
 
  

 

 

 

 

 

 

Unit OUnit OUnit OUnit Outcomesutcomesutcomesutcomes:::: 

After completing this unit, you should be able to: 

���   know basic concepts and procedures about vectors and operation on vectors.   

���   know specific facts about vectors. 

���   apply principles and theorems about vectors in solving problems involving 

  vectors. 

���   apply methods and procedures in transforming plane figures. 
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INTRODUCTION 

The measurement of any physical quantity is always expressed in terms of a number and 

a unit. In physics, for example you come across a number of physical quantities like 

length, area, mass, volume, time, density, velocity, force, acceleration, momentum, etc. 

Thus, most of the physical quantities can be divided into two categories as given below. 

a Physical quantities having magnitude only 

b Quantities having both magnitude and direction 

Scalar quantities are completely determined once the magnitude of the quantity is 

given.  However, vectors are not completely determined until both a magnitude and a 

direction are specified.  For example, wind movement is usually described by giving the 

speed and the direction, say 20 km/hr northeast. The wind speed and wind direction 

together form a vector quantity - the wind velocity.   

In this unit, you focus on various geometric and algebraic aspects of vector representation 

and vector algebra. 

8.1  REVISION ON VECTORS AND SCALARS 

AACCTTIIVVIITTYY  88..11  

1 Based on your knowledge, classify the measures of the 

following situations as scalar or vector. 

a The width of your classroom. 

b The flow of a river. 

c The number of students in your class room. 

d The direction of your home from your school. 

e When an open door is closed. 

f When you move nowhere in any direction. 

2 Classify each of the following quantities as either vector or scalar: 

 Displacement, distance, speed, velocity, work, acceleration, area, time, weight, 

volume, density, force, momentum, temperature, mass. 
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8.1.1  Vectors and Scalars 

In Grade 9, you discussed vectors and their representations. You also discussed vectors 

and scalars. The following group work and subsequent activities will help you to revise 

the concepts you learnt. 

G r o u p  w o r k  8 . 1G r o u p  w o r k  8 . 1G r o u p  w o r k  8 . 1G r o u p  w o r k  8 . 1     

1 Discuss the representation of vectors as coordinate points 

and as column vectors. 

2 Discuss equality of vectors and give examples. 

3 When is a vector said to be represented in standard form? 

4 If v= 
3

4

 
 
 

 is a vector whose initial point is the origin, then find 

 a the components of v.  b the magnitude of v. 

 c the direction of v. 

5 Describe scalar and vector quantities from your surroundings. 

Definition 8.1 

A quantity which can be completely described by its magnitude expressed in some 

particular unit is called a scalar quantity. 

Examples of scalar quantities are mass, time, temperature, etc. 

Definition 8.2 

A quantity which can be completely described by stating both its magnitude 

expressed in some particular unit and its direction is called a vector quantity. 

Examples of vector quantities are velocity, acceleration, etc.  

8.1.2  Representation of a Vector 

Definition 8.3 Coordinate form of a vector in a plane 

If v is a vector in the plane whose initial point is the origin and whose terminal point 

is (x, y), then the coordinate form of v is given by v = (x, y) or v = .
x

y

 
 
 

 

The numbers x and y are called components (or coordinates) of v. 
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�Note: 

1 If both the initial and terminal points lie at the origin, then v is the zero vector and 

is given by v = (0, 0) or v =
0

0

 
 
 

. 

2 The above definition implies that two vectors are equal if their corresponding 
components are equal. 

The folloThe folloThe folloThe following procedure can be used to convert directed line segments wing procedure can be used to convert directed line segments wing procedure can be used to convert directed line segments wing procedure can be used to convert directed line segments 

to coordinate form and vice versa.to coordinate form and vice versa.to coordinate form and vice versa.to coordinate form and vice versa.    

1 If P = (x1, y1) and Q = (x2, y2), are two points on the plane, then the coordinate 

form of the vector v represented by PQ
����

is v= (x2 – x1, y2 – y1).  Moreover, the 

length of v is: 

  
2 2

2 1 2 1( ) ( )x x y y= − + −v  

2 If v = (x, y), then v can be represented by the directed line segment in standard 
position, from O = (0, 0) to Q = (x, y). 

Example1 Find the coordinate form and the length of the vector v that has initial 
point (3, –7) and terminal point (–2, 5). 

Solution Let P = (3, –7) and Q = (–2, 5).  Then, the coordinate form of v is: 

  v = (–2 –3, 5 – (–7)) = (–5, 12) 

 The length of v is: 

  
2 2( 5) 12 25 144 169 13= − + = + = =v  

Exercise 8.1   Exercise 8.1   Exercise 8.1   Exercise 8.1       

Fill in the blank spaces with the appropriate answer. 

1 A directed line segment has a _________ and a ________.  The magnitude of the 

directed line segment PQ
����

, denoted by __________, is its __________. 

2 A vector whose initial point is at the origin O(0, 0) can be uniquely represented by 
the coordinates of its terminal point P(x, y).  This is the ___________, written  

 v = (x, y), where x and yare the _________ of v. 

3 The coordinate form of the vector with initial point P = (p1, p2) and terminal point 

Q = (q1, q2) is PQ

����
= _____________ = v. 

 The magnitude (or length) of v is: 

  .=v  

4 The coordinate form and magnitude of the vector v that has A(1, 7) as its initial 
point and B(4, 3) as its terminal point are     and    . 
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8.1.3  Addition of Vectors 

AACCTTIIVVIITTYY  88..22  

1 Consider a displacement AB
����

of 3m due N followed by a second 

displacement BC

����
 of 4m due E. Find the combined effect of 

these two displacements as a single displacement.  

2 Consider the following displacement vectors. 

 

Figure 8.1 

 Discuss how to determine the combined effect of the vectors as a single vector. 

From Activity 8.2 you see that it is possible to add two vectors geometrically using tail 

to tip rule. 

 

Figure 8.2 

To find u + v Move the initial point of  v 

to the terminal point of u.           

or Move the initial point of u 

to the terminal point of v. 

Definition 8.4 Addition of vectors (tail-to-tip rule) 

If u and v are any two vectors, the sum u + v is the vector determined as follows:  

Translate the vector v so that its initial point coincides with the terminal point of u.  

The vector u + v is represented by the arrow from the initial point of u to the 

terminal point of v. 

u + v 

u 

v 

u 

v 

u + v 

u 

v 

A 

B 

C 

D 
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�Note: 

1111 One can easily see that u, v and u + v are represented by the sides of a triangle, 

which is called the triangle law of vector addition. 

2222 The addition of vectors has properties like the real numbers; the two useful 

properties of vector addition are given below. 

Theorem 8.1 Commutative property of vector addition 

  If u and v are any two vectors, then  

   u + v = v + u 

Proof:Proof:Proof:Proof: Take any point O and draw the vectors =  and =OA ABu v
���� ����

such that the 

terminal point of the vector u is the initial point of the vector v as show in 

Figure 8.3. 

 
Figure 8.3 

Then, by definition of vector addition you have: 

  u + v = OB

����
 . . . . . . . . . . . . . . . . . . . . . . . . 1 

Now, completing the parallelogram OABC whose adjacent sides are OA and AB, you 

infer that ,  and  OC AB CB OA= = = =v u
���� ���� ���� ����

 

Using the triangle law of vector addition, you obtain 

 OC CB OB+ =

���� ���� ����
 

 v + u = OB

����
. . . . . . . . . . . . . . . . . . . . . . . . . . 2 

From1 and 2, we have: 

 u + v = v + u 

Hence, vector addition is commutative. This is also called the parallelogram law of 

vectors. 

Theorem 8.2 Associative Property of Vector Addition 

 If u, v, w are any three vectors, then 

  (u + v) + w = u + (v + w). 

u 

u 

v 
v 

v + u 

u + v 

O 

C B 

A 
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Proof:Proof:Proof:Proof: Let u, v, w be three vectors represented by the line segments as shown in 

Figure 8.4. i.e., ,   = ,   =OA AB BC=u v w
���� ���� ����

 

Using the definition of vector addition, you have,   

i.e., OC OB BC OA AB BC= + = + +

���� ���� ���� ���� ���� ����
 

  OC

����
= (u + v) +w. . . . . . . . . . . . . . .  1 

Again, you have, 

( )OC OA AC OA AB BC= + = + +

���� ���� ���� ���� ���� ����
 

i.e. OC
����

= u+ (v+ w) . . . . . . . . . . . . . . . . . .  2 

Comparing 1 and 2, you have, 

   (u + v) + w =u + (v + w) 

Hence, vector addition has associative property. 

8.1.4  Multiplication of Vectors by Scalars 

G r o u p  w o r k  8 . 2G r o u p  w o r k  8 . 2G r o u p  w o r k  8 . 2G r o u p  w o r k  8 . 2     

Consider the vector PQ
����

 

1 What will be k PQ
����

, when k> 0 and k< 0? 

2 Discuss the length and direction of PQ−

����
.What will be ( ) ?PQ PQ+ −

���� ����
 

3 Discuss ( )PQ PQ+ −

���� ����
and PQ PQ−

���� ����
 

4 If u and v are two vectors, then represent u –v geometrically. 

Geometrically, the product of a vector v and a scalar k is the vector that is k times as 

long as v, as shown in Figure 8.5. 

 

Figure 8.5 

If k is positive, then kv has the same direction as v. If k is negative, then kv has the 

opposite direction. 

3

2
− v  

1

2
v  2v –v v 

 

Figure 8.4 
 

u  v 

w 

w 
+ 
v 

O  

A  

C  

B  
u  +  v  
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Example 2 Let v be any vector.  Then 3v is a vector in the same direction as v and 
with length 3 times the length of v. 

Definition 8.5 

If v is a non-zero vector and k is a non-zero number (scalar), then the product kv is 

defined to be the vector whose length isktimes the length of v and whose direction 

is the same as that of v if k > 0 and opposite to that of v if k < 0.   

 kv = 0 if k = 0 or v = 0. 

A vector of the form kv is called a scalar multiple of v. 

Theorem 8.3 

Scalar multiplication satisfies the distributive laws, i.e., if k1 and k2 are any two 
scalars and u and v are two vectors, then you have: 

i (k1 + k2) u = k1u + k2u  ii k1(u + v) = k1u + k1v 

�Note: 

1111 To obtain the difference u – v without constructing –v, position u and v so that 

their initial points coincide; the vector from the terminal point of v to the terminal 

point of u is then the vector u – v. 

2222 If v is any non-zero vector and –v is the negative of v, then v + (–v) = 0 

3333 For any three vectors u, v and w, if u = v and v = w, then u = w. 

4444 The zero vector0 has the following property: For any vector u, u + 0 = 0 + u = u. 

5555 For any vector u,1.u = u 

6666 If c and d are scalars and u is a vector, then c(du) = (cd)u. 

The operations of vector addition and multiplication by a scalar are easy to work out in 

terms of coordinate forms of vectors. For the moment, we shall restrict the discussion to 
vectors in the plane. 

Recall from Grade 9 that if u = (x1, y1),v = (x2, y2) and k is a scalar, then  

  u + v = (x1 + x2, y1 + y2); ku = (kx1, ky1)   

Example3 If u = (1, –2), v= (7, 6) and k = 2, find u + v and 2u. 

Solution    u + v = (1 + 7, –2 + 6) = (8, 4), 2u = (2(1), 2(–2)) = (2, –4) 

Definition 8.6 

If u =(x1, y1), v= (x2, y2), k is a scalar, then    

 u + v = (x1 + x2, y1 + y2)  ku = (kx1 , ky1) 
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Example4 If u = (1, –3) and w = (4, 2), then u + w = (5, –1) 

 2u = (2, –6),–w = (–4, –2)and u– w = (–3, –5) 

Exercise 8.2Exercise 8.2Exercise 8.2Exercise 8.2    

1 A student walks a distance of 3km due east, then another 4km due south.  Find the 

displacement relative to his starting point. 

2 A car travels due east at 60km/hr for 15 minutes, then turns and travels at 

100km/hr along a freeway heading due north for 15 minutes. Find the 

displacement from its starting point. 

3 Show that if v is a non-zero vector and m and n are scalars such that mv= nv, then 

m = n. 

4 Let u = (1, 6) and v = (–4, 2).  Find  

 a 3u  b 3u + 4v c 
1

–
2

u v  

5 What is the resultant of the displacements 6m north, 8m east and 10mnorth west? 

6 Draw diagrams to illustrate the following vector equations. 

 a    AB CB AC − =
����� ����� ������

   b      AB BC DC AD    − =+
����� ����� ������ ������

 

7   If ABCDEF is a regular polygon in which AB
�����

represents a vector v and BC
�����

 

represents a vector w, express each of the following vectors interms of v and w.

, , and .CD DE EF AF
���� ���� ���� ����

 

8     Using vectors prove that the line segment joining the mid points of the sides of a 

triangle is half as long as and parallel to the third side. 

8.2  REPRESENTATION OF VECTORS 

AACCTTIIVVIITTYY88..33 
1 If w is a vector, then discuss how you can express the vector 

w as sum of two other vectors. 

2 Using the vectors i = (1, 0)and j = (0, 1)discuss the following rules of vectors.  

i The addition rule: (ai + bj) + (ci + dj) = (a + c)i+ (b + d)j 

ii The subtraction rule: (ai+ bj) – (ci + dj) = ( a – c)i + ( b – d)j 

iii Multiplication of vectors by scalars: t (ai + bj) = (ta)i + (tb)j 
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Given a vector w, you may want to find two vectors u and v whose sum is w. The 

vectors u and v are called components of w and the process of finding them is called 

resolving, or representing the vector into its vector components. 

When you resolve a vector, you generally look for perpendicular components. Most 

often (in the plane), one component will be parallel to the x-axis and the other will be 

parallel to the y-axis. For this reason, they are often called the horizontal and vertical 

components of a vector. 

In the Figure 8.6below, the vector w = AC

����
is resolved as the sum of u = AB

����
 and v = .BC

����
 

 
Figure 8.6 

The horizontal component of w is u and the vertical component is v. 

Example 1 A car weighting 8000N is on a straight road that has a slope of 10o as 

shown in Figure 8.7. Find the force that keeps the car from rolling down. 

 

Figure 8.7 

Solution The force vector DB
����

 acts in the downward direction. 

  
8000 N.DB⇒ =

����
 

Observe that oand ( ) 10DC CB DB m ABD+ = ∠ =

���� ���� ����
 

⇒  the force that keeps the car at D from rolling down is in the opposite 

direction of DA
����

 

x 

y 

u 

v 
w = u + v 

A B 

C 

 

10o 

A D 

C B 
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⇒   sin ( )
CB DA

ABD

DB DB

∠ = =

���� ����

���� ���� ⇒sin 10o

8000N

DA
=

����

 

 ⇒  DA

����

= 8000 N × sin 10o = 1389.185 N  

�Note: 

1111 Evidently, a given vector has an infinite number of pairs of possible component 

vectors. However, if directions of the component vectors are specified, the 

problem of resolving the vector into component vectors has a unique solution. 
    

2222 Let u and v be two non-zero vectors. In the expression w = k1u + k2v 

    aaaa the vectors k1u and k2v are said to be the components of w relative to u 

and v. 

    bbbb the scalars k1 and k2 are called the coordinates of the vector w relative to u 

and v. 

Definition 8.7 

Two vectors u and v are said to be parallel (or collinear), if u and v lie either on 

parallel lines or on the same line. 

Definition 8.8 

Any vector whose magnitude is one is called a unit vector.  

If v is any non-zero vector, the unit vector in the direction of v is obtained by 

multiplying vector v by 
1

v
.  That is, the unit vector in the direction of v is 

1
.v

v
 

The unit vectors (1, 0) and (0, 1) are called the standard unit vectors in the plane. 

Every pair of non-collinear vectors can be thought of as base. Of course, the 

components and the coordinates of a given vector in the plane will be different for 

different bases.  For example, the vector w = (5, 8) can be written as 

(5, 8) = (3, 2) + (2, 6) = (1, 6) + (4, 2) = (5, 0) + (0, 8), etc. 

Therefore, (3, 2) and (2, 6), (1, 6) and (4, 2), and (5, 0) and (0, 8),etc are components of w. 
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Your main interest in this section is to find the horizontal and vertical components of a 

vector w, denoted by wx and wy. 

The unit vectors i and j 

Vectors in the xy plane are represented based on the two special vectors i = (1, 0) and     

j = (0, 1). Notice that i = j =1. iand j  point in the positive directions of the x and y 

axes, respectively, as shown in Figure 8.8. These vectors are called standard unit base 

vectors.  

Any vector v in the plane can be expressed uniquely in the form  

v = si + tj 

where s and t are scalars. In this case, you say that v is expressed as a linear 
combination of i and j. 

Consider a vector v whose initial point is the origin and whose terminal point is the 
point A = (x, y). 

 
Figure 8.8 

If   = ,  then
x

y

 
 
 

v
0 1 0

 = i j
0 0 1

x x
x y x + y

y y

         
= + = + =         

         
v  

�Note:  

 The norm of v= 
2 2

x y= +v  

If PQ
����

 is a vector with initial point (x1, y1) and terminal point (x2, y2) as shown in Figure 8.9, 

then its position vector v is determined as 

  v = (x2 – x1, y2 – y1) = (x2 – x1)i + (y2 – y1)j 

Thus, (x2 – x1) and (y2 – y1) are the coordinates of v with respect to the base {i, j}. 

x 

y 

xi 

v 

i O B 

A (x, y) 

yj 

j 
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Figure 8.9 

Example2Express the following vectors in terms of the unit vectors i and j and find 

their norm. 

a (7, –8)  b (–1, 5)  c (–2, 3) 

Solution 

a (7, –8) = 7i – 8j and its norm (or magnitude) is  

( )
227 8 49 64 113+ − = + =  

b    (–1, 5) = –1i + 5j  and its norm (or magnitude) is  

( )
2 21 5 1 25 26− + = + =  

c    (–2, 3) = –2i + 3j with norm 13  

Example 3 Express each of the following as a vector in the coordinate form. 

a 3i+j   b 2i– 2j c –i + 6j 

Solution 

a 3i +j= 3 (1, 0) + (0, 1) = (3, 0) + (0, 1) = (3, 1) 

b 2i – 2j= 2 (1, 0) – 2 (0, 1) = (2, 0) + (0, –2) = (2, –2) 

c –i + 6j= –(1, 0) + 6 (0, 1) = (–1, 0) + (0, 6) = (–1, 6) 

Exercise 8.3Exercise 8.3Exercise 8.3Exercise 8.3    

1 Find u +v for each of the following pairs of vectors 

 a u = (1, 4), v = (6, 2)  c  u = (2, –2), v = (–2, 3) 

 b u = (7, –8), v = (–1, 6)  d    u = (1 + 2 , 0), v = (– 2 , 2) 

2 Find the norm (or magnitude) of each of the following vectors. 

 a u= (1, 1)    b u = (
3

2
, 0)  

 c v = (–2, 1)    d v = xi + yj , x, y∈ℝ  

x 

y 

v 

O 

Q (x2, y2) 

R = (x2 − x1, y2 − y1) P (x1, y1) 
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3 If u = 3i+ 
5

2
j and v = 

7

2
i– 

1

4
j, find  

 a u + v  b u – v  c tu, t∈ℝ d 2u – v 

4 a  Find a unit vector in the direction of the vector (2, 4). 

 b Find a unit vector in the direction opposite to the vector (1, 2). 

 c Find two unit vectors, one in the same direction as, and the other opposite to 

the vector u = (x, y) ≠ 0. 

5 What are the coordinates of the zero vector?  Use coordinates to show that  

  u + 0 = u for any vector u. 

8.3  SCALAR (INNER OR DOT) PRODUCT OF 

VECTORS 

So far you have studied two vector operations, vector addition and multiplication by a 

scalar, each of which yields another vector.  In this section, you will study a third vector 

operation, the dot product. This product yields a scalar, rather than a vector. 

G r o u p  w o r k  8 . 3G r o u p  w o r k  8 . 3G r o u p  w o r k  8 . 3G r o u p  w o r k  8 . 3     

1 Suppose a body is moved from A to B under a constant 

force F as shown in Figure 8.10. Discuss the uses of F, 

AB and θ . 

 

Figure 8.10 

2 Let u and v be two vectors with the same initial point. The angle θbetween u and 

v is formed as shown in Figure 8.11. 

 

a   b    c     d 

Figure 8.11 

Discuss how to express θ in terms of |u| and |v|. 

A B 

F 

θ 
• • 

    

θ 
u 

v 
θ 

u v 

θ u 

v 

θ 

u 

v 
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8.3.1  Scalar (Dot or Inner) Product of Vectors 

Definition 8.9 

If u and v are vectors and θ is the angle between u and v, then the dot product of u 
and v, denoted by u⋅v, is defined by: 
  u⋅v =  uvcosθ. 

 
Figure 8.12 

Example 1 Find the dot product of the vectors u and v when 

a (0,  1) and = (0, 2)=u v  

b (–2,  0) and = ( 3, 3)=u v  

Solution Using the definition of dot product, you have 

a 1, 2 and = 0 = 1 2 cos 0 =2= = θ ⇒ ⋅ × ×u v u v
�

 

b ( )
2

22, 3 3 = 2 3 and =120= = + θu v
�  

2 2 3 cos 120 –2 3.⇒ ⋅ = × =u v �  

�Note: 

 i⋅⋅⋅⋅j = 0 , i⋅⋅⋅⋅i = j⋅⋅⋅⋅j = 1 

� If either u or v is 0, then u⋅v = 0. 

 u⋅v = v⋅u(dot product of vectors is commutative) 

� If the vectors u and v are parallel, then u⋅v = ±uv. In particular, for any vector 
u, we have u⋅u= u2. Here, we write u2 to mean |u|2 

� If the vectors u and v are perpendicular, then u⋅v = 0 becausecos 0
2

π 
= 

 
. 

For purposes of computation, it is desirable to have a formula that expresses the dot 
product of two vectors in terms of the components of the vectors. 

In general, using the formula in the definition of the dot product, you can find the angle 
between two vectors.  If u and v are nonzero vectors, then the cosine of the angle 
between u and v is given by: 

cosθ = ⋅u v

u v
 

θ 
u 

v 
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The following theorem lists the most important properties of the dot product.  They are 
useful in calculations involving vectors. 

Theorem 8.4 

Let ,  and u v w  be vectors and k be a scalar. Then,  

i k (u⋅v) =(ku)⋅v = u⋅(kv). . . . . . . . . . . associative property 

ii u⋅(v + w) = u⋅v + u⋅w . . . . . . . . . . . . .distributive property 

 u⋅u > 0 if u ≠ 0, and u⋅u = 0 if u = 0 

Corollary 8.1 

If u = ( u1, u2) and v = ( v1 , v2 ) are vectors, then u⋅v = u1v1 + u2v2. 

Proof:Proof:Proof:Proof: u⋅v = (u1i + u2j)⋅ (v1i + v2j) 

= u1i⋅(v1i+ v2j) + u2 j⋅ (v1i + v2j) 

= u1i⋅v1i + u1i⋅v2j + u2j⋅v1i + u2 j⋅v2 j 

= u1v1i⋅i+ u1v2 ⋅i⋅j + u2 v1j⋅i+ u2v2 j⋅j 

= u1 v1 + u2v2. (Since i⋅i = j⋅j=1 and i⋅j= j⋅i= 0) 

Example 2 Find the dot product of the vectors u = 3i + 2j and v = 5i −3j 

Solution u⋅v = (3i + 2j) ⋅ (5i – 3j)= 3 ×  5 + 2×  (–3) = 9 

8.3.2  Application of the Dot Product of Vectors 

The dot product has many applications. The following are examples of some of them. 

Example 3 Find the angle between 3i + 5j and –7i + j. 

Solution Using vector method, 

 (3i + 5j)⋅(– 7i + j) = 3(–7) + 5(1) = 16 

But by definition,  

(3i+ 5j)⋅ (7i + j) = 3i 5j  7i j cos+ − + θ 9 25 49 1cos= + + θ  

  34 50 cosθ= = 16 

16
cos

34 50
θ⇒ =

 

1 16
cos

34 50
θ

−  
=  
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Figure 8.13 

The following are some other important properties of the dot product of vectors.  

Corollary 8.2 

i (u – v)⋅( u+ v) = u2 – v2 

ii (u±v)2 = u2
±  2u⋅v + v2 , where u2 = u⋅u 

Example 4 Suppose a and bare vectors witha= 4, b= 7 and the angle between a 

and b is  .
3

π
 

a Evaluate 3 2−a b  

b Find the cosine of the angle between 3a – 2b and a. 

Solution  Using the properties of dot product we have, 

a 
2

3 2 (3 2 ) (3 2 )a b a b a b− = − ⋅ −
2 29 12 4a a b b= − ⋅ +  

9 16 12 cos 4 49
3

a b
π

= × − + ×
1

=  144 12×4×7× +196
2

−  

= 172 

3 2 172 2 43a b⇒ − = =  

b Let θ be the angle between 3a – 2b and a. Then  

( )3 2 3 2 cosa b a a b a− ⋅ = − θ 23 2 2 43 4cosa b a⇒ − ⋅ = × θ  

3 16 2 cos 8 43 cos
3

b a
π

⇒ × − = θ  

1
48 2 7 4 8 43 cos

2
⇒ − × × × = θ  

5 43
cos

86
θ⇒ =  

The following statement shows how the dot product can be used to obtain information 

about the angle between two vectors. 

x 

y 

2 3 4 

1 

2 

3 

4 

−1 −2 −3 −4 
−1 

5 

5 −5 −6 −7 1 

3i + 5j 

−7i + j θ 
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Corollary 8.3  

Let u and v be nonzero vectors. If θ is the angle between them, then   

  θ is acute, if and only if u⋅v>0 

  θ is obtuse, if and only if u⋅v<0 

  θ  =
2

π
 if and only if u⋅v = 0 

Example 5 Determine the value of k so that the angle between the vectors 

u = (k, 1) and v = (–2, 3) is   

a acute   b obtuse   

Solution Using a direct application of Corollary 8.3, we have, 

a u⋅v> 0 ⇒  ( k, 1)⋅(–2, 3) > 0 ⇒–2k + 3 > 0 ⇒k <
3

2
 

b u⋅v< 0 ⇒k>
3

2
. 

Observe that the above vectors are perpendicular (orthogonal) if k = 
3

2  

Exercise 8.Exercise 8.Exercise 8.Exercise 8.4444    

1 Find the vectors z= u – 2 (v + w) and z' = (u⋅v)w, where, 

 a u = (8, 3), v = (–1, 2), w = (1,  –4)  

 b u = ( )
2 1 4

, , 3.5, , 2, 1
3 2 5

   
− = − − = − −   

   
v w  

2 Vectors u and v make an angle θ=
2

3
π.  If u = 3 and v = 4, calculate  

 a u⋅v  b (u – v)⋅( u + v) c (u + v)⋅(u + v) d  |2u + v| 

3 Using properties of the scalar product, show that for any vectors u, v, w and z,  

 a (u + v)2 =  u2 + 2u⋅v + v2
 b (u – v)2 =  u2 – 2u⋅v + v2

 

 c (u + v)⋅(u – v) = u2 – v2 d (u + v)⋅(w + z) = u⋅w + u⋅z + v⋅w + v⋅z 

4 Let u = (1, –1), v = (1, 1) and w = (–2, 3).  Find the cosines of the angles between 

a u and v  b v and w  c u and w 

5 Prove that if u⋅v = 0 for all non-zero vectors v, then u = 0. 

6 Show that u + v and u – v are perpendicular to each other, if and only if  

 u = v 
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7 Show that (u⋅u) (v⋅v) ≥ (u⋅v)2.  When is (u⋅u) (v⋅v) = (u⋅v)2? 

8 a Show that u⋅v = 0  ⇔u + v2 = u2 + v2. 

 b Consider triangle ABC in Figure 8.14. If the vectors and BC CA= =u v
���� ����

 

are orthogonal, then what is the geometric meaning of the relation in a? 

 
Figure 8.14 

9 Vectors u and v make an angleθ=
6

π
.  If  u= 3  andv = 1, then find  

a u + v  b u – v 

10 Let  u = 13,  v = 19 and  u + v = 24.Calculate 

a u⋅v   b u – v  c  3u + 4v 

8.4  APPLICATION OF VECTOR 

From previous knowledge, you notice that vectors have many applications. 

Geometrically, any two points in the plane determine a straight line. Also a straight line 

in the plane is completely determined if its slope and a point through which it passes are 

known. These lines have been determined to have a certain direction.  Thus, related to 
vectors, you will see how one can write equations of lines and circles using vectors.  

Example 1 Show that, in a right angled triangle, the square of the hypotenuse is 

equal to the sum of the squares of the other two sides. 

Solution Let  ∆ABC be a given right-angled triangle with ∠C = 90o. 

 
Figure 8.15 

Consider the vectors, , andAC CB AB

���� ���� ����
as shown in Figure 8.15. 

Since o90 , . 0.By vector addition you have .C AC CB AC CB AB∠ = = + =

���� ���� ���� ���� ����
Thus  

A 

B 

C 

A B 

C 

u v 
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2 2 2

. ( ).( ) 2 .AB AB AB AC CB AC CB AC CB AC CB= = + + = + +

���� �������� ���� ���� ���� ���� ���� ���� ���� ����
 

2 2
. . . . . . . . . . since . 0AC CB CB AC= + =

���� ���� ��������
 

Hence,  
2 2 2

.AB AC CB= +
���� ���� ����

 

Example 2 Show that the perpendiculars from the vertices of a triangle to the 

opposite sides are concurrent (i.e. they intersect at a single point). 

Solution Let ABC be a given triangle and AD and BE be perpendiculars on BC and 

CA respectively. Suppose AD and BE meet at O as shown in Figure 8.16. 

 

Figure 8.16 

Consider the vectors , and and , ,OA OB OC AB BC CA

���� ���� ���� ���� ���� ����
. 

Observe that , andBC OC OB CA OA OC AB OB OA= − = − = −

���� ���� ���� ���� ���� ���� ���� ���� ����
 

According to our hypothesis, andBC AD
���� ����

are perpendicular.  Thus  

 . 0BC AD =

���� ����
 

 ⇒ ( ). 0  ( ). 0OC OB AD OC OB OA− = ⇒ − =

���� ���� ���� ���� ���� ����
  

 ⇒ . .OC OA OB OA=

���� ���� ���� ����
 . . . . . . . . . . . .  1 

Similarly, we can write for BE
����

 andCA
����

, i.e., . 0BE CA =

���� ����
 

 ⇒ .( ) 0 .( ) 0BE OA OC OB OA OC− = ⇒ − =

���� ���� ���� ���� ���� ����
  

⇒ . .OB OA OB OC=

���� ���� ���� ����
 . . . . . . . . . . . . . 2 

By adding 1 and 2, we obtain 

  . . .( ) 0 . 0OAOC OB OC OC OB OA OC AB= ⇒ − = ⇒ =

���� ���� ���� ���� ���� ���� ���� ���� ����
 

 Hence andBA CF
���� ����

are perpendicular. 

Thus, the perpendiculars from A, B and C to the opposite sides are concurrent. 

Example 3 Prove that the perpendicular bisectors of the sides of a triangle are 

concurrent. 

Solution Let ABC be a triangle and D, E, F the mid-points of BC, CA, and AB, 

respectively. 

A 

B C  

E 

D 

• 
O F  
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Figure 8.17 

DO and EO are perpendiculars to BC and CA respectively. Join O to the mid-point 

F of AB. 

Let u, v, w be the vectors , andOA OB OC

���� ���� ����
respectively. 

Then, BC =

����
w−v and 

 + 
  

2
OD =

v w����
  

Since andOD BC
���� ����

are perpendicular, you have 

  . 0.OD BC =

���� ����
i.e. ( ). 0

2

 
− = 

 

v + w
w v . . . . . . . . . 1 

Similarly, since OE and CA
���� ����

 are perpendicular, you get  

 ( ). 0
2

 
− = 

 

w + u
u w  . . . . . . . . . . 2 

From 1 and 2, you obtainu
2 – v2

 = 0or v2 – u2 = 0 

⇒
1

( ).( ) 0 and
2

OF BA+ − = ⇒v u v u
���� ����

are perpendicular. 

Apart from the applications discussed above, vectors have many practical applications. 

Some are presented in the following subunits. 

8.4.1  Vectors and Lines 

Let Po(xo, yo) and P1 (x1, y1) be two points in the plane. Then, the vector from Po to P1 is 

P1 –Po= (x1 – xo, y1 – yo) (see Figure8.18). 

 
Figure 8.18 

( )1 1 0 1 0,  
o

P P x x y y− = − −
� �

 

where 
1and

o
P P  are position vectors corresponding to the points Po and P1, respectively.  

A 

B C 

E 

D 

• 
O 

F 
u 

v w 

x 

y 

P1 (x1, y1) 

Po (xo, yo) 

P (x, y) 

ℓ 

o
P
�

 
1P
�

 

• 

v 

1 o
P P−
� �
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As you can see from Figure 8.18 the line ℓ through Po and P1 is parallel to the vector 

1 o
P P−
� �

= (x1 – xo, y1 – yo). 

Let P(x, y) be any point on ℓ. Then the position vector of P is obtained from the relation.  

( )1o o o
P P P P P Pλ− = = −  

i.e., 1( )
o o

P P P Pλ− = − , where λ  is a scalar.  

Observe that you have not used the point P1 (x1, y1) in the above equation except for 

finding the vector 1 o
P P= −v , which is often referred to as a direction vector of the 

line. Thus, if a direction vectors v and a point Po(xo, yo) are given, then the vector 
equation of the line determined by Po and v is:  

  P = Po +λv; λ∈ℝ,v≠ 0. 

If v= (a, b), P (x, y) and Po (xo, yo), then the above equation can be written as:  

  (x, y) = (xo, yo) + λ  (a, b)  

; , ( , ) (0,0)
o

o

x x a
or a b

y y b

λ
λ

λ

= +
∈ ≠

= +
 ℝ  

This system of equations is called the parametric equation of the line ℓ, through 

Po(xo, yo), whose direction is that of the vector v = (a, b),λ is called a parameter.  

Now if a and b are both different from 0, then  

λ=
−

a

xx
o

 
and oy y

b
λ

−
= ⇒ o ox x y y

a b

− −
= , 

which is called the standard equation of the line. 

The above equation can also be written as:  

 oo
y

b
y

b
x

a
x

a

1111
−=−  ⇒ 0

1111
=








−+−

oo
x

a
y

b
y

b
x

a
 

 ⇒Ax + By + C = 0   where A =
a

1
 , B = –

b

1
 and C = 

oo
x

a
y

b

11
−  

Example 4 Find the vector equation of the line through (1, 3) and (–1, –1) 

Solution Here you may take Po = (1, 3) and P1 = (–1, –1). Thus, the vector 
equation of the line is: 

 (x, y) = (1, 3) + λ ((–1, –1) – (1, 3)) = (1, 3) + λ(–2, –4) = (1 – 2λ, 3 – 4λ) 

The parametric vector equation is: x = 1 – 2λ     y = 3 – 4λ, λ∈ℝ, and  

the standard equation is: 
1 3

2 4

x y− −
=

− −
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Example 5 Find the vector equations of the line through (1, –2) and with direction vector 
(3, 1) 

Solution You have Po = (1, –2) and v = (3, 1). Thus, the vector equation of the line is: 

  (x, y) = (1, –2) + λ(3, 1) = (1 + 3λ, –2+λ) 

The parametric vector equation is: x = 1 + 3λ,y = –2 +λ, λ∈ℝ, 

The standard equation is given by 
1

2

3

1 +
=

− yx
  

Example6 Find the vector equation of the line passing through the points (2, 3) and 
(–1,1). 

Solution The vector equation of the line passing through two points A and B with 

position vectors a and b, respectively, is P = a + λ(b – a) or P = b + λ(b – a). 

Using this result, P= (2, 3) + λ (3, 2) or P = (–1, 1) + λ (3, 2) 

8.4.2  Vectors and Circles 

A circle with centre at C(xo, yo) and radius r> 0 is the set of all points P(x, y) in the plane 

such that P C r− =   

Where andP C  are position vectors of P(x, y) and C(xo, yo) respectively. 

(See Figure8.19)  

 
Figure 8.19 

By squaring both sides of the equation, we obtain, 

  
2

2
P C r− =   . . . . . . .1 

( ) ( )
2.P C P C r− − =  

2. 2 . .P P P C C C r− + = . . . . . . . 2  

The above equation is satisfied by a position vector of any point on the circle. Thus 2 

represents the equation of the circle centred at C(xo, yo) and radius r.  

Substituting the corresponding components of P and C in equation 1, we obtain:  

2 2 2( ) ( )
o o

x x y y r− + − =  

x 

y 

O 

P (x, y) • • 
C (xo, yo) 

C
�

 
P
�
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which is called the standard equation of a circle. 

By expanding and rearranging the terms, this equation can be expressed as:  

x
2 + y2 + Ax + By + C = 0, where A = –2xo, B = –2yo and C = xo

2 + yo
2. 

Example 7 Find an equation of the circle centred at C(–1, –2) and of radius 2. 

Solution Let P(x, y) be a point on the circle. 

Let P  and C  be the position vectors of P and C, respectively. 

Then, from equation (2), we have, 

 2( ,  ).( ,  ) 2( ,  ).( 1, 2) ( 1, 2).( 1, 2) 2x y x y x y− − − + − − − − =

 
2 2 2 22( 2 ) (1 4) 4 2 4 1 0x y x y x y x y⇒ + − − − + + = ⇒ + + + + =  

Example 8  Find the equation of the circle with a diameter the segment from 

A (5, 3)to B (3, –1). 

Solution The centre of the circle is C(xo, yo) = C
5 3 3 ( 1)

,
2 2

+ + − 
 
 

= C )1,4(  

The radius of the circle is given by ( )2 21 1
(5 3) (3 1) 4 16

2 2
r = − + + = +

 

1 2 5
20 5

2 2
= = =  

Let P(x, y) be a point on the circle and P and C  be position vectors of P and C 

respectively. Then, the equation of the circle is: 

  
( ) ( ) ( ) ( ) ( ) ( ) ( )

( )

2

2 2

     , . ,  2 ,  . 4,  1 4,  1 . 4,  1 5 ,

2 4 16 1 5

x y x y x y

x y x y

− + =

⇒ + − + + + =

 

  2 2 8 2 12 0x y x y⇒ + − − + =  

8.4.3  Tangent Line to a Circle 

A line tangent to a circle is characterized by the fact that the radius at the point of 

tangency is perpendicular (orthogonal) to the line. 

Let the circle be given by  

 (x – xo)
2
 + ( y – yo)

2
 = r

2
 , r> 0 

Let ℓbe the line tangent to the circle at P1 (x1, y1).  

If P(x, y) is an arbitrary point on ℓ , 1 1. 0PC PP =

���� ����
 

Therefore, the equation of the tangent line must be: 

  (x – x1, y – y1).(x1 – xo, y1 – yo) = 0 

⇒ (x –x1)(x1– xo) + (y – y1)(y1 – yo) = 0 

 

 
Figure 8.20 

 

x 

y 

O 

P1 (x1, y1) 

• 

• 

C (xo, yo) 

P (x, y) 

ℓ 
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By adding (x1 – xo)
2 + (y1 – yo)

2 = r2 to both sides, 
we obtain  

  (x –x1)(x1 – xo) + (y – y1)(y1 – yo) + ( x1 – xo)
2 + (y1 – yo)

2 = r2 

⇒   (x – x1 + x1 – xo)(x1 – xo) + (y – y1 + y1 – yo)(y1 – yo)
 = r2 

⇒(x – xo) (x1 – xo) + (y – yo)(y1 – yo) = r2 

�Note:  

If the circle is centred at the origin, then the above equation becomes: 

  x⋅x1 + y⋅y1 = r2 

Example 9  Find the equation of the tangent line to the circle x2 + y2 = 8 at the point 
P1(2,–2). 

Solution The circle is centred at the origin with radius 2 2 . Hence the equation of 

the tangent line is:2x– 2y = 8. 

Example 10 Find the equation of the tangent line to the circle x2 + y2–4x + 6y +4 = 0 
at (2,0). 

Solution By completing the square, the equation of the circle can be written as     

(x – 2)2 + (y + 3)2 = 9. The circle has its centre at (2, –3) and radius r = 3. 
Thus, the equation of the tangent line is: 

(x – 2) (2– 2) + (y +3) (0 + 3) = 9⇒ 0 + 3y + 9 = 9 ⇒ 3y = 0 ⇒y = 0 

The tangent line to the graph of the circle at (2,0) is the horizontal line y = 0 (or the x-axis). 

Practical application of vectors 

Previously, you saw how vectors are useful in determining the equations of a line, and 

the equations of a tangent line to a circle. Now, you will consider practical problems 
and applications involving vectors. 

Example 11 Show that the vectors u = (1, 2) and v = (0.5, 1) are two parallel vectors 

which are of the same direction whereas the vectors u1 = (–1, 2) and    
v1 = (0.5, –1) are in opposite directions. 

Solution Consider u.v and u1.v1. 

u.v = uvcos θ ⇒
5

2
= 5×

5

2
.cos θ ⇒ cos θ = 1 and hence θ = 0. 

 Thus, u and v are parallel and have the same direction. 

Similarly, u1.v1 = u1v1cos θ⇒
5 5

5 cos θ
2 2

− = ×  

⇒ cos θ = –1 and hence θ = π. 

Therefore, u1 and v1 are parallel and have opposite directions. 
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Example 12 If u, v, w and z are vectors from the origin to the points A, B, C and D, 
respectively, and v – u = w – z, prove that ABCD is a parallelogram. 

Solution Let O be the fixed origin of these vectors. 

 Since v – u = AB

����
and w – z= DC

����
, you have AB DC=

���� ����
.   

 ⇒The vectors andAB DC

���� ����
are parallel and equal.   

Also, v – u = w – z⇒w – v = z – u⇒ =BC AD
�������� ���������

 

Thus, andBC AD

���� ����
 are parallel and equal. Hence, ABCD is a parallelogram. 

Example13 Prove that the sum of the three vectors determined by the medians of a 
triangle directed from the vertices is zero. 

Solution Let ABC be a triangle and D, E, F the mid-points of the sides BC, CA, 
and AB, respectively, as shown in Figure 8.21. 

First, consider the triangle ABD.  You have 

  
1

2
AD AB BC= +

���� ���� ����
 . . . . . . . . . . . . . 1 

In the same way, you see that 

  
1

2
BE BC CA= +

���� ���� ����
 . . . . . . . . . . . . . 2 

 and 
1

2
CF CA AB= +

���� ���� ����
 . . . . . . . . . . . . . 3 

Adding up 1, 2 and 3, you get 

 
3 3

( ) .0 0
2 2

AD BE CF AB BC CA+ + = + + = =

���� ���� ���� ���� ���� ����
 

Example14 A video camera weighing 15 pounds is 
going to be suspended by two wires from the 
ceiling of a room as shown in Figure 8.22. 
What is the resulting tension in each wire? 

Solution The force vector of the camera is straight 
down, so w = (0, –15).  

Vector u has magnitudeu and can be represented as  

(–ucos 30o, u sin (30o)). 

Similarly, v = (vcos 40o, v sin 40o). 

Since the system is in equilibrium, the sum of the force vectors is 0. 

⇒0= u + v + w = (–ucos 30o +vcos 40o + 0, usin 30o +v sin 40o–15) 

 

wire 
wire 40

o 
30

o 

ceiling
 

uuuu
 vvvv    

wwww    

Video 
camera

 

Figure 8.22 

Figure 8.21 

A 

F E 

B 
D 

C 
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From the components of the vector equation, you have two equations, 

0 =–ucos 30o + vcos 40o 

0=u sin 30o + v sin 40o – 15 

that you want to solve for the tensions u and v. 

From the first, you get ucos 30o = vcos 40o⇒v = u
o

o

cos  30

cos  40
  

Substituting this value for v into the second equation you have 

0= u sin 30o + u
o

o

cos  30

cos  40
. sin 40o – 15  

⇒u  =  
o o o

15
12.2 pounds

sin 30 (cos30 ) (tan 40 )
≅

+
 

Putting this value back into 

  v=u
o

o

cos  30

cos  40
, you get v = (12.2)

o

o

cos  (30 )

cos  (40 )
≅ 13.9 pounds. 

Exercise 8.5Exercise 8.5Exercise 8.5Exercise 8.5    

1 Find the vector equation of the line that passes through the point Po and is parallel 

to the vector v where 

 a Po = ( –2, 1); v= (–1,1)   b Po = ( 1,1) ; v = ( 2,2) 

2 Find an equation of the circle centred at C (1, –2) with radius 
3

.
2

r =  

3 Given an equation of a line ℓ by P = (1, 0) + t (2, 2),t∈ℝ, find out whether the, 

points A (1, 0), B (2, 2), C(–5, –6) and D (3, 0) lie on ℓ. For those of them lying 

on ℓ find the respective values of the parameter t. 

4 Are the points A, B and C collinear?  

 A A (1, –4),B (–2, –3), C (11, –11) b A(–2, –3), B(4, 9), C (–11, –21) 

5 Find the equation (both in parametric form and standard form) of the line through 

the points (3, 5) and (–2, 3). 

6 Show that the given point lies on the circle and find the equation of the tangent 

line at the point. 

 a x
2 + y2 – 2x – 4y – 9 = 0 at P1(1,4)  b (x+2)2 + y2 = 3 at P1(–1, 2 ) 
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7 If u, v, w, z are vectors from the origin to the points A, B, C, D, respectively, and 

v – u = w – z, then show that ABCD is a parallelogram.  

8 Figure 8.23 shows the magnitudes and directions of six coplanar forces (forces on 

the same plane). 

 

Figure 8.23 

 Find each of the following dot products.  

a F1. F2  b F5. F6   c (F1 + F2 – F3) . ( F4 + F5 – F6) 

9  Let a = 3i + j, b = 2i – 2j and c = i + 3j  be vectors. Find the unit vectors in the 

direction of each of the following vectors. 

 a a + b    b 2a + b – 3
2

c.  

10 Three forces F1 = 2i + 3j, F2 = i + 2j and F3 = 3i − j measured in Newton act on a 

particle causing it to move from A = i − 2j to B = 3i + 4j where AB is measured in 

meters. Find the total work done by the combined forces. 

8.5  TRANSFORMATION OF THE PLANE 

Transformations are of practical importance, especially in solving problems and 

describing difficulties in simpler forms. Transformations can be managed in different 

forms, those that maintain direction and those that change direction. There are many 

versions of transformations, but, in this section, you are going to consider three types of 
transformations namely translations, reflections and rotations. 

G r o u p  w o r k  8 . 4G r o u p  w o r k  8 . 4G r o u p  w o r k  8 . 4G r o u p  w o r k  8 . 4     

1 When you blow up a balloon, its shape and size change.  

    

Figure 8.24 
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 In which of the following conditions does the shape or size or both of the object 

change. 

a When a rubber is stretched. 

b When a commercial jet flies from place to place at a specific time. 

c When the earth rotates about its axis. 

d When you see your image in a plane mirror. 

e When you draw the map of your school compound. 

2 Let T be a mapping of the plane onto itself given by T ((x, y)) = (x + 1, –y).  

 For example, T((4, 3)) = (4 + 1, – 3) = (5, –3). 

 If A = (0, 1), B = (–3, 2) and C = (2, 0), find the coordinates of the image ofA, 

Band C. 

 Find the image of ∆ABC under T. Is ∆ABC congruent to its image?  

3 Suppose T is a mapping of the plane onto itself which sends point P to point P' 

 Let A = (2, –3) and B = (5, 4).  Compare the lengths of AB and A'B' when  

a T ((x, y)) = (x, 0)   b T ((x, y)) = (x, –y) 

  c    T ((x, y)) = (x + 1, y – 3)  d T ((x, y)) = 
1

, 2
2

x y
 
 
 

 

4  Can you list some other transformations? 

In this Group Work you saw that some mappings called Transformations of the plane 

onto itself preserve shape, size or distance between any two points. Based on this, 

transformations are classified as either rigid motion or non rigid motion. 

Definition 8.10 Rigid motion 

A motion is said to be rigid motion, if it preserves distance. That is for P ≠ Q,  

PQ = P'Q' where P' and Q' are the images of P and Q, respectively. Otherwise it is 

said to be non-rigid motion. 

A transformation is said to be an identity transformation, if the image of every point 
is itself. For example, if an object is rotated 360o it is an identity transformation. 

�Note: 

� Rigid motion carries any plane figure to a congruent plane figure, i.e., it carries 

triangles to congruent triangles, rectangles to congruent rectangles, etc.  

An identity transformation is a rigid motion. 
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In this topic three different types of rigid motions are presented. 

Translations   Reflections   Rotations 

   
       Figure 8.25 

8.5.1  Translation 

 
Figure 8.24 

When ∆ABC is transformed to ∆A'B'C', AB and A'B' are parallel to the x-axis, and AC 

and A'C' are parallel to the y-axis. Moreover, ∆ABC and ∆A'B'C' have the same 

orientation. i.e., the way they face is the same. This type of transformation is said to be a 
translation. 

Definition 8.11 

If every point of a figure is moved along the same direction through the same 

distance, then the transformation is called a translation or parallel movement. 

If point P is translated to point P', then the vector 'PP
����

is said to be the translation 

vector. 

If u = (h, k) is a translation vector, then the image of the point P(x, y) under the 

translation will be the point P′(x + h, y + k). 

Example1 Let T be a translation that takes the origin to (1, 2). Determine the 
translation vector and find the images of the following points. 

 a (2,–1)   b (–3, 5)  c (1, 2) 

x 

y 

1 2 4 3 5 6 

1 

2 

4 

3 

5 

6 

A 

0 
B 

C A′ B′ 

C′ 
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Solution  T ((0, 0)) = (1, 2) ⇒u = (1, 2) is the translation vector. 

⇒x ֏ x + 1 and y ֏ y +2 

Thus, 

a T ((2, –1)) = (2 + 1, –1 + 2) = (3, 1) 

b T ((–3, 5)) = (–3 + 1, 5 + 2) = (–2, 7) 

c T ((1, 2)) = (1 + 1, 2 + 2) = (2, 4).  

Example2 Let the points P (x1, y1) and Q (x2, y2) be translated by the vector 

u= (h, k). Show that  ' ' .PQ P Q=

���� ������
 

Solution Clearly P'= (x1 + h,y1 + k) and Q' = (x2 + h, y2 + k). 

Then,  ' 'P Q
������

= 
2 2

2 1 2 1( ) ( )x h x h y k y k+ − − + + − −  

2 2
2 1 2 1( ) ( )   .x x y y PQ= − + − =

����

 

The above example shows that a translation is a rigid motion. You can state a translation 

formula in terms of coordinates as follows: 

1 If (h, k) is a the translation vector, then  

 a the origin is translated to (h, k) i.e., (0, 0)→ (h, k)  

 b the point P(x, y) is translated to P'(x + h, y + k). 

 
Figure 8.25 

2 If the translation vector is AB
��������

 where A = (a, b) and B = (c, d), then  

 a the origin is translated to (c – a, d – b), and  

 b the point P(x, y) is translated to (x + c – a, y + d – b) 

Example3 If a translation T takes the origin to P'(1, 2), then  

T (x, y) = (x + 1, y + 2) and T (–2, 3) = (–2 + 1, 3 + 2) = (–1, 5). 

x 

y 

x′ 

y′ 

(h, k) 

(0, 0) 

P(x, y) (in xy-plane) 
P' (x', y') = (x − h, y − k) (in x'y'-plane) 
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Example 4 If a translation T takes the origin to (–1, 1), then find 

a the images of the points P (1, 3) and Q (–3, 6) 

b the image of the triangle with vertices A(2, –2), B (–3, 2) and C(4, 1) 

c the equation of the image for the circle whose equation is x2 + y2= 4. 

Solution  

a The image of the point P (1, 3) is T (1, 3) = (1 + (–1), 3 + 1) = (0, 4). 

The image of the point Q (–3, 6) is T (–3, 6) = (–3 – 1, 6 +1) = (–4, 7) 

 b T (2, –2) = (2 + (–1), –2 + 1) = (1,–1) 

T (–3, 2) = (–3 + (–1), 2 + 1) = (–4, 3)   

  T (4, 1)   = (4 + (–1), 1 + 1) = (3, 2)  

 Thus, A' = (1, –1), B' = (–4, 3) and C' = (3, 2) 

 The image of  ∆ ABC is ∆A'B'C'. 

 c The image of (x, y) under T is T (x, y) = (x – 1, y + 1). 

 The centre of the circle (0, 0) is translated to (–1, 1) 

Thus, the image of x2
 + y

2 = 4 is (x+ 1)2 + (y– 1)2 = 4 

Example 5 If a translation T takes the point (–1, 3) to the point (4, 2), then find the 

images of the following lines under the translation T. 

a ℓ : y = 2x – 3           b ℓ : 5y + x = 1 

Solution    The translation vector is (h, k) = (4 – (–1), 2 – 3) = (5, –1). Thus, the 

point P(x, y) is translated to the point P'(x + 5, y – 1).A translation maps 

lines onto parallel lines. Let ℓ' be the image of ℓ under T. Then, 

a ℓ' : y – (–1)  = 2 (x– 5) – 3  

⇒ℓ:y = 2x – 14 

b  ℓ' : 5( y + 1) + ( x – 5) =1 

⇒ℓ': 5y + x = 1⇒ℓ ' = ℓ. Explain! 

Example 6 Determine the equation of the curve 2 22 3 8 6 7x y x y+ − + = when the 

origin is translated to the point A(2, –1). 

Solution The translation vector is (h, k) = (2, –1). Thus, the point P(x, y) is 

translated to the point P'(x + 2, y – 1).Substituting x – 2 and y + 1 in the 

equation, you obtain ( ) ( ) ( ) ( )
2 2

2 2 3 1 8 2 6 1 7.x y x y− + + − − + + =
 

Expanding and simplifying, the equation of the curve becomes
2 22 3 16 12 26 0x y x y+ − + + =  
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Exercise 8.Exercise 8.Exercise 8.Exercise 8.6666    

1 If a translation T takes the origin to the point A(–3, 2), find the image of the 
rectangle ABCD with vertices A(3, 1), B(5, 1), C(5, 4) and D(3, 4). 

2 Triangle ABC is transformed into triangle A'B'C' by the translation vector (4, 3).  
If A = (2, 1), B = (3, 5) and C = (–1, –2), find the coordinates of A', B' and C'. 

3 Quadrilateral ABCD is transformed into A'B'C'D' by a translation vector (3, –2).   

  If A = (1, 2), B = (3, 4), C = (7, 4) and D = (2, 5), then find A', B', C' and D' and 
draw the quadrilaterals ABCD and A'B'C'D' on graph paper. 

4 What is the image of a circle under a translation? 

5 Find the equation of the image of the circle (x + 1)2 + (y – 3)2 = 5 when translated 

by the vector PQ
����

, where P = (1, –1) and Q = (–4, 3). 

6 A translation T takes the origin to A(3, –2). A second translation S takes the 
origin to B(–2, –1). Find where T followed by S takes the origin, and where S 
followed by T takes the origin. 

7 If a translation T takes (2, –5) to (–2, 1), find the image of the line ℓ: 2x – 3y = 7. 

8 If a translation T takes the origin to (4, –5), find the image of each of the 
following lines. 

  a y = 3x + 7     b 4y + 5x = 10 

9 If the point A(3, –2) is translated to the point A'(7, 10), then find the equation of 
the image of 

  a the ellipse 4x
2 + 3y

2 – 2x + 6y = 0 b the parabola y2 = 4x 

  c  the hyperbola xy = 1   d the function f (x) = x3 – 3x
2 + 4 

8.5.2  Reflections 

As the name indicates, reflection transforms an object using a reflecting material.  

AACCTTIIVVIITTYY88..44      
1 Using the concept “reflection by a plane mirror”, find the images of 

the following figures by considering line L as a mirror line. 

 

Figure 8.26 

Q 

P 
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2 In Figure 8.27a below A' is the mirror image of A. Copy the figure and draw the 

reflecting line.  

3 In Figure 8.27b below A' and B' are the images of A and B, respectively. Copy the 

figure and determine the reflection line.  

 

a       b 

Figure 8.27 

4 Discuss the conditions that are necessary to define reflection.  

Definition 8.12 

Let L be a fixed line in the plane. A reflection M about a line L is a transformation of 

the plane onto itself which carries each point P of the plane  into the point P' of the 

plane such that  L is  the perpendicular bisector of PP'. 

The line L is said to be the line of reflection or the axis of reflection.  

 
Figure 8.28 

�Note: 

 Every point on the axis of reflection is its own image. 

Notation: 

The reflection of point P about the line L, is denoted by M (P), i.e. P'=M(P). 

 

x 

y 

1 

2 

4 

3 

5 

6 

7 

8 

2 4 3 5 6 7 8 9 1 10 -1 -2 -3 -4 
-1 

-2 

-3 

A 

B B′ 

A′ 

• 

• 

A 

A′ 

P' P 

L 

• • 
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Reflection has the following properties: 

1 A reflection about a line L has the property that, if for two points P and Q in the 

plane, P = Q, then M(P) = M(Q). Hence, reflection is a function from the set of 

points in the plane into the set of points in the plane. 

2 A reflection about a line L maps distinct points to distinct points, i.e., if P≠Q, then 

M(P) ≠ M(Q). Equivalently, it has the property that if, for two points P, Q in the 

plane, M(P) = M(Q), then P = Q. Thus, reflection is a one-to-one mapping. 

3 For every point P' in the plane, there exists a point P such that M(P) = P'. If the 

point P' is on L, then there exists P = P' such that M(P) = P'. Thus, reflection is an 
onto mapping. 

Theorem 8.5 

A reflection M is a rigid motion. That is, if P' = M(P) and Q' = M(Q), then PQ =P'Q'. 

We now consider reflections with respect to the axes and the lines y = mx+b. 

A Reflection in the x and y-axes 

AACCTTIIVVIITTYY88..55  
1 Find the image of f(x) = ex, when it is reflected   

a in the y-axis   b       in the x-axis c  in the line y = x 
 

2 Discuss how to determine the images of points P(x, y), linesℓ; y = mx + b and circles 
(x – h)2 + (y – k)2 = r2, when they are reflected in each of the following lines 

a y = 0 (x-axis)  b x = 0 (y-axis) c y = x  d y = –x  

B Reflection in the line y = mx, where  m = tan θ 

Let ℓ be a line passing through the origin and making an angle θ with the positive x-axis. 

Then the slope of ℓ is given by m = tan θ and its equation is y = mx. See Figure 8.29. 

   

Figure 8.29      Figure 8.30 

x 

y 

A (x, y) 

ℓ 

θ 

x 

y 

x 

y 

ℓ 

x 

y 

P (x, y) 

P′(x′, y′) 

α 

θ−α 
θ 

θ−α 

• 

• 
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You will now find the image of a point P(x, y) when it is reflected about this line. 

See Figure 8.30 

Let P'(x', y') be the image of P(x, y). 

The coordinates of P are: 

x = r cosα and y = r sin α    

The coordinates of P' are: 

x'= r cos (2θ– α)  and y'  = r sin (2θ – α) 

Expanding cos (2θ–α) and sin (2θ–α), 

Now, use the following trigonometric identities that you will learn in Section 9.4.2. 

1 Sine of the sum and the difference 

� sin (x + y) = sin x cos y + cos x sin y 

� sin (x – y) = sin x cos y – cos x sin y  

2 Cosine of the sum anddifference 

� cos (x + y) = cos x cos y – sin x sin y 

� cos (x – y) = cos x cos y + sin x sin y 

Using these trigonometric identities, you obtain: 

[ ]' cos  2  cos sin 2 sin x r θ α θ α= +  ( ) ( )cos cos 2 sin sin 2 ,r rα θ α θ= +  

 cos2 sin 2 ,x yθ θ= + and 

' [sin 2 cos sin cos2 ]y r θ α α θ= − ( cos )sin2 ( sin )cos2r rθ θ= α − α , 

sin  2 cos2x yθ θ= −  

Thus, the coordinates of P'(x', y'), the image of the point P (x, y) when reflected about 

the line y= mx is: 

x' = x cos 2θ + y sin 2θ 

y'= x sin 2θ – y cos 2θ 

whereθ is the angle of inclination of the line ℓ: y = mx 

Based on the value of θ, you will have the following four special cases: 

1 When  θ = 0, you will have reflection in the x-axis.  Thus, (x, y) is mapped to(x, –y) 

2 When θ=
4

π
, you will have reflection about the line y = x and hence (x, y) is mapped 

to (y, x). 
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3 When θ =
2

π
, you will have reflection in the y – axis and (x, y) is mapped to (–x, y). 

4 When θ =
3

4

π
, you will have reflection about the line y = –x and (x, y) is mapped 

to (–y, –x). 

Example 7 Find the images of the points (3, 2), (0, 1) and (–5, 7) when reflected 

about the line y = mx, where m = tan θ and θ = 
4

π
 

Solution: This is actually a reflection about the line y = x. Thus, the images of (3, 
2), (0, 1) and (–5, 7) are (2, 3), (1, 0) and (7, –5), respectively. 

Example 8 Find the images of the points P (3, 2), Q (0, 1) and R (–5, 7) when 

reflected about the line y=
1

3
x . 

Solution Since tan θ =
1

3
, you have .

6
θ

π
= Thus, if ( )' ', 'P x y  is the image of P, then 

' cos2 sin2x x yθ θ= +
1 3 3 2 3

3cos 2sin 3 2
3 3 2 2 2

π π +   
= + = × + × =   

   
 

' sin2 cos2y x yθ θ= −  
3 1 3 3

3sin 2cos 3 2 1
3 3 2 2 2

      
= − = − × = −             

π π
 

 Hence, the image of P (3, 2) is 3+2 3 3 3'P , 1
2 2

 
 
 
  
 

−  

Similarly, you can show that the images of Q (0, 1) and R(–5, 7) are Q'
3 1

,
2 2

 
−  

 
and 

R'
5 7 3 5 3 7

,
2 2

 − + − −
  
 

, respectively. 

Example9 Find the image of A = (1,–2) after it has been reflected in the line y = 2x.  

Solution y = 2x⇒y = (tanθ)x⇒θ = tan–1(2). 

But, from trigonometry, you have  

sinθ = 
2

5
 and cosθ =

1

5  
⇒  cos (2θ) = cos2

θ – sin2
θ = 

1 4 3

5 5 5
− = − , 

sin (2θ) = 2 sin θ cos θ = 
4

5  
⇒ x' =

3 4

5 5
− +x y

 
and y' = 

4 3
+

5 5
x y  

⇒M((1, –2)) =
11 2

,
5 5

 
− − 
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�Note:   

1 If a line ℓ' is perpendicular to the axis of reflection L, then L' is its own image. 

2 If the centre of a circle C is on the line of reflection L, then the image of C is 
itself. 

3 If the centre O of a circle C has image O' when reflected about a line L, then the 

image circle has centre O' and radius the same as C. 

4 If ℓ' is a line parallel to the line of reflection L, to find the image of L' when 

reflected about L, we follow the following steps.   

Step a: Choose any point P on ℓ' 

Step b:    Find the image of P, M(P) = P' 

Step c:    Find the equation of ℓ', which is the line passing through P' with slope equal   

to the slope of ℓ. 

C Reflection in the line y = mx + b 

Let ℓ :y = mx + b be the line of reflection, where  m∈ℝ\{0}. 

Let P(x, y) be a point in the plane, not on ℓ. 

Let P'(x', y') be the image of P(x, y) when reflected about the line ℓ. 

 
Figure 8.31 

Let ℓ' be the line passing through the points P (x, y) and P' (x', y').Then, ℓ' is perpendicular 

to ℓ, since ℓ is perpendicular to 'PP .Since the slope of ℓ is m, the slope of ℓ' is
1

m
− .  

Thus, one can determine the equation of the line ℓ'. If A is the point of intersection of ℓ 

and ℓ', taking A as the mid-point of 'PP , we can find the coordinates of P'. 

x 

y 

A 

ℓ: y = mx + b 

ℓ′ 

• 

• 

• 

P (x, y) 

P′(x′,y′) 
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Thus, to find the image of a point P(x, y) when reflected about a line ℓ, we follow the 

following four steps. 

Step 1: Find the slope of the line ℓ, say m. 

Step 2: Find the equation of the lineℓ', which passes through the point P(x, y) and 

has slope
1

m
−  

Step 3:  Find the point of intersection A of ℓ and ℓ'which serves as the midpoint of

'PP . 

Step 4: Using A as the mid-point of 'PP , find the coordinates of P'. 

Example 10 Find images of the following lines and circles after reflection in the line   
y = 2x – 3. 

a 2y + x = 1    b y = 2x + 1   c  y = 3x + 4 

d x
2
 + y

2
 – 4x – 2y + 4 = 0 e  x

2
 + y

2
 – 2x + 3y = 8 

Solution 

a The image of ℓ: 2y + x = 1 is itself. Explain! 

b  ℓ: y = 2x + 1 is parallel to the reflecting axis.  

Hence  ℓ' : y = 2x + b . We need to determine b. 

Let (a, b) be any point on ℓ, say (0, 1), so that its image lies on ℓ'. 

By the above reflecting procedure, 

M(( 0, 1)) = ( a', b' ) ⇒
' 1 1

' 0 2

b

a

−
= −

−
⇒a' = –2b' + 2 

Also, the midpoint of (0, 1) and (a', b') which is 
' ' +1
,

2 2

a b 
 
 

 lies on the reflecting 

axis ⇒
' 1 ' ' 7

2 3 '
2 2 2 2

b a b
a

+  
= − ⇒ = + 

 
, 

But a' = –2b' + 2 
' 7

2 '+ 2 =
2 2

b
b⇒ +  

3

5
b⇒ = −'

16
'

5
a⇒ =   

16 3
,  lies on 

5 5

 
⇒ − 

 
ℓ '  

3 16
2     = 7       ': = 2 7

5 5
b b y x

 
⇒ − = + − ⇒ − 

 
ℓ  

c ℓ : y = 3x + 4 and the axis of reflection y = 2x – 3 meet  at ( –7, –17) 

Next, take a point on ℓ  say (0, 4) and find its image (a', b') so that ℓpasses 

through (a', b').  Perform the technique similar to the problem in b 
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Thus, 
' 4 1

' 0 2

b

a

−
= −

−
 and 

4 '

2

b+
= 2 3

2

 
− 

 

a' 28 6
' =   and  ' =

5 5
a b⇒  

⇒ ℓ ': y=
91 434

' :
63 63

y x= −ℓ  

d  x
2
 + y

2
 – 4x– 2y + 4 = 0 ⇒( x – 2)2

 + ( y – 1)2
 = 1 

This is a circle of radius 1 unit with centre (2, 1) that is on y = 2x – 3.  

⇒  The centre of the circle lies on the axis of reflection. Therefore, the circle is 

its own image.  

e  x
2
 + y

2
 – 2x + 3y = 8⇒( x – 1)2

 + ( y + 
3

2
)2

 = 
45

4
 

The centre (1,
3

2
− ) has image 

3 13
,

5 10

 
− 

 
 

⇒  The image circle is 
2 2

3 13 45
– +

5 10 4
x y
   

+ =   
   

 

Example 11 Find the image of (–1, 5) when reflected about the lines 

a y = –1 b x = 1  c y = x + 2 d y = 2x + 5 

Solution 

a The image of the point (–1, 5) when reflected about the line 

y = –1 is (–1, –7) 

b The image of the point (–1, 5) when reflected about the linex = 1 is (3, 5) 

c The slope of y = x + 2 is 1. 

Let P'(x', y') be the image of P (–1, 5).  If ℓ' is the line passing through P and P', 

then its slope is 
1

1.
1

−
= − Thus, the equation ofℓ' is:   

5
1

1

y

x

−
= −

+
⇒ℓ': y = –x+ 4  

The point of intersection of ℓ and ℓ' is (1, 3). Taking (1, 3) as a midpointof PP' , we 

get, 

1 '
1

2

x− +
= and

5 '
3

2

y+
= ⇒ 1 ' 2x− + = and 5 ' 6y+ =  

' 3x⇒ = and ' 1y =  

Therefore, the image of P (–1, 5) is P' (3, 1). 
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d The slope of y = 2x + 5 is 2.  If P'(x', y') is the image of P(–1, 5) and ℓ' is the 

line through P and P', then its slope is 
1

.
2

−
 Thus, the equation of ℓ' is: 

  
5 1

1 2

y

x

− −
=

+
⇒ℓ' :y = 

1 9

2 2
x

−
+  

The point of intersection of ℓ and ℓ' is A
1 23

, .
5 5

− 
 
 

 Taking A as the midpointof

PP' , find the coordinates of P' as: 

1 ' 1 5 ' 23
and

2 5 2 5

x y− + − +
= = ⇒  –5 + 5x' = –2 and 25 + 5y' = 46 

⇒ 5x' = 3 and 5y'= 46 – 25 = 21⇒x' = 
3

5
 and  

21
'

5
y =  

Hence, the image of P (–1, 5) is P'
3 21

,
5 5

 
 
 

. 

Example12 Given the equation of the circle x2
+(y – 1)2

 = 1, find the equation of its 

graph after a reflection about the line y = x. 

Solution The centre of the circle is (0, 1). The reflection of (0, 1) about the line    

y = x is (1, 0), which is the centre of the image circle. Therefore, the 

equation of the image circle is 2 2(x 1) 1y− + =  

Example 13 Find the image of the line ℓ': y = –3x – 7 after a reflection about the line 

ℓ: y = –3x + 1 

Solution Pick a point P on ℓ', say P (1, –10). 

To find the image of the point P (1, –10) when reflected about the liney=–3x+1, 

proceed as follows: 

Since slope of ℓ is –3, the slope of the perpendicular line is
1

3
.  Thus, the equation 

of the line through (1, –10) with slope 
1

3
 is:

10 1

1 3

y

x

+
=

−
  

⇒
1 31

3 3
y x= −  
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The point of intersection of  
1 31

3 1 and
3 3

y x y x= − + = −  is A
34 92

,
10 10

− 
 
 

.   

Taking A as a mid-point of PP' , find the coordinates of the image P'( ', ')x y of P, i.e., 

 
1 ' 34 10 ' 92

and
2 10 2 10

x y+ − + −
= =  

   10 10 ' 68 and 100 10 ' 184x y⇒ + = − + = −  

   
58 84

' and '
10 10

x y
−

⇒ = =   

Therefore, the image of
58 84

P(1, 10) is P ' , .
10 10

− 
−  

 
 

Now, you need to find the equation the line passing through P' with slope –3, i.e., 

  

84

10 3
58

10

y

x

+

= −

−

10 84
3

10 58

y

x

+
⇒ = −

−  

10 84 30 174y x⇒ + = − +  

10 30 174 84y x⇒ = − + −  

10 30 90y x⇒ = − +  

3 9y x⇒ = − +  

Hence, the image of the line ' : = –3  – 7y xℓ when reflected about the line  

3 1 is 3 9y x y x= − + = − +  

Example14 Find the image of the circle 2 2( 1) ( 5) 1,x y− + + = when it is reflected about 

the line y = 2x –1. 

Solution The centre of the circle is (1, 5)− , the image of the point (1, 5)−  when 

reflected about the line 
19 13

: 2 1  is ,
5 5

y x
− − 

= −  
 

ℓ  

Thus, the equation of the image circle is
2 2

19 13
1

5 5
x y
   

+ + + =   
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Exercise 8.Exercise 8.Exercise 8.Exercise 8.7777    

1 The vertices of triangle ABC are A (2, 1), B (3, –2) and C (5, –3).  Give the 

coordinates of the vertices after:    

a a reflection in the x-axis  b a reflection in the y-axis  

c a reflection in the line x + y = 0 d a reflection in the line y = x. 

2 Find the image of the point (–4, 3) after a reflection about the line : 2y x= −ℓ  

3 If the image of the point (–1, 2) under reflection is (1, 0), find the line of 

reflection. 

4 Find out some of the figures which are their own images in reflection about the 

line y = x. 

5 Find the image of the line : 4y x= +ℓ after it has been reflected about the line 

: 3L y x= −   

6 Find the image of the line  : 2 1y x= +ℓ  after it has been reflected about the line

: 3 2L y x= +  

7 Given an equation of a circle 2 2( 2) ( 3) 25x y− + − = , find the equation of the 

image circle after a reflection about the line 3.y x= +  

8 The image of the circle x2 + y2 – x + 2y = 0 when it is reflected about the line L 

is x2 + y2 – 2x + y = 0. Find the equation of L. 

9 If T is a translation that sends (0, 0) to (3, −2) and M is a reflection that maps (0, 0) 

to (2, 4), find 

 a T(M(1, 3))   b M(T(1, 3)) 

10 In a reflection, the image of the line y − 2x = 3 is the line 2y – x = 9. Find the axis 

of reflection. 

8.5.3     Rotations 

Rotation is a type of transformation in which figures turn around a point called the 

centre of rotation. The following Group Work will introduce you the idea of rotation.  

G r o u p  w o r k  8 . 5G r o u p  w o r k  8 . 5G r o u p  w o r k  8 . 5G r o u p  w o r k  8 . 5     

1 In the following figure, A, B, C and D are points on the same 

circle with centre at the origin. The chords andAC BD are 

perpendicular.  
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Figure 8.32 

Discuss the following questions in groups.  

a If A = (2, 3) find the coordinates of B, C and D. 

b If A = (x , y) express the coordinates of B, C and D in terms of x and y. 

2 Look at the figure below. 

 
Figure 8.33 

 By placing a piece of transparent paper on this figure, trace and .AB CDEF  

 Hold a pencil at the origin and rotate the paper 90ocounter clockwise. After this 
rotation, write the images of A, B, C, D, E and F to be A', B', C', D', E' and F', 

respectively, on the paper.  

 a Find the coordinates of those points on the transparent paper by referring the 

x and y coordinates of the original figure.  

 b Is there a fixed point in this rotation?  

 c Discuss whether or not this transformation is a rigid motion.  

 d What do you think the images of the x and y axes are?  

3 Discuss what you need to define rotation. 

x 

y 

1 

2 

4 

3 

5 

6 

7 

8 

2 4 3 5 6 7 8 9 1 10 

B 

11 12 13 14 

A 

D E 

F 

C 
0 

x 

y 

A 
B 

C 
D 

O 
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In the Group work, you have seen a third type of transformation called rotation. 
Rotation is formally defined as follows. 

Definition 8.13 

 A rotation R about a point O through an angle θ is a transformation of the plane onto 

itself which carries every point P of the plane into the point P' of the plane such that 

OP = OP' and m (∠POP') = θ. O is called the centre of rotation and θ is called the 

angle of rotation.  

�Note:  

i The rotation is in the counter clockwise direction, if θ > 0 and in the clockwise 

direction if θ < 0.  

    

θ > 0      θ < 0 

Figure 8.34 

ii Rotation is a rigid motion.  

Example 15 Find the image of point A (1, 0) when it is rotated through 30o about the 

origin. 

Solution  Let the image of A (1, 0) be A' (a, b) as shown in the figure. 

 
Figure 8.35 

x 

y 

1 

A′(a, b) 

0 

• 

A(1, 0) 

1 2 

O 
P 

 P' 

θ 
• 

• 
O 

P 

 P' 

θ 
• 

• 
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But from trigonometry, (a, b) = (r cos θ, r sin θ) where r = 1 and θ = 30o in this 

example. Therefore, the image of A (1, 0) is A'  
3 1

,
2 2

 
  
 

 

Notation: 

If R is rotation through an angle θ, then the image of P (x, y) is denoted by Rθ (x, y).  In 

the above example, ( )
30

3 1
1, 0 ,

2 2
oR

 
=   
 

 

At this level, we derive a formula for a rotation R about O (0, 0) through an angle θ. 

Theorem 8.6 

Let R be a rotation through angle θ about the origin. If Rθ (x, y) = (x', y'), 

thenx' = xcosθ – y sin θ 

y' = x sin θ + ycosθ 

Proof 

 
Figure 8.36 

From trigonometry we have,  

(x, y) = (r cos α, r sin α) and (x' ,y') = (r cos (α + θ), r sin (α + θ)) 

⇒r cos (α + θ) = r cos α cos θ – r sin α sin θ 

= x cos θ – y sin θ 

r sin (α + θ)= r sin α cos θ + r cos α sin θ 

= y cos θ + x sin θ 

∴Rθ (x, y) = (x cos θ – y sin θ, y cos θ + x sin θ) 

x 

y 

P (x, y) 

0 

α 

P′(x′, y′) 

• 

• 

θ 

r 

r 
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�Note: 

Let R be a counter-clockwise rotation through an angle θ about the origin. Then 

i ( , ) ( , )
2

R x y y x
π

θ = ⇒ = −  

ii ( , ) ( , )R x y x yθ π= ⇒ = − −  

iii 
3

( , ) ( , )
2

R x y y x
π

θ = ⇒ = −  

iv 2 for R is the identity transformation. n nθ π= ∈ ⇒Z  

v Every circle with centre at the centre of rotation is fixed. 

Example 16 Using the formula, find the images of the following points in rotation 

about the origin through the indicated angle. 

a (4, 0) ; 60o   
b (1, 1) ; π

6
−    c (1, 2); 450o 

Solution 

a 
o' cos sin ;  4,  0; 60x x y x y θθ θ= − = = =

 
o o4cos60 0 sin 60 2= − × =

 
sin cosy x yθ θ= +'  

4sin 60 0 cos60= + ×
� � = 2 3  

⇒ ( ) ( )60
4, 0 2, 2 3oR =  

b

 

3 1
' 1 cos 1 sin

6 6 2 2
x   

π π   
= × − − × − = +   

   
  

y' = x sin θ + y cosθ 

y' = 1 × sin 
1 3

1 cos
6 6 2 2

π π− −   
+ × = − +   

   
 

⇒ ( )
60

3 1 1 3
1, 1 ,

2 2 2 2
oR

 
= + − +  
 

 

c ' 1 cos 2 sin
2 2

x
π π   

= × − ×   
   

 

' 1 cos 2 sin
2 2

x
π π   

= × − ×   
     

' 2(1) 2x = − = −
 

' 1 sin 2 cos
2 2

y
π π   

= × + ×   
     

' 1 1 2 0y = × + ×  

' 1y⇒ =  
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Notice that 450o = (360o + 90o) 

∴R (x, y) = (–y, x) 

∴R (1, 2) = (–2, 1) 

Rotation when the centre of rotation is (xo, yo) 

So far you have seen rotation about the origin. The next activity introduces rotation 

about an arbitrary point (xo,yo). 

  AACCTTIIVVIITTYY88..66  

1 In the following figure,a rotation R sends A to A' and B to B'. 

 

Figure 8.37 

Discuss how to determine the centre of rotation.   

2 If R is a rotation through 
4

π
about A(3, 2), discuss how to determine the image of 

a point P (2, 0). 

The above activity leads to the following generalized formula. 

Corollary 8.4 

If P' (x', y') is the image of P (x, y), after it has been rotated through an angle θ about 

(xo, yo), then  

o o o

o o o

' ( )cos ( )sin

' ( )sin ( )cos

x x x x y y

y y x x y y

θ θ

θ θ

= + − − −

= + − + −
 

x 

y 

1 2 4 3 5 6 
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�Note: 

As in the case of translation and reflection, to find the image of a circle under a given 
rotation we follow the following steps:  

1111 Find the centre and radius of the given circle  

2222 Find the image of the centre of the circle under the given rotation.  

3333 Equation of the image circle will be an equation of the circle centred at the image 
of the centre of the given circle with radius the same as the radius of the given 
circle.  

Example 17 Find the image of the circle (x – 3)2 + (y + 5)2 = 1 when it is rotated 

through 
5

3

π
 about (4, –3). 

Solution According to the note given above, we compute only the image of the 
centre of the circle. The centre is (3, –5) and its radius is 1 unit. 

o o' ( ) cos ( )sin
o

x x x x y yθ θ= + − − −  

Where (x, y) = (3, –5); (xo, yo) = (4, –3); 
5

3

π
θ =  

5 5 1 3 7
' 4 (3 4)cos ( 5 3) sin 4 2 3

3 3 2 2 2
x

 π π
= + − − − + = − + − = −  

 
 

o o o' ( ) sin ( )cosy y x x y yθ θ= + − + −  

5 5' 3 (3 4) sin ( 5 ( 3)) cos
3 3

y π π⇒ =− + − + − − −
3 3

3 1 4
2 2

= − + − = − +  

Thus, the equation of the image of the circle is 

22
7 3

3 4 1
2 2

x y
  

− + + + − =       
 

�Note: 

One can also obtain the image of a line under a given rotation as follows:  

� Choose two points on the line.  

� Find the images of the two points under the given rotation.  

 Thus, the image line will be the line passing through the two image points.  

Example18 Find the equation of the line :3 2 1x y− =ℓ after it has beenRotated−135o 

about (–2,3). 

Solution  According to the note, we choose any two arbitrary points, say (1, 1) 

and(–1, –2). Together with (xo, yo) = (–2, 3) and θ= –135o, we get  

R(1, 1) ( 2 2.5 2, 3 0.5 2) and R( 1, 2) ( 2 3 2, 3 2 2)= − − − − − = − − +  
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⇒ The slope of 
3 2 2 3 0.5 2

' 5
2 3 2 2 2.5 2

+ − +
= = −

− − + +
ℓ  

⇒
3 2 2

' : 5
2 3 2

− −
= −

+ +

y

x
ℓ  

⇒ ' : 3 2 2 5 10 15 2− − = − − −y xℓ  

⇒ ' : 5 7 13 2 0y x+ + + =ℓ  

Exercise 8.Exercise 8.Exercise 8.Exercise 8.8888    

1 Rectangle ABCD has vertices A (1, 2), B (4, 2), C (4, –1) and D (1, –1).  

 Find the images of the vertices of the rectangle when the axes are rotated about 

the origin through an angle θ = π 

2  Find the point into which the given point is transformed by a rotation of the axes 

through the indicated angles, about the origin. 

a (–3, 4); 90o  b    (–2, 0); 60 o c π
(0, 1);

4
−    d    (–1, 2); 30o 

3  Find an equation of the line into which the line with the given equation is 

transformed under a rotation through the indicated angle.  

 a  3x – 4y = 7; acute angle θ  such that tan θ = 
3

4
 

 b  2x + y = 3;  θ = 
3

π
 

4 Find an equation of the circle into which the circle with the given equation is 

transformed under a rotation through the indicated angle, about the origin.  

 a x
2 + y2 = 1, θ = 

3

π
  b (x + 1)2 + (y – 2)2 = 32, θ = 

4

π
 

5 Find the image of (1, 0) after it has been rotated −60o about (3, 2). 

6 If M is a reflection in the line y = −x and R is a rotation about the origin through 

90o, find  

 a M(R(3, 0))    b R(M(3, 0)) 

7 In a rotation R, the image of A(6, 2) is A′(3, 5) and the image of B(7, 3) is B′(2, 6). 

Find the image of (0, 0). 

8 In Figure 8.38, point B is the image of point A in a reflection about the line ℓ and 

point C is the image of point B in a reflection about the line t. Prove that there is a 

rotation about O through an angle 2θ  that will map C to A. 
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Figure 8.38 

 Key Terms 
 

 

coordinate form of a vector scalar quantity 

identity transformation standard position 

initial point standard unit vector 

non-rigid motion terminal point 

parallel vectors transformation 

perpendicular (orthogonal) vectors translation 

reflection unit vector 

resolution of vectors vector quantity  

rigid motion zero vector 

rotation  

 Summary 
 

 

1 Vector 

 i A quantity which can be completely described by its magnitude expressed in 

some particular unit is called a scalar quantity. 

 ii A quantity which can be completely described by stating both its magnitude 

expressed in some particular unit and its direction is called a vector 

quantity.  

 iii Two vectors are said to be equal, if they have the same magnitude and 

direction.  

 iv A zero vector or null vector is a vector whose magnitude is zero and 

whose direction is indeterminate.  

 v A unit vector is a vector whose magnitude is one.  

ℓ 

• 

• 

• A 

O 

B 

C 

t 
• 

θ 
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2 Addition of vectors 

 Let u and v be vectors, then the sum u + v is a vector given by the parallelogram 

law or triangle law satisfying the following properties.  

i Vector addition is commutative. u + v = v + u 

ii Vector addition is associative. (u + v) + w = u + (v + w) 

iii u + 0 = u 

iv u + ( – u) = 0 

v u + v≤ u+ v 

3 Multiplication of a vector by a scalar 

 Let u be a vector and λ  be a scalar, then λ u is a vector satisfying the following 

properties. 

i λ λ=u u  

ii If µ is a scalar, then ( )λ µ λ µ+ = +u u u  

iii If v is a vector, then ( ) .λ λ λ+ = +u v u v  

4 Scalar product or dot product 

 The dot product of two vectors, u and v and θis an angle between them is defined 

as:  cosθ=u.v u v  satisfying the following properties. 

 i The scalar product of vectors is commutative. u.v = v.u. 

 ii If u = 0 or v = 0, then u.v = 0. 

 iii Two vectors u and v are orthogonal if u.v = 0. 

5 Transformation of the plane 

 i Transformation can be classified as rigid motion and non-rigid motion.  

 ii Rigid motion is a motion that preserves distance. Otherwise it is non-rigid.  

 iii Identity transformation is a transformation that image of every point is itself.  

6 Translation 

 Translation is a transformation in which every point of a figure is moved along the 

same direction through the same distance.  

 i Translation vector: If point P is translated to P', the vector PP'
����

is said to be 

the translation vector. 

 ii If u  = (h, k) is a translation vector, then T(x, y)= (x + h, y + k) 
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7 Reflection 

 A reflection M about a fixed line L is a transformation of the plane onto itself 
which maps each point P of the plane into the point P' of the plane such that L is 
the perpendicular bisector of PP'. 

i Reflection in the x-axis, M(x, y) = (x, –y) 

ii Reflection in the y-axis, M(x, y) = (–x, y) 

 iii Reflection in the line y = x, M(x, y) = (y, x) 

 iv Reflection in the line y = −x, M(x, y) = (−y, −x) 

 v Reflection in the line y = mx,  M(x, y) = (x', y') 

   x' = x cos 2θ + y sin 2θ  y' = x sin 2θ – y cos 2θ 

     m = tanθ 

8 Rotation 

 A rotation R about a point O through an angle θis a transformation of the plane 
onto itself which maps every point P of the plane into the point P' of the plane 

such that OP = OP' and m( ∠ POP') = θ 

 Rotation formulae 

 x' = x cosθ – y sinθ   y'= x sinθ + y cosθ 

 Review Exercises on Unit 8 

1 Given vectors u = (2, 5), v = (–3, 3) and w = (5, 3) 

A  Find u– v +2w and +2−u v w
 

b Find 2u+3v–w and 2 3+ −u v w  

c Find the unit vector in the direction of u. 

d Find z if z + u = v – w   e  Find z if u + 2z = 3v 

2 Two forces F1 and F2 withF1 = 30N and F2 = 40N act on a point, if the angle 

between F1 and F2 is 30o, then find the magnitude of the resultant force. 

3 A rotation R takes A (1, –3) to A' (3, 5) and B (0, 0) to B' (4, –6). Find the centre 

of rotation. 

4 If a and b are non-zero vectors witha=b, show that a +b and a –b are 

orthogonal. 

5 A person pulls a body 50 m on a horizontal ground by a rope inclined at 30o to the 

ground. Find the work done by the horizontal component of the tension in the 

rope, if the magnitude of the tension is 10 N.   

6 Using vector methods, find the equation of the line tangent to the circle 

 x
2
 + y

2
− x + y =6 at 

 a A(1, –3)       b  B(1, 2).   
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7 If a translation T carries the point (7, –12) to (9,–10), find the images of the 
following lines and circles. 

 a y = 2x – 5    b  2y – 5x= 4   c x + y = 10 

 d x
2
 + y

2
 =3    e x

2
 + y

2
−2x + 5y = 0 

8 In a reflection, the image of the point P (3, 10) is P' (7, 2). Find the equation of the 
line of reflection. 

9 If the plane is rotated 30o about (1, 4) find the image of  

 a  the point ( –3, 2)   b x
2
 + y

2
 – 2x – 8y = 10 

 c x
2
 +y

2
 – 3y =0   d y = x+ 4   

10 Prove that the sum of all vectors from the centre of a regular polygon to each side 
is 0.  

11 Using a vector method, prove that an angle inscribed in a semi-circle measures 90o. 

12 Find the resultant of two vectors of magnitudes 6 units and 10 units, if the angle 
between them is: 

 a 30o     b 120o   c 150o 

13 Four forces acting on a particle are represented by 3i + 4j, 3i – 5j, 5i + 4j and 2i + j. 
Find the resultant force F. 

14 A balloon is rising 4 meters per second. If a wind is blowing horizontally at a 
speed of 2.5 meter per second, find the velocity of the balloon relative to the 
ground. 

15 Three towns A, B and C are joined by straight railways. Town B is 600km east 
and 1200km north of town A. Town C is 800 km east and 900 km south of town 
B. By considering town A as the origin,  

 a find the position vectors of B and C using the unit vectors i and j. 

 b if T is a train station two thirds of the way along the rail way form town A 
to town B, prove that T is the closest station to town C on the rail way from 
town A to town B. 

16 Two villages A and B are 2 km and 4 km far away from a straight road 
respectively as shown is Figure 8.39. 

 
Figure 8.39 

 The distance between C and D is 8 km. Indicate the position of a common power 
supplier that is closest to both villages. Determine the sum of the minimum 
distances from the power supplier to both villages. 

4 km 

8 km 

A 

B 

C D 

2 km 




