivalent, they have the same
solutions. Thus by back- substituting z = 3 from the 3" equation into the 2™, we
get, y = —1 and back-substituting z= 3 and y = -1 in the 1% equation, we get x = 2.

The solution set'is{ (2, -1, 3)}.

Definition 6.16
A matrix is said to be in Row Echelon Form if,

1 azero row (if thereis) comes at the bottom.
2 the first nonzero element in each non-zero row is 1.

3 the number of zeros preceding the first non-zero element in each non-zero row
except the first row is greater than the number of such zerosin the preceding row.
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Example 4 Which of the following matrices are in echelon form?

1 -2 -4 0 01 2 1 -2 1 7 2 3 1 2
A=/0 1 -2,,B=|2 3 0 -2,C=(0 7 -4 -19,,D=0 0 O
0O 0 O 3 3 6 -9 2 3 2 7 3 3.6 -9
Solution

Aisinechelon form.

B is not in echelon form because the number of zeros preceding the first non-zero
element in the first row is greater than the number of such zeros in the second
row. C is not in echelon form for the same reason. D is not:in echelon form
because the zero row is not at the bottom. '

z=2
Example 5 Solve the system of equations < 2x+3y =-2
3x+3y+62=-9
Solution
. 001 2
a\{Jvrrlrfgr:?ee d 2 3 0 -2 The objective isto get as many zeros
gmen as possible in the coefficients.
matrix 3 36 -9
3 36 -9
R; o R3 2 30 -2 More zeros moved to last row.
0 01 2
112 =3} | Aleading entry 1 is obtained in row 1
2 30 -2 Note that the other elements of row 1
001 2 are also changed.
11 2 =3} | A zeroisobtained at the a1 position.
R,— R+ -2R; 01 -4 4 Note that the other elements of row 2
00 1 2 are also changed.
1 0 6 =7} | A zeroisobtained at the a position.
R; —R;+-1R; 01 -4 4 Note that the other elements of row 1
00 1 2 are also changed.

The last matrix correponds to the system of equation:
x+62=-7
y-4z=4
z=2
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Since thislast equation and the given equation are equivalent, we get the solution:
x=-19,y=12andz= 2.
The solution set is{(-19, 12, 2)}. The system has exactly one solution.

The last matrix we obtained is said to bein reduced-echelon form, asgiveninthe
following definition:

Definition 6.17

A matrix isin Row Reduced Echelon form, if and only if,

1 itisinechelon form

2 thefirst non-zero element in each nonzero row is the only non-zero element in

its column.
x+2y =0
Example 6 Solve the system of equations < 2x+y =1
X=y=2
Solution f
1 2 0
Augmented 2 1 1
matrix
1 -1 2
1 2 0
NP (o - :
+_
3™ K3 1 0 -3 2
1 2 0
R; — R3+ -1R» 0 -3 1
0O 0 1
12 0
1 Notice that this matrix isin Row
0 1 = Echelon Form.
0 0 1

In the last row, the coefficient entries are 0, while the constant is 1. This means
that Ox + Oy =1. But, this has no solution.
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Xx+2y=0

Thus, < 2x+ y =1 has no solution.

X—-y=2

i.e., The solution set is empty set.

When the augmented matrix is changed into either echelon form or reduced-echelon
form and if the last non-zero row has numerical coefficients which are all zero while
having non-zero constant part, then the system has no solution.

Example 7 Solve the following system of equations

X—-2y -4z=0
-X+y+2z=0
3x -3y-6z=0

Solution

Augmented
matrix

Rg—) R2 + Rl
R; — R3; + -3R;

R; — R3 + -3R;
Ri— R+ 2R,

The last matrix gives the system

1 -2 -4 0

-1 1 2 O

3 -3 -60

1 -2 -4 0

0 -1 -2 0

0 3 6 O

1 -2 -4 0

01 2 O

0 3 6 O

1 000

[O 120 The matrix is now in reduced-echelon

form.
0 00O
{y+22 0

This has solutionx =0, y = 2z
The solution set is{ (0, -2z, 2) | zarea number}.
Notice that the'solution set isinfinite.
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When the augmented matrix is changed into either echelon form or reduced-echelon
form and if the number of non-zero rows is less than the number of variables, then the
system has an infinite solutions.

The method of solving a system of linear equations by reducing the augmented matrix
of the system into Reduced-Echelon form is called Gaussian Elimination Method.

Note that the Examples 3 - 7 aove give dl the possibilities for solution sets of systems
of linear equations.

Case 1: Thereis exactly one solution—such a system of IInear equatlons is
called consistent.

Case 2: There is no solution—such a system of linear equatlons is called
inconsistent.

Case 3: Thereis an infinite number of solutlons $uch asystem of linear
equationsiscalled dependent. ¢

Example 8 Give the solution sets of. each.of the following system of linear
equations. Sketch their graphs and interpret them. '/

4x-6y =2 Ldy= - —y=2
{xGy b {SX y6C _{3xy

4x-6y=5 X+2y=-3 6x—2y=4
Solution
a
d . 4 -6 2 Ny
Augmented matrix 4 -6 5 j
3 AX — By =2 -
5 \_ 1/
1 o’
R,— R, +-1.R; 4 -6 2] - // X
0 0 3 3214 2 3 4 5
ZAR
//’ 214x—6y =5

The system has no solution. As you can see from the figure, the two lines are
parallel i.e., thetwo lines do not intersect.
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b
Augmented 5 -4 6 JY
matrix 1 2 - 4
35x—i‘ry:6
. 1 2 - 2
R R 5 -4 6 ! X
s | A 233257
R:>R.+5R, I 7 (+;':_3
+ -
S (0 -14 21 i
- N

Here by back-subgtitution, y = —g and x=0. You can see that the lines intersect

at exactly one point (O, —gj , Whichisthe soIUti.on.

c _’ f
S\y /
q . 3 -1 2 ) <L
pugmented matrx | P T
(o]
f 6x—2y=4
- X
3 -1 2 43 -2 -1 /12 3 4 57
R, - Ry+-2.R; 0 0 0 I
y

The system has infinite solution. In echelon form, there is only one equation,
having two variables. In the graph, there is only one line, i.e., both equations

represent thissame line.

State the row operatiohs you would use to locate a zero in the second column of
row one.

> 3 -1 1 -115
a |-11 0 b [4816]
01 4
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Reduce each of the following matrices into echelon form.

5 0 -1 q —d 4 2 1 -1 3 -6

a -1 1 0 b { j C 5 3 -2 4
4 8 1 6

0 1 4 1 3 4 11
Reduce each of the following matrices into reduced - echelon form.

3 5 -1 -4 1 2 1
a 2 5 4 -9 b -1 0 2

-11 -2 11 2 1 -3
a Write{aXery:eintheformAX:B,Where

cx+dy=f

{2 e )

b If Aisnon-singular, show that X = A™B is the solution.

c Using a and b above, solve {2x+3y =4
S5x+4y =17
Solve each system of equations using augmented matrices.
X 3y _
{2x—2y212 o {2x—5y =8 3754
-2x+3y =10 6x+15y =18 §—X=—3
6 2
x-3y+z=-1 4x+2y+3z =6
d 2x+y-4z=-1 e 2X+7y =3z
6X —7y+8z=7 -3x-9y+13=-2z
Find the values of ¢ for which this system has an infinite number of solutions.
2Xx-4y =6
{—3x+6y:c
For what values of k does
X+2y-3z=5
2X—-Yy-2z=8 haveaunique solution?
kx+y+2z=14

Find the values of ¢ and d for which both the given points lie on the given straight
line.

cx+dy =2; (0,4)and (2, 16)

Find aquadratic functiony = ad+ bx + ¢, that contains the points (1, 9), (4, 6)
and (6, 14).
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CRAMER’S RULE

Determinants can be used to solve systems of linear equations with equal number of
equations and unknowns.

The method is practicable, when the number of variablesis either 2 or 3.

axt+hy=c
a,x+b,y=d’

Consider the system {

ab,x+hbby=bc Multiplying the 1% equation by b, and the 2™ equation by
ba,x+bb,y =bd ba.

(EHon TR R oPled ol o B Subtracting the first equation from the second.

Expressing the above equation in determinant notation.

q.mmnh-q¢q

b, a, b
d b d D

X= 2l _ D . A similar calculation gives: 'y = % =X
a bl D a b D
a2 b2 a2 b2

The method is called Cramer’s rule for asystem with two equations and two
unknowns.

v' Dyand Dy are obtained by replacing the first and second columns by the constant
column vector, respectively.
v Under similar conditions, the rule holds for three unknowns too.

ax+by+cz=d
The system of equations 1 a,x+b,y+ c,z=e has exactly one solution, provided that
ax+by+ez=f
the determinant of the coefficient matrix is non-zero. In this case the solution is:
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d b ¢ a d ¢ a b
e b, ¢ a, e c, a, b,

X= f b3 C3 :DX’ y= 3.3 f C3 :&and Z= 3.3 b3 f [ DZ
a b ¢ D a b ¢ D a b ¢ D
a2 b2 CZ a2 b2 CZ a2 b2 CZ
aS b3 CS a3 b3 CS a3 b3 CS

3
Example 1 Use Cramer’sruleto find the solution set of {

Solution D= ‘3 _74‘ =49%0.

7
‘2 —4‘ 3 2‘
3 7 D, 17 3
Thus, by Cramer’s Rule, x:&: :§ and y:_y:_:_i
D 49 49 D 49 49
The solution of the systemis x = 26 Y :—4%
2X-2y+3z=0
Example 2 Using Cramer’s Rule solve the following system: 7y-9z=1
5x-2y+6z=-2
2 -2 3
Solution D=0 7 =9 =33%0.
5 -2 6
Using Cramer’s Rule:
0. -2 3 2 0 3
M| 7 9 0 1 -9
X—D"—_2 “2\8)J 4 b, _[5 -2 6 13
ol 33 T =D 33 11
2 -2 0
PN AYY
Z_DZ_S 2 -2 _ 34
D 33 33
Therefore,theéolutionofthewstemisx=i, y:—E, z:—%
11 11 33
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Example 3 One solution of the following system isx = y= z= 0 (which is known as
thetrivial solution). Isthere any other solution?

2X-2y+3z=0
7y-9z=0
5x-2y+6z=0
2 -2 3
Solution Asshowninthepreviousexample D=0 7 -9 =33%0.
5 -2 6

Thus, the system has a unique solution. But we already have one solution,
namely, x=0,y=0,z=0. So, itisthe only solution.

In the previous sections, you have seen that the determinant of a matrix can be used to
find the inverse of a non-singular matrix. Now you will use it in finding the solution set
of a system of linear equations when the number of equations and the number of
variables are equal.

Consider the linear system (in matrix form), AX'=B
If |A#0, then A isinvertibleand A(AX)=A"B
=(A'A) X =A"B
=IX=A"B
= X=A"'B
Therefore, the system has a unique solution.
X+y=7

Example 4 Solvethe system
Y ¥ {2x+ 3y=-3

Solution The system is equivalent to @ g(xj :( ! j

1

1 1
The coefficient matrix is with
- 23 2

8 5 ) A 3 -
= isinvertible with inverse
23 -2 1

o (x) (3 -1\ 7 24
Hence the solutioniis: = = Jjex=24andy=-17
y -2 1){-3 17
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1 Use Cramer’s Rule to solve each of the following systems.
{—3x+5y=4 b {4x+y=0
7X+2y=6 X-6y=7
3x+2y-2z=5 2x+3y=5
c X-y+3z=-15 d X+3z2=6
2X+y+7z2=-28 Sy-z=11
2 Use Cramer’s Rule to determine whether each of the following homogeneous
systems has exactly one solution (namely, the trivial one):
3x+2y-z =0
{—3x+5y=0 b 2x +y+2z=0
7x+2y=0
5x -2y-z=0
KOl Key Terms
adjoint elementary row operations scalar matrix
augmented matrix inconsistent singular and non-singular
matrix
cofactor inverse skew-symmetric matrix
column matrix order square matrix
consistent minor symmetric matrix
dependent reduced-echelon form transpose
determinant row triangular matrix
diagonal matrix scalar zero matrix

echelon form

[l summary )

o A W DN B

A matrix isa rectangu'lar array of entries arranged in rows and columns.

The size or order of amatrix iswritten as rows > columns.

A matrix with only one columnis called a column matrix (column vector).

A matrix with only one row is called a row matrix (row vector).

A matrix with the same number of rows and columnsiis called asquare matrix.
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A matrix with all entriesO iscaled azero matrix.

A diagonal matrix isasquare matrix that has zeros everywhere except possibly
along the main diagonal.

The identity (unity) matrix isadiagonal matrix where all the elements of the
diagonal are ones.

A scalar matrix isadiagona matrix where all elements of the diagonal are equal.

A lower triangular matrix is asquare matrix whose elements above the main
diagonal are all zero.

An upper triangular matrix is a square matrix whose e ements below the main
diagonal are all zero.

Let A= (&;)mm and B = (bjj)m«n be two matrices. Then,

A+ B= (aj+ bij)mn and A—B = (aj —bij))mm.
If r isascalar and A isagiven matrix, then rA is the matrix obtained from A by
multiplying each element of Abyr.
If A=(a;;) isanmx pmatrix and B = (by) isap x n matrix, then the product AB
isamatrix C= (Cix) of order mx n, where
Cik = ajbyj + a2 by + aahg + ... + aipby..
The transpose of a matrix A isthe matrix found by interchanging the rows and
columnsof A. It isdenoted by A
ab
cd

=ad-bc.

A minor of a,, denoted by Mj;, is the determinant that results from the matrix
when the row and column that contains a; are deleted.

The cofactor of a is (-1)"M;;. Denote the cofactor of a;j, by Cij.

Q 8p 8y
LetA=|a, a, ay,|. Thenwecanexpand the determinant along any row i or

8y 8y Ay
any columnj. Thuswe have the formulae:
ith row expansion: |A| = a1Cii+ai2Ciz+ai3Cis, for any row i (i = 1,2 or 3). or
Jt column expansion: |A| = &;;Cyj+ayCy+agCg, for any columnj (j = 1,2 or 3).
The adjoint of a square matrix A = (a,) is defined as the transpose of the

matrix C = (Cj;) where C;; are the cofactors of the elements a;j. Adjoint of Ais
denoted by adj A.
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21 When Aisinvertible or non-singular, then A™ = |_i\| adj(A).

22 Elementary Row operations:

Swapping:  Interchanging two rows of a matrix.
Rescaling:  Multiplying arow of amatrix by a non-zero constant.
Pivoting: Adding a constant multiple of one row of a matrix on another row.

23 A matrix isinechelon form, if and only if

a

the leading entry (the first non-zero entry) in each row &fter the first isto
the right of the leading entry in the previous row.

if there are any rows with no leading entries (rows having zeros entirely)
they are at the bottom.

24 A matrix isin reduced-echelon form, if and only if
a itisin echelonform
b  theleadingentryis 1.
c every entry of acolumn that has aleading entry, is zero (except the leading
entry).
25 |If ‘ai B # 0, the solutions of {a1x+bly:c are given by
> a,xth,y=d
c b a ¢
X = ¢ bz :&’ y:—a2 ¢ :&_
a bj D a b D
a2 b2 a2 b2
a b ¢ a,x+hb y+c z=d
26 If |a, b, c,|#0,thenthesolutionsof {a,x+b,y+c,z=e ae
a, b, c aX+by+c,z="1
d b ¢ a d ¢ a b d
e b, c, a, e c, a, b, e
X= f b3 C3 :DX’ y: aa f C3 :&and zZ= a3 b3 f :DZ
a b ¢ D a b ¢ a b ¢ D
aZ bZ CZ a2 b2 CZ a2 b2 CZ
aG b3 CS aG b3 CS aG b3 CS
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If |10 d|=/10 -1|,finda,d,ande.
3

3

4

8

2 4 3 05
IfA=/0 6|and B=|5 3 2|, find 5A-2B.
5 9 0 47

3 3 5 3 5

4 5 7
GivenA=|0 -1 2(,B=|2 -3 ,Cz[ , O],X:[s],findwherepossible:
4 2 1 0 2
a AB b BA c BC d CB e CX
f Xcc' g BA-2B h XX i  B'B+4C

Sofia sells canned food produced by four different producers A, B, C and D. Her
monthly order is:

Beef Meat

Tomato

Soya Beans

Find her order, to the nearest whole number, if
a  sheincreases her total order by 25%.
b shedecreases her order by 15%.

Kelechawants to buy 1 hammer, 1 saw and 2 kg of nails, while Alemu wants to
buy 1 hammer, 2 saws and 3 kg of nails. They went to two hardware shops and
learned the pricesin Birr to be:

WHammer WSaW NETS
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a Write the items matrix | asa 3 x 2 matrix.
b Writethe prices matrix P asa 2 x 3 matrix.
C Find PI.

d  What are Kelecha s cost at shopl & Alemu’s cost at shop 2?

e Should they buy from shop 1 or shop 2?
0 -3 -4

If {m O 8 | isaskew-symmetric matrix, what is the value of m?
4 -8 0

T T

a For any square matrix A, check that is symmetric, while — is

skew-symmetric.

b Using a above, show that any square matrix A is expressible as the sum of a
symmetric matrix and a skew-symmetric matrix.

Compute the determinants of each of the following matrices

q aE 0 1 4
( . 20} b -7 0 5
-2 5 8

If A =(‘Z‘ ZJ , show that det(rA) = r2.det(A).

atb ¢ C
Provethat | a b+c a |=4abc
b b c+

In each of the following, find X, if
S b |2 N=1s
X - 2 3x 4

2 4 2
Find theinverse of the following matrix: |3 1 1
101

a
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0O -1 5
Reduce the matrix A=|1 3 -2/ toreduced-echelon form.
2 1 4
Determine the values of a and b for which the system
3x —ay=1
bx +4y=6

a has only one solution;

b has no solution;

c has infinitely many solutions.

Determine the values of a and b for which the system
X -2y+z=b
5x -8y +9z=3
2x+y+az=-1

a has only one solution;

b hasinfinitely many solutions,

C has no solution.

For what values of k does the following system of equations have no solution?

X+2y-z=12
2x-y-2z=2.
x-3y+kz=11

Solve each of the following.
5 2 1)\(x 8

BB e
10 2/lz) |3 BN

Use Cramer’s Rule to solve each of the following.

. . -X+4y-z=1

+vy=

{3)( 2y_0 b 2x-y+z=0
ey x+y+z=1

Solve the above by first finding A™ and then using X = A™B.





