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Unit Outcomes:

After completing this unit, you should be able to:

»  know basic concepts and procedures about vectors and operation on vectors.

»  know specific facts about vectors.

»  apply principles and theorems about vectors in solving problemsinvolving
vectors.

»  apply methods and proceduresin transforming plane figures.
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INTRODUCTION

The measurement of any physical quantity is always expressed in terms of a number and
a unit. In physics, for example you come across a number of physical quantities like
length, area, mass, volume, time, density, velocity, force, acceleration, momentum, etc.
Thus, most of the physical quantities can be divided into two categories as given below.

a Physica quantities having magnitude only
b Quantities having both magnitude and direction

Scalar quantities are completely determined once the magnitude of the quantity is
given. However, vectors are not completely determined until both a magnitude and a
direction are specified. For example, wind movement is usually described by giving the
speed and the direction, say 20 km/hr northeast. The wind speed and wind direction
together form a vector quantity - the wind velocity,

In this unit, you focus on various geometric and algebraic aspects of 'vector representation
and vector agebra. ' :

REVISION ON VECTORS AND SCALARS

ACTIVITY 8.1

1 Based on your knowledge, classify the measures of the
following situations as scalar or vector.

a  Thewidth of your classroom.
b Theflow of ariver.
c The number of studentsin your class room.
d  Thedirection of your home from your school.
e  When an open door is closed.
f When you move nowhere in any direction.
2 Classify each of the following quantities as either vector or scaar:

Displacement, distance, speed, velocity, work, acceleration, area, time,weight,
volume, density, force, momentum, temperature, mass.
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Unit 8 Vectors and Transformation of the Plane

CEHl Vectors and Scalars

In Grade 9, you discussed vectors and their representations. Y ou also discussed vectors
and scalars. The following group work and subsequent activities will help you to revise
the concepts you learnt. .

work 8.1

1 Discuss the representation of vectors as coordinate points
and as column vectors.

2 Discuss equality of vectors and give examples.

3 When isavector sad to be represented in standard form?

3
4 If v= (4} is a vector whose initial point isthe origin, then find

a  the components of v. b the magnitude of v.
c  thedirection of v.

5 Describe scalar and vector quantities from your surroundings.

Definition 8.1

A quantity which can be completely described by its magnitude expressed in some

particular unit is called a scalar quantity.

Examples of scalar quantities are mass, time, temperature, etc.

Definition 8.2
A quantity which can be completely described by stating both its magnitude

expressed in some particular unit and its direction iscaled avector quantity.

Examples of vector quantities are velocity, acceleration, etc.
8.1.2 Representationof a Vector

Definition 8.3  Coordinate form of a vector in a plane

If v is a vector in the plane whose initial point isthe origin and whose terminal point

X
is (X, y), then the coordinate form of v isgiven by v = (x, y) or v =(yj.

The numbers x and y are called components (or coordinates) of v.
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1 If both the initial and terminal points lie at the origin, then v is the zero vector and
0
isgivenby v = (0, 0) or v :[Oj.

2  The above definition implies that two vectors are equal if their corresponding
components are equal.

The following procedure can be used to convert directed line segments

to coordinate form and vice versa.

1 If P=(Xg, y1) and Q = (X, Y2), are two points on the plane, then the coordinate
form of the vector v represented by PQisv= (X2 — X4, Yo — y1). Moreover, the
length of v is:

V=06 =)+ (v, = %)
2 If v = (X, Y), then v can be represented by the directed line segment in standard
position, from O = (0, 0) to Q = (X, ). _
Example1 Find the coordinate form and the length of the vector v that has initial
point (3, —7) and terminal point (—2,5).
Solution Let P=(3,-7) and Q= (—2,5). Then, the coordinate form of v is:
v=(2-3,5-(-7) =(-5,12) v
Thelength of v is:

V| =y/(-5)2+12% =/25+144 =169 =13
_Exercise8.1_|

Fill in the blank spaceswith the appropriate answer.
1 A directed line segment has a and a . The magnitude of the
directed line segment PQ , denoted by ,isits

2 A vector whoseinitial point isat the origin O(0, 0) can be uniquely represented by

the coordinates of its terminal point P(x, y). Thisisthe written
vV = (X, y), where x and yare the of v.

3 The coordinate form of the vector with initia point P = (ps, p2) and termina point
Q= (0 4) is PQ = = V.

The magnitude (or length) of v is:

V= :
4 The coordinate form and magnitude of the vector v that has A(1, 7) as itsinitial
point and B(4, 3) asitsterminal point are and .
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el Addition of Vectors
ACTIVITY 8.2

1 Consider a displacement AB of 3m due N followed by asecond .~

displacementB—C of 4m due E. Find the combined effect of
these two displacements as a single displacement.

2 Consider the following displacement vectors.

Figure 8.1

Discuss how to determine the combined effect of the vectors as a single vector.

From Activity 8.2 you see that it is possible to add two vectors geometrically using tail

totiprule.

c

Figure.8.2
Tofind u -Ij_f/_f" Move the initial pointof v or Movetheinitial point of u
to the terminal point of u. to the terminal point of V.

Definition 8.4  Addition of vectors (tail-to-tip rule)

If u and v are any two vectors, the sum u + v is the vector determined as follows:
Tranglate the vector v so that its initial point coincides with the terminal point of u.
The vector u + v is represented by the arrow from the initial point of u to the

terminal point of v.
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1 One can easily see that u, v and u + v are represented by the sides of a triangle,
which is called the triangle law of vector addition.

2 The addition of vectors has properties like the real numbers, the two useful
properties of vector addition are given below.

Theorem 8.1 Commutative property of vector addition
If u and v are any two vectors, then
u+v=v+u

Proof: Take any point O and draw the vectors O—A=y andH3=.vsuch that. the
terminal point of the vector u is the initial point of the vector v as shan in

Figure 8.3. ;
4 !
*, Figure 8.3
Then, by definition of vector addition you have: _
U+Vv=0B .......... AT 1

Now, completing the parallelogram OABC whose adjacent sides are OA and AB, you
infer that OC = AB=v, and CB=0OA=u
Using the triangle law of vector addition, you obtain

OC+CB=0B = ;

From1 and 2, we have:
u+v=v+u

Hence, vector addition is commutative. This is also called the parallelogram law of
vectors. WAL

Theorem 8.2  Associative Property of Vector Addition

If u, v, w are any three vectors, then
(utv)+w=u+(v+w).
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Proof: Let u, v, w be three vectors represented by the line segments as shown in

Figure 8.4.i.e,u = OA, v =AB, w =BC
Using the definition of vector addition, you have,
i.e,OC = OB+ BC = OA+ AB+BC
oC = U+t V)+w.....ooaL 1
Again, you have,
OC = OA+ AC = OA+ (AB + BC)
e OC=U+H(VFEW) oo 2
Comparing 1 and 2, you have,
(u+tv)+w=u+(v+w)
Hence, vector addition has associative property.

| | Figure 8.4

SR Multiplication of Vectors by 'Scala__a'rs '

Consider the vector PQ

1
2

3
4

work 8.2

What will bekPQ , when k> 0 and k< 0?
Discuss the length and direction of ~PQ .What will be PQ + (-PQ) ?
Discuss PQ + (-PQ) and PQ - PQ

If u and v are two vectors, then represent u —v geometrically.

Geometrically, the product of a vector v and a scalar k is the vector that is k times as
long as v, as shown in Figure 8.5.

Figure 8.5

If k is positive, then kv has the same direction as v. If Kk is negative, then kv has the
opposite direction.
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Example 2 Letv beany vector. Then 3v isavector in the same direction asv and
with length 3 times the length of v.

Definition 8.5

If v is anon-zero vector and k is a non-zero number (scalar), then the product kv is
defined to be the vector whose length islk ftimes the length of v and whose direction
isthe same as that of v if k> 0 and opposite to that of v if k< 0.

kv=0ifk=0orv=0.
A vector of the form kv iscalled ascalar multiple of v.

Theorem 8.3
Scalar multiplication satisfies the distributive laws, i.e., if k; and k; are any two

scalars and u and v are two vectors, then you have:
[ (ki + ko) u = kau + kou ii ki(u + V) = kiu + kyv

1  Toobtain the difference u — v without constructing —v, position u and v so that
their initial points coincide; the vector from the terminal point of v to the terminal
point of u isthen the vector u —v.

If v isany non-zero vector and —v is the negative of v, thenv + (—v) =0
For any three vectors u, vand w, if u=v and v=w, thenu = w.
The zero vector0 has the following property: For any vector u,u+0=0+u=u.

For any vector u,1.u=u

O o > N

If cand d are scalars and u is a vector, then c(du) = (cd)u.

The operations of vector addition and multiplication by a scalar are easy to work out in
terms of coordinate forms of vectors. For the' moment, we shall restrict the discussion to
vectorsinthe plane. . .

Recall from Grade 9 that if u = (X1, Y1),V = (X2, Y2) and k isa scalar, then
Ut V= (Xt X, Y1+ Yo); ku = (kxq, kya)

Example3  Ifu=(1,-2),v=(7,6) and k=2, find u + v.and 2u.

Solution ', “u +v = (4 +7,-2+6)=(8,4),2u=(2(1),2-2)=(2,-4)

Definition 8.6
If u=(x1, Y1), v= (X, ¥2), kisascdar, then

U+V:(X1+X2,y1+y2) kU:(kX;L,kyl)
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Exampled Ifu=(1,-3)andw=(4,2),thenu+ w=(5,-1)
2u = (2, -6),~w = (-4, -2)and u—w = (-3, -5)

| Exercise8.2 |

1 A student walks a distance of 3km due east, then another 4km due south. Find the
displacement relative to his starting point.

2 A ca travels due east at 60km/hr for 15 minutes, then turns and travels at
100km/hr along a freeway heading due north for 15 minutes. Find the
displacement from its starting point.

3 Show that if v is a non-zero vector and m and n are scalars such that mv= nv, then
m= n.

4 Letu=(1,6)andv=(4,2). Find

a 3u b 3u+4v cC u—%v
5  What istheresultant of the displacements 6m north, 8m east and 10mnorth west?
6 Draw diagramsto illustrate the following vector equations.

aAB-CB = AC b AB+BC-DC =AD

7 If ABCDEF is a regular polygon in which AB represents a vector v and BC
represents a vector w, express each of the following vectors interms of v and w.

CD,DE, EF and AF.
8 Using vectors prove that the line segment joining the mid points of the sides of a
triangle is half aslong as and parallel to the third side.

REPRESENTATION OF VECTORS

ACTIVITY8. 3

1 If w is a vector, then discuss how you can express the vector
w as sum of two other vectors.

2 Using thevectorsi = (1, 0)and j = (0, 1)discuss the following rules of vectors.
[ The addition rule: (ai + bj) + (ci + dj) = (a + ¢)i+ (b + d)j
ii The subtraction rule: (ai+ bj) — (ci +dj) = (a—-c)i + (b—d)j
il Multiplication of vectors by scalars: t (ai + bj) = (ta)i + (tb)j
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Given a vector w, you may want to find two vectors u and v whose sum is w. The
vectors u and v are called components of w and the process of finding them is called
resolving, or representing the vector into its vector components.

When you resolve a vector, you generally look for perpendicular components. Most
often (in the plane), one component will be parallél to the x-axis and the other will be -
parallel to the y-axis. For this reason, they are often called the horizontal and vertical
components of a vector.

Inthe Figure 8.6below, the vector w = AC isresolved asthe sum of u= AB and v =BC.

Ay
C
W=u+Vv
v
A B
X
. AN

Figure®8.6" / /
The horizontal component of w isu and the vertical component isv.

Example 1 A car weighting 8000N ison aaraight road that has aslope of 10° as
shown in Figure 8.7. Find the force that keeps the car from rolling down.

- C

i Figure 8.7
Solution . " The force vector DB actsin the downward direction.
=>|DB| =8000N.
Observe that, DC + CB = DB and m( [ABD) = 10°
= theforce that keeps the car at D from rolling down is in the opposite
direction of DA
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= sin([ABD) :@:@ =sin 10°:—m
DB| |DB 8000N

— \ﬂ — 8000 N x sin 10° = 1389.185 N

vectors. However, if directions of the component vectors are specified, the
problem of resolving the vector into component vectors has a unique solution.

2 Let u and v be two non-zero vectors. In the expresson w = kju + kpv

a the vectors kyu and kpv are said to be the components of w relativeto u
and v.

b the scalars k; and k» are called the coordinates of the vector w relativeto u
and v.

Definition 8.7

Two vectors u and v are said to be parallel (or collinear), if u and v lie either on
paralel lines or on the same line.

Definition 8.8

Any vector whose magnitude is one is called a unit vector.

If v is any non-zero vector, the unit vector in the direction of v is obtained by

1 o . N 1
multiplying vector v by — . That is, the unit vector in the direction of v is M.v

M A
The unit vectors (1, 'O)Iand 0,1) ae caled the standard unit vectors in the plane.

Every pair of non-collinear vectors can be thought of as base. Of course, the
components and the coordinates of a given vector in the plane will be different for
different bases. For example, the vector w = (5, 8) can be written as

(5, 8) - (3,2)+(2,6)=(1,6)+ (4,2)=(5,0) + (0, 8), etc.
The_refdra (3,2) and (2, 6), (1, 6) and (4, 2), and (5, 0) and (0, 8),etc are components of w.
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Your main interest in this section is to find the horizontal and vertical components of a
vector w, denoted by wy and w.

The unit vectors i and j
Vectors in the xy plane are represented based on the two special vectorsi = (1, 0) and
j = (0, 2). Notice that [i|=|j|=Liandj point in the positive directions of the x and y

axes, respectively, as shown in Figure 8.8. These vectors are called standard unit base
vectors. g /

Any vector v inthe plane can be expressed uniquely inthe form

V=3 +{j _ '
where s and t are scaars. In this case, you say that v is expressed as a linear
combination of i and j. . NN ;
Consider a vector v whose initial point is the origin.and whose terrrﬁinal' point is the
point A = (X, Y). :

5 (e

The norm of v= V| =/X +y°

If PQ isavector withinitial boint (%1, Y1) and termina point (X, y2) a shown in Figure 8.9,
thenitsposition vector v is determined as

V=00 —X1, Y2— Y1) = (e —X)i + (Y2—Y1)j
Thus, (X2 — x1) and (Y2 — Y1) are the coordinates of v with respect to the base{i, j}.
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Q (X2, ¥2)

P (X]_,y/]_) v R= (X2 = X1, Y2 — y]_)

X

[0
Figure 8.9
Example2Express the following vectorsin terms of the unit vectorsi and j and find
their norm. i ,
a (7,-8) b (-1,5) c (2073

Solution ' ™\
a  (7,-8)=7i-8jand itsnorm (or magnitude) is
J72+(-8)° = /49+64 =113

b (-l 5)=-1i + 5j and its norm (or magnitude) is

J(-1) +5° =1+ 25 =26

c (=2, 3) ==2i + 3j with norm /13
Example 3 Express each of the following as avector in the coordinate form.
a 3+ b (2i-2j C =i+ 6
Solution : ;

a 3i+j=3(1,0+(0,1)=(3,0+(0,1)=(3,1)

b 2i-2j=2(1,0)-2(0,1)=(2,0) +(0,-2) = (2, -2)

c  -i+6=—1,0+6(01)=(-1,0)+(0,6) = (-1,6)

_Exercise8.3 |

1 Find u +v for each of the following pairs of vectors

a u=(1,4),v=(6,2) c u=(2,-2),v=(-2,73)

b u=(7,-8),v=(-1,6) d u=(@++2,0,v=(-/2,2
2 Find the norm (or magnitude) of each of the following vectors.

s

a u=(1,1 b uz(g,O)

c v=(-21 d v=xi+yj,xy[RJ
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0 Buess Sfedve L5 25 i
2 2 4

u+v b u-—v c tu, tCR1 d 2u—v
Find a unit vector in the direction of the vector (2, 4).
Find a unit vector in the direction opposite to the vector (1, 2).

o T 9 9

Find two unit vectors, one in the same direction as, and the other opposite to
the vector u = (x,y) # 0.

5 What are the coordinates of the zero vector? Use coordinates to show that
u + 0 = u for any vector u.

SCALAR (INNER OR DOT) PRODUCT OF
VECTORS

So far you have studied two vector operations, vector addition and multiplication by a
scalar, each of which yields another vector. In thissection, you will study a third vector
operation, the dot product. This product yields a scalar, rather than a vector.

Suppose a body is moved from A to B under a constant
force F as shown in Figure 8.10. Discuss the uses of F,
ABand 4.

Figure 8.10

2 Let u and v be two vectors with the same initial point. The angle ébetween u and
v isformed as shown in Figure 8.11.

Figure 8.11

Discuss how to express £in terms of Ju| and |v|.
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Scalar (Dot or Inner) Product of Vectors

Definition 8.9

If u and v are vectors and 6 is the angle between u and v, then the dot product of u
and v, denoted by ulv, is defined by:
uv = |ullvlcosé.

\'

0
u

Figure 8.12

Example 1 Find the dot product of the vectorsu and v when
a u=(01)adv=(0,2 j
b u=(=2 0)andv=(+3, 3)

Solution Using the definition of dot product you have
a  |u=1|v|=2and6=0=ul¥= 1><2><coso =2

b Jul=2/v]=/(3) +32=2ﬁmde=120°

= ulV = 2x2/3 c0s120° = —24/3.

=0, i0l=jg=1
v |f eitheru or visO, then uit = 0.
uly = vi(dot product of vectorsis commutative)

v If thevectorsu and v are paralel, then ull = + |u | lv|. In particular, for any vector
u, we have ul= |u . Here, we write u? to mean |uf?

v' If thevectorsu and v are perpendicular, thenuly =0 becausecos(gj =0.

For purposes of computation, it is déirable to have a formula that expresses the dot
product of two vectors in terms of the components of the vectors.

In general, using the formula.in the definition of the dot product, you can find the angle
between two vectors. If u and v are nonzero vectors, then the cosine of the angle
betweenu and v is given by:

. u Ov

Jullv|

cos@=
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The following theorem lists the most important properties of the dot product. They are
useful in calculations involving vectors.

Theorem 8.4
Letu,v and w be vectors and k be ascalar. Then,

k (ulv) =(ku)¥ = ulkv) associative property
ullv +w) = ult + ulw digtributive property
ud>0ifuz0,anduld=0ifu=0

Corollary 8.1
Ifu=_ug ux) andv=_(wv1, V) arevectors, then uli = uyvs + up\vo.
Proof: uly = (uai + ugj)vai + Vo)) A

= Wi [vai+ Vo)) + Uz JO(ii + Vo)) :

= Wibni + Ulimzj + Uzj 0y + Uzjmz _]

= UpVai [ ugVp 01+ U e 3 UV 0 BTN

= W Vi + Up\e. (Sinceill= jGE1 andifEji=0) - |
Example 2 Find the dot product of the vectors u = 3i + 2j and v = 5i -3j
Solution  uN=(3i+2j)O5i-3j)=3x 5+2x (3)=9

Application of the Dot Préduct of Vectors

The dot product has many applications. The following are examples of some of them.
Example 3 Find the angle between 3i + 5j and —7i + .
Solution Using vector method,
(Bi+5)(-7i+j)=3(-7)+5(1) =16
But by definition, ;
(3i+ 5))7i + ) = [3+5j| |~71+j|cos8 = \/o+ 25./49 +1cosd
=\/34./B0cosf= 16"/

: = cos@:L
: /3450

o= )
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Y
4
3 /
o| B+
=kd 0t/
7 65-4-3-2-1| 12 3 45"
=1

Figure 8.13 3 »
The following are some other important properties of the dot product of vectors.
Corollary 8.2

i (U—Vv)Qu+v) =u—V?
i (uxv)®= u?+ 2ulN + V2, where u® = ull
Example 4 Supposea and bare vectors with| al=4, |b|=7 and the angle between a

Vi
and bis —.
3

a  Evauae |3a—2b|

b Find the cosine of the angle between 3a —2b and a.
Solution Using the properties of dot product we have,

a |3a—2b|2=(3a—2b)Eq3a—25):9a2—12a[b+4b2
= 9x16- 122l cos 7 +4x49= 144—12><4><7><%+196
=172
=[Ba-20|=V112=2/43
b Let 6 bethe angle between 3a—2b and a. Then
(3a-20) (@ = {33~ 2 oS = 302 - 20 13 = 243 4cos

=3x16-2|b||a] cosg = 843 cosb

= 48- 2><'7x4><% =8\/4_30059
543

= cosf = ——
86

The following statement shows how the dot product can be used to obtain information
about the angle between two vectors.
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Corollary 8.3

Let u and v be nonzero vectors. If @isthe angle between them, then
fisacute, if and only if uv>0
disobtuse, if and only if ulu<0

ezg if and only if Ul = 0

Example 5 Determine the value of k so that the angle between the vectors
u=(k 1 adv=(-2,3)is
a acute b  obtuse
Solution  Using adirect application of Corollary 8.3, we have,

a um>0:>(k,l)[0—2,3)>0:>—2k+3>0:>k<-g
3
b um<0:>k>§.

Observe that the above vectors are perpendicular (orthogonal) if k = g

| Exercise84 |

1 Find the vectorsz= u -2 (v + w) and z' = (ul)w, where,
a u=(873,v=(-1,2),w=(1, 4

b u= (%—%jv = (—3.5,—%),w =(-2,-1)

2
2 Vectorsu and v make an angle ezgn. If lul=3and Iv|=4, calculate

a ul b (u=v)lu+v) c (u+v)ilu+v) d [2u + v|
3 Using properties of the scalar product, show that for any vectorsu, v, w and z,
a (u+tvy=uv*+2uN+VvV¢ b (U-Vv)’= U*-2ul +V
c  (U+vu-v)=u*-v* d  (u+Vv)[W+Zz)=ul+uZ+ Vv + vz
Letu=(1,-1),v=(1,1) and w= (-2, 3). Find the cosines of the angles between
uandv b vandw c uandw
Prove that if ulv = O for all non-zero vectorsv, thenu =0.

(o2 I 6 BN <) BN S

Show that u + v and u — v are perpendicular to each other, if and only if
ul= vl
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Show that (ul) (Viv) = (uM)?. When is (u) (vi¥) = (u)??
a Showthatu¥=0 < u+vP= uP+ NP

b Consider triangle ABC in Figure 8.14. If the vectors u=BC ad v=CA
are orthogonal, then what is the geometric meaning of the relation in a?

Figure 8.14
9  Vectorsu and v make an angle&z%. If lul=+/3 andlv|=1,thenfind

a lu+vl b |u-v|
10 Let |ul=13,

a ul b |Ju-v] ¢ |3u+4v|

APPLICATION OF VECTOR

v|=19and |u+v|=24.Caculate

From previous knowledge, you notice that vectors have many applications.
Geometrically, any two points in the plane determine a straight line. Also astraight line
in the plane is completely determined if its slope and a point through which it passes are
known. These lines have been determined to have a certain direction. Thus, related to
vectors, you will see how one can write equations of lines and circles using vectors.

Example 1 Show that, in aright angled triangle, the square of the hypotenuse is
equal to the sum of the sguares of the other two sides.

Solution Let AABC be agivenright-angled triangle with [C# 90°.

A C
Figure 8.15

Consider the vectors, AC,CB and AB as shown in Figure 8.15.
Since [C* 90°, AC.CB = 0.By vector addition you have AC + CB = AB. Thus
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AB’ = AB.AB = (AC +CB).(AC+CB) = AC +2CB.AC+CB’
=AC+CB.......... snce CBAC=0
Hence, TBZ = EZ +C—BZ. _
Example 2 Show that the perpendiculars from the vertices of atriangle to the
opposite sides are concurrent (i.e. they intersect at a single point).

Solution Let ABC be agiven triangle and AD and BE be perpendiculars on BC and
CA respectively. Suppose AD and BE meet at O as shown in Figure 8.16:

A
E
F
B D ¢
Figure 8.16

Consider the vectors OA, OB and OC and AB, BC,CA.
Observe that BC = OC - OB, CA = OA- OC and AB = OB - OA
According to our hypothesis, BC and AD are perpendicular.. Thus
BC.AD=0 _
= (OC -OB).AD =0 = (OC -0B).0A=0
—OCOA=OBOA............ 1
Similarly, we can write for BE andCA, i.e., BECA=0
= BE.(OA-0C)=0= OB.(OA-0C) =0
—OBOA=0BOC ......... L2
By adding 1 and 2, we obtain
OAOC = OB.OC = OC.(OB - OA) = 0= OC.AB = 0
Hence BA and CF are pérpendicular.

Thus, the perpendiculars from A, B and C to the opposite sides are concurrent.

Examble 3 Provethat the perpendicular bisectors of the sides of atriangle are
concurrent.

Solution Let ABC be atriangle and D, E, F the mid-points of BC, CA, and AB,
respectively.
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Figure 8.17
DO and EO are perpendiculars to BC and CA respectively. JOII’) O to the mid- pomt \
F of AB. .

Let u, v, w be the vectors OA, OB and OC r&spectlvely

Then, BC =w—v and oD = viw

Since OD and BC are perpendicular, you have

@.?C:O.i.e.(vzwj,(w—v);o ..... 1

Similarly, since OE and CA are perpendlcular you get ./

(W;uj(u W)=0..ooonn... 2

From 1 and 2, you obtainu? — 2 = Oor V2 — u?= 0

1 p—ge.
:>§(v+u).(v—u) =0= OF and BAare perpendicular.

Apart from the applications discussed above, vectors have mény practical applications.
Some are presented in the following subunits.

Vectors and lines

Let Po(Xo, Yo) @nd Py (X1, Y1) be two pointsin the plane. Then, the vector from Pyto Py is
P1 —Po= (X1— X0, Y1 —Yo) (See Figure8.18).

Ay
. P (XY Py (X1, Y1)

Po (Xor Yo) ~— F—)1 -B

el
<O
<

Y, Figure 8.18
=Rz (%% %= Y)
where P, and P, are position vectors corresponding to the points P, and Py, respectively.
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Asyou can see from Figure 8.18 the line ¢ through P, and P; is parallel to the vector
R -R=(x—X y1-¥0).
Let P(x, y) be any point on ¢. Then the position vector of P is obtained from the relation.

P-R=RP=A(R-R)
ie, P-P=A(R-P), where A isascalar.
Observe that you have not used the point Py (Xi, 1) in the above "equa_tion except for
finding the vector v =R - FR,, which is often referred to as a direction vector of the
line. Thus, if a direction vectors v and a point Py(Xo, yo) are given, then the vector
equation of the line determined by P,and v is:
P=P,+Av; A [RY#O.
If v=(a, b), P (x, y) and P, (X, Yo), then the above equatlon can bewrltten as:
(% ¥) = (%, Yo) + A (a, b) :
or {X”" 8. ) RIab) % (00
y=y, +Ab
This system of equations is caled the paramefric equation of the line /, through
Po(Xo, Yo), Whose direction is that of the vector v = (a, b),A iscalled a parameter.
Now if a and b are both different from 0, then

X=Xy _ Y ¥ _ XTX% Y~ Y

=\ and =A= ,
a b a b

which is called the standard equation of the line.

The above equation can also be written as:

1 1 1 1 1 1 1 1
a a” b b 35*‘5‘“(5%‘5*0]”
—Ax+By+C=0 SwheeA =2 B=—Ladc=1ty -1y
M a b b a
Example 4 ' Find the vector equation of the line through (1, 3) and (-1, -1)
Solution ' Here you maytake P, = (1, 3) and P, = (-1, —1). Thus, the vector
. equation of thelineis:

Y =13 +A(=L,-D)-(1,3)=(1,3) +A(2,-4) =(1-2\,3-4))
The parametric vector equationis: x=1-2A y=3-4A A[R]and
' y 4 x-1_y-3

the standard eguation is:
-2 -4

314



Unit 8 Vectors and Transformation of the Plane

Example 5 Find the vector equations of the line through (1, —2) and with direction vector
G 1
Solution  You have P, = (1, -2) and v = (3, 1). Thus, the vector equation of the lineis:
YY) =@, 2)+ A3, 1) =1+ 3\ 2+N)

The parametric vector equationis: X =1 + 3\,y = -2 +A, A [K]

Xx-1_y+2
The standard equation is given by 3 - T
Example6 Find the vector equation of the line passing through tﬁe points (2, 3) and

(_1’1)- \
Solution The vector equation of the line passing through two points A and B with
position vectorsa and b, respectively, isP=a + A(b — a) orP=b+Ab- a)
Using thisresult, P=(2,3) + A (3, 2) or P = (-1, 1) +A (32

(¥ Vectors and Circles

A circle with centre at C(x,, Yo) and radiusr> 0 lstheset of al pomts P(x, y) in the plane
such that ‘P C‘—r : \

Where PadC are position vectors of P(x, y) and C(Xo, Vo) reﬁpectlvely
(See Figure8.19) -

AY
C (X0, Yo)
B P (X'y)
<
X
5 >
~—Figure 8.19
By squaring both sd% of the equatlon we obtain,
P- c) A7 1%
(P-C).(P-C)=
PP-2PC+CC=r?....... 2

The above equation is satisfied by a position vector of any point on the circle. Thus 2
represents the equation of the circle centred at C(xo, Yo) and radiusr.

Substituting the corresponding components of P and C in equation 1, we obtain:
(X=%)" +(y=y,) =r?
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which is called the standard equation of a circle.
By expanding and rearranging the terms, this equation can be expressed as.

% +y?+ Ax+ By + C =0, where A= —2x,, B= -2y, and C = xo° + Yo°.
Example 7 Find an equation of the circle centred a C(-1, —2) and of radius 2.
Solution Let P(x, y) be apoint onthe circle.

Let P and C bethe position vectors of P and C, respectively.
Then, from equation (2), we have,
(% ¥).06 )= 2(%, Y).(-1,-2) +(-1,-2).(-1,-2) = 2*
= X2+ Y =2(-x=2y)+(1+4) = 4= x>+ y* +2x+4y +1=0
Example 8 Find the equation of the circle with a diameter the segment from
A (5,3)toB (3, -1). _
Solution  The centre of the circle is C(Xo, Yo) = C(SL; &2_1)): C(4,J)

The radius of the circleis given byr = i(\/(s—_S)z + (3+1)2.) =_%</44e16

Let P(x, y) be a point on the circle and P andC be positi"c')n vectors of P and C
respectively. Then, the equation of thecircleiis:

(x¥)-(x ¥)-2(x.y)-(4 1)+ (4, 1).(4, 1) =(\5)
= X+ y? - 2(4x+ y)+16+1= 5
= X*+y*-8x=2y+12=0

CEE TangentLine to aCircle

A line tangent to a circle is characterized by the fact that the radius at the point of
tangency is perpendicular (orthogonal) to the line.
Let the circle be given by i

(X=X & (y-yo)’ =17, 1>0

Ay

P1 (X1, Y1)
Let /bethe line tangent to thecircle at Py (X1, Y1).

If P(x, y) is an arbitrary pointon ¢, RCRP=0 .
. : P (XY
Therefore, the equation of the tangent line must be:

(X — X1, y— y1)-(X1 —Xo, Y1— yo) =0 5 \ >

= (X—X2)(Xa—Xo) + (Y = Y1)(y1—Yo) =0 ¢
Figure 8.20
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By adding (x; — Xo)? + (Y1 — Yo)? = r? to both sides,
we obtain
(X —X1)(Xa —X0) + (Y= YD) (Y1—Yo) + (Xa —Xo)* + (Y1 —Yo)* = °
= (X=X + X1 = Xo) (X1 = Xo) + (Y= Y1+ Y1 = Vo) (Y1 — Vo) = I
=(X—Xo) (% —Xo) + (Y= Yo)(Y1—Yo) = 17

If the circle is centred at the origin, then the above equation becomes:

X + Yy = r?

Example 9  Find the equation of the tangent line to the C|rclex2 +y’=8atthe pomt
P1(2,-2).

Solution Thecircleis centred at the origin with radluszf Hence the equatlon of
the tangent line is:2x— 2y = 8.

Example 10 Find the equation of the tangent line to the circle x* + y2—'4x +6y+4=0
a (2,0).

Solution By complet| ng the square, the equation of the ci rcle can be written as
(x—2)*+ (y+3)*=9. Thecircle hasits centre at (2, —3) and radiusr = 3.
Thus, the equation of the tangent lineis:

(x=2)(2-2)+ (y+3) (0+3)=9=0+3y+9=9 =3y=0=y=0
The tangent line to the graph of the circle at (2,0) isthe horizontal liney = 0 (or the x-axis).

Practical application of_ vectors

Previously, you saw how vectors are useful in determining the equations of a line, and
the equations of a tangent line to a circle. Now, you will consider practical problems
and applications involving vectors.

Example 11 Show that the vectorsu =.(1, 2) and v = (0.5, 1) are two parallel vectors
which are of the same direction whereas the vectors u; = (-1, 2) and
vy =(0:5;~1) arein opposite directions.

Solution Consider u.v and ljl..vl.

uv = |u||v|cos:9:2 \@xg .cos #= cos #= 1 and hence 6=0.
Thué, u and v are parallel and have the same direction.
Similarly, up.vy = luy | Iv; lcos = - > \Ex%cose

= cos ¢9"= —1 and hence 6= 1.
Therefore, u; and v, are parallel and have opposite directions.
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Example 12 If u, v, w and z are vectors from the origin to the points A, B, C and D,
respectively, and v —u = w -z, prove that ABCD is a parallelogram.

Solution Let O bethefixed origin of these vectors.
Sincev—u= ABandw—-z=DC, you have AB = DC.
—=The vectors AB and DC are pardlel and equal.
Also,v—-u=w-z=w-v=z-u=BC=AD
Thus, BC and AD are parallel and equal. Hence, ABCD is a parallelogram.

Example13 Provethat the sum of the three vectors determined by the medians of a
triangle directed from the vertices is zero.

Solution Let ABC be atriangle and D, E, F the mid-points of the sides BC, CA, :
and AB, respectively, as shownin Figure 8.21. . ;

First, consider the triangle ABD. You have

In the same way, you see that

_— — 11— E
BE=BC+ ECA ............. 2
and CF =CA+ - AB W\ ). 3
5B - AN g c
Addingup 1, 2 and 3, you get.. Figure 8.21
AD+ BE +CF = (AB+BC + CA) = .00
Example14 A video camera weighing 15 pounds is
going to be suspended by two wires from the ceiling
ceiling of a room as shown in Figure 8.22. Wire \/30° 40%/ wire

What isthe resulting tension in each wire?

Solution  The force vector of the camera is straight
down, sow = (0, —-15).~

Video
Vector u has magnitude lu | and can be represented as camera
(+lu leos 30°, fu | sin (307). EEEREEL CEREEER
Similarly, v = (Ivleos40°, Iv|sin 40°). Figure 8.22

 Since the system isin equilibrium, the sum of the force vectorsis 0.
u lsin 30° + lv| sin 40°-15)

—0= U+ V+Ww= (—|ulcos30°+ v lcos 40° + 0,

318



Unit 8 Vectors and Transformation of the Plane

From the components of the vector equation, you have two equations,
0=—|ulcos30° + v |cos40°
{o= ulsin30°+ lv|sin40°-15
that you want to solve for the tensions |u | and |v .

From the first, you get lulcos30° = v lcos 40°= v | = [u |25 30"
cos 40°
Substituting this value for Iv|into the second equation you have
0= lulsin30®+ u[53% gnage_15
cos
=l = —— 15 . — [1R.2 pounds
sin30° + (cos30°) (tan 40°) :

Putting this value back into

V= u] 0830 you get |v|= (12.2)% [1B.9 pounds.
o : :

40°" (40°)

|_Exercise8.5 |

Find the vector equation of the line that passes through the point P, and is parallel
to the vector v where

a Po=(-21);v=(-11) b Po=(11);v=(22)

Find an equation of the circle centred at C (1, —2) withradius r = g

Given an equation of aline ¢ by P = (1, 0) + t (2, 2),t (Rl find out whether the,
points A (1, 0), B (2, 2), C(-5, —6) and D (3, 0) lie on ¢. For those of them lying
on / find the respective values of the parameter t.

Arethe points A, B and C collinear?

A A@04B(-2-3,C(11,-11) b A(-2,-3),B(4,9), C(-11,-21)

Find the equation (both in parametric form and standard form) of the line through
the points (3, 5) and (-2, 3).

Show that the given point lies on the circle and find the equation of the tangent
line at the point.

a R +yY—2x—4y—-9=0at Py(14) b (x+2P2+yY=3aPy(-1,v2)
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7 If u, v, w, z are vectors from the origin to the points A, B, C, D, respectively, and
V —Uu =Ww —z, then show that ABCD is a parallelogram.

8 Figure 8.23 shows the magnitudes and directions of six coplanar forces (forces on
the same plane).

F.=4N
Fe=4N
F,=10N
45° 30°
Fs=8N F:=10N
€0 120° ’
Fs,=6N
Figure 8.23
Find each of the following dot products.
a Fi. b Fs. Fg C (F1 + F,— F3) . ( Fs+Fs— Fe)

9 Leta=3i+],b=2i-2jand c =i+ 3j bevectors. Find the unit vectors in the
direction of each of the following vectors.

a a+b b 2a+b—%c.

10 ThreeforcesFi = 2i + 3, F2 =i + 2j and F3 = 3i — j measured in Newton act on a
particle causing it to move from A =i — 2j to B = 3i + 4] where AB ismeasured in
meters. Find the total work done by the combined forces.

TRANSFORMATION OF THE PLANE

Transformations are of practical importance, especially in solving problems and
describing difficulties in simpler forms. Transformations can be managed in different
forms, those that maintain direction and those that change direction. There are many
versions of transformations, but, in this section, you are going to consider three types of
transformations namely.translations, reflections and rotations.

work 8.4

1 When you blow up aballoon, its shape and size change.

Figure 8.24
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In which of the following conditions does the shape or size or both of the object
change.

a  When arubber is stretched.
b When acommercia jet flies from place to place at a specific time.
¢ When the earth rotates about its axis.
d  When you see your image in a plane mirror.
e  When you draw the mgp of your school compound.
2 Let T be amapping of the plane onto itself givenby T ((x, y)) = (X + 1, —y).
For example, T((4,3))=(4+1,—3) = (5, -3).

IfA=(0,1),B=(=3 2) and C= (2, 0), find the coordinates of the image ofA,
Band C.

Find the image of AABC under T. IsAABC congruent to itsimage?
3 Suppose T is a mapping of the plane onto itself which sends point P to point P
Let A = (2,-3) and B = (5, 4). Compare the lengths of AB and A'B' when
a T(xy)=(k0 b T(xy)=x-y)
c TEW=ecrLy-3  d T =(ixay)

4 Can you list some other transformations?

In this Group Work you saw that some mappings called Transformations of the plane
onto itself preserve shape, size or distance between any two points. Based on this,
transformations are classified as either rigid mation or non rigid motion.

Definition 8.10 Rigid motion

A motionissaid to berigid motion, if it preserves distance. That isfor P# Q,

PQ = PQ' where P and Q' are the images of P and Q, respectively. Otherwise it is
said to be non-rigid motion.

A transformation is said to be an idehtity transformation, if the image of every point
isitself. For example, if an object isrotated 360° it is an identity transformation.

v" Rigid motion carries any plane figure to a congruent plane figure, i.e., it carries
triangles to congruent triangles, rectangles to congruent rectangles, etc.

Anidentity transformation isarigid motion.
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In this topic three different types of rigid motions are presented.

Translations Reflections Rotations

Figure 8.25
Translation

y

(o))

+

w

N

L |

0 1 P & 4 5 6

Figure 8.24 )
When AABC is transformed to AA'B'C', AB and A'B' are parallel to the x-axis, and AC
and AC' are parallel to the y-axis. Moreover, AABC and AAB'C' have the same
orientation. i.e., the way they face is the same. Thistype of transformation is said to be a
translation.

Definition 8.11

If every point of a figure is moved along the same direction through the same

distance, then the transformation is called a translation or parallel movement.

If point P is translated to point P', fhen the vector PP'is said to be the translation
vector.

If u=(h, Kk isa translatidn vector, then the image of the point P(x, y) under the
translation will be the point P'(x + h, y + K).

Example1 LetT be atrandation that takes the originto (1, 2). Determine the
translation vector and find the images of the following points.

a (2-1) b (-3 5) ¢ (12
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Solution T ((0,0)) =(1,2) =u =(1, 2) isthe translation vector.
=X X+lady - y+2
Thus,
a T(2,-1)=2+1,-1+2=3,1
b T(-35)=(-3+15+2)=(-2,7)
c T(1,2)=1+1,2+2)=(2,4).
Example2 Let the points P (X, y1) and Q (X2, y2) be translated by the vector
u= (h, K). Show that \Wp\ =‘P'Q".
Solution Clearly P= (x,+ hyi+ k) and Q' = (xa + h, yz+ k). - /

Then, ‘ﬁ‘: \/(X2+h_x1_h)2+(y2+k_y1_k).2.

=J0,-%)2+(y,-y)? = PQ. _
The above example shows that atranslation isa ngld motion. You can state atranslation
formulain terms of coordinates as follows:
1 If (h, k) is athe translation vector, then
a theoriginistrandated to (h, k) i.e, (0, 0)— (h, k)
b thepoint P(x, y) istransated to P'(x + h, y + K).

Ay'
AY
P(x, y) (in xy-plane)
P (X,¥)=(Xx-"hy - K) (in Xy-plane)
XI
(h,k)/ ;
(0,0) ; .
Figure 8.25

2 If the translation vector isAB where A = (@, b) and B = (c, d), then
4 theoriginistrangated to (c—a, d —b), and
b the point P(x, y) istrandated to (x + c—a, y + d —b)
Example3 If atrandation T takesthe origin to p(1, 2), then
TXyY)=Kx+1y+2)andT (-2, 3)=(2+1,3+2)=(-1,5).
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Example 4 If atrandation T takesthe originto (-1, 1), then find
a  theimagesof the pointsP (1, 3) and Q (-3, 6)
b the image of the triangle with vertices A(2, —2), B (-3, 2) and C(4, 1)
¢ theequation of theimage for the circle whose equation is X + y’= 4.
Solution
a  Theimageof thepoint P(1,3)isT (1,3)=(1+(-1), 3+ 1) =(0,4).
The image of the point Q (-3,6) isT (-3,6) = (-3-1,6 +1) = (-4, 7)
b T2 -2=2+(1),2+1)=(1-) :
T(32=(3+(-1).,2+1)=(473)
TA 1) =(4+(-1),1+1)=(3,2
Thus, A"'=(1,-1),B'=(4,3)and C' = (3,2
The image of A ABCisAA'B'C.
c Theimageof (x,y)under TisT (x,y) = (X—1,y+1).
The centre of the circle (0, 0) istrandated to (41, 1)
Thus, theimage of X* + y* = 4is (x+ 1)%+(y= 1)’ =4
Example 5 If atrandation T takes the point (1, 3) to the point (4, 2), then find the
images of the following lines under the translation T.
a (:y=2x-3 b £:5y+x=1
Solution The trandation vector is (h;, k) = (4 — (1), 2 — 3) = (5, -1). Thus, the
point P(x, y) is trandated to the point P(x + 5, y — 1).A trandation maps
lines onto paralel lines. Let /' be the image of ¢ under T. Then,

a [("y—(-1) =2(x5-3
=ly=2x-14

b f‘:5(y+_1)+(x—5)=1
S g+ x= 147 = I Explaint

Example 6 ' Determine the equation of the curve 2x*+3y”-8x+6y=7when the
origin istranslated to the point A(2, -1).

Solution ' The tranglation vector is(h, k) = (2, -1). Thus the point P(x, y) is
trandated to the point P(x + 2, y — 1).Subgtituting x—2 and y + 1 in the

equation, youobtain2(x—2)° +3(y+1)* -8(x-2)+6(y+1)=7.

Expanding and simplifying, the equation of the curve becomes
2x* +3y” -16x+12y+26=0
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1 If atrandlation T takes the origin to the point A(-3, 2), find the image of the
rectangle ABCD with vertices A(3, 1), B(5, 1), C(5, 4) and D(3, 4).

2 Triangle ABC is transformed into triangle A'B'C' by the trandation vector (4, 3).
If A=(2,1),B=(35) and C= (-1, -2), find the coordinates of A’, B' and C.

3 Quadrilateral ABCD istransformed into A'B'C'D' by atranslation vector (3, —2).
IfA=(,2),B=(3,4),C=(7,4) and D = (2, 5), thenfind A', B', C'and D' and
draw the quadrilaterals ABCD and A'B'C'D' on graph paper.

4 What isthe image of a circle under atrandation?

5  Find the equation of the image of the circle (x + 1)® + (y — 3)* = 5 when translated
by the vector PQ, where P = (1, 1) and Q = (-4, 3).

6 A trandation T takes the origin to A(3, —2). A second translation S takes the

origin to B(—2, —1). Find where T followed by S takes the origin, and where S
followed by T takes the origin.

7 If atranslation T takes (2, -5) to (-2, 1), find the image of the line ¢: 2x—3y =7.

8 If atranslation T takes the origin to (4, -5), find the image of each of the
following lines.

a y=3x+7 b 4y+5x=10
9 If the point A(3, —2) istrandated to the point A'(7, 10), then find the equation of
the image of
a theellipsedx®+3y’—2x+6y=0 b  theparabolay’ = 4x
c  thehyperbolaxy =1 d  thefunctionf (x) =x>—3x + 4

B Reflections

Asthe name indicates, reflection transforms an object using a reflecting material.

ACTIVITY§_ 4 i,
1 Using the concept “reflection by a plane mirror”, find theimages of - J = \
the following figures by considering line L asamirror line. R
P
| -
Q \/
Figure 8.26
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2 InFigure 8.27a below A’ isthe mirror image of A. Copy the figure and draw the
reflecting line.

3 InFigure 8.27b below A" and B' are the images of A and B, respectively. Copy the
figure and determine the reflection line.

y
B’ . B
[~
4
Ny
2
) AL A
- X
e A 4 32 4 | 1 3 4 5 6 7 8 9 10
=1
2
A'e =
a b
Figure 8.27

4 Discussthe conditions that are necessary to define reflection.

Definition 8.12

Let L be afixed line in the plane. A reflection M about aline L is a transformation of
the plane onto itself which carries each point P of the plane into the point P' of the
plane such that L is the perpendicular bisector of PP

Theline L issaid to be the line of reflection or the axis of reflection.
L

Figure 8.28

<Note]

Every point on the axis of reflection is its own image.

NoraTIioNS
The reflection of point P about the line L, is denoted by M (P), i.e. P=M(P).
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Reflection has the following properties:
1 A reflection about a line L has the property that, if for two points P and Q in the

plane, P = Q, then M(P) = M(Q). Hence, reflection is a function from the set of
points in the plane into the set of pointsin the plane.

2 A reflection about aline L maps distinct points to distinct points, i.e., if P£Q, then
M(P) # M(Q). Equivalently, it has the property that if, for two points P, Q in the [ {
plane, M(P) = M(Q), then P = Q. Thus, reflection is a one-to-one mapping.

3 For every point P in the plane, there exists a point P such that M(P) = P If the
point P ison L, then there exists P = P such that M (P) = P'. Thus, reflection is an
onto mapping.

Theorem 8.5

A reflection M isarigid motion. That is, if P = M(P) and Q' = M(Q), then PQ =PQ'.

We now consider reflections with respect to the axes and the linesy = mx+b.

A Reflection in the xand y~axes N
ACTIVITY8.5
1 Find the image of f(x) = €, when it is reflected
a inthey-axis b in the x-axis c intheliney=x

2 Discuss how to determine the images of points P(x, y), lines/; y = mx + b and circles
(x—h)?+ (y—K)? = r?, when they are reflected in each of the following lines

a y=0(xaxis) b x=0(y-axi9) c y =X d y=—x
B Reflection in theline y= mx, where m=tan @
Let ¢ be aline passing through the origin and making an angle #with the positive x-axis.
Then the slope of Zisgiven by m = tan @and its equationisy = mx. See Figure 8.29.

“.y W 3 { Ay
A" P'(X,Y) Y4
A(xY) ;
: , P (X,
ny K&-a ( Y)
0 E X Ta :}y X
v . >
X X
Figure 8.29 Figure 8.30
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Y ou will now find the image of a point P(x, y) when it is reflected about this line.
See Figure 8.30
Let P(X, y) betheimage of P(x, y).
The coordinates of P are:
X=rcosgandy=rsna
The coordinates of P are:
X=rcos(26-a) andy =r sin(260-0)

Expanding cos (26¢-a) and sin (26-a), _ ;
Now, use the following trigonometric identities that you will learnin Section 9'.-4.2.
1 Sine of the sum and the difference < :

v dn(x+y)=snxcosy+ cosxsiny

v 8n(x—y)=sinxcosy—cosxsiny
2 Cosine of the sum anddifference

v cos(x+y)=cosxcosy—sinxsny-

v’ CoS(X—Yy)=cosxcosy+snxsny i
Using these trigonometric identities, you obtain: ' o

x'=r[cos 26 cosa+sin28sina] = (r cosa)cos26 + (rsina)sin..ze,
"\ = xcos26+ ysin26, and
y' =r[sin28cosa - sinacos26], = (r cosa)in26 - (r sna) cos24,
=xdn 29—yoosZH

Thus, the coordinates of P(X; y), the image of the point P (X, y) when reflected about
theliney= mxis:

X = xé052:9+ysin 20

y=x9n26-y cos 26

wherefisthe angle of inclination of theline /: y = mx

Based on the value of 6, youwill have the following four special cases:
1  When =0, you will have reflection in the x-axis. Thus, (X, y) is mapped to(x, —y)

2  When 6':%, you will have reflection about the line y = x and hence (x, y) is mapped

to (y, X).
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3  When 92%, you will have reflection inthey —axis and (x, y) is mapped to (—X, y).

4  When 9:37”, you will have reflection about the liney = —x and (X, y) is mapped
to (-, —X).
Example 7 Find theimages of the points (3, 2), (0, 1) and (-5, 7) when reflected
about the liney = mx, wherem=tan dand 6= %
Solution:  Thisisactualy areflection aout the liney = x. Thus, the i:mages of (3,
2),(0,1) and (-5, 7) are (2, 3), (1, 0) and (7, 5) reﬁpecti\iely
Example 8 Find theimages of the pomtsP(B 2),Q(0,1) and R(-5,7) when ok

reflected about the Imerﬁ X.

Solution  Sincetan #=-= , you haveH—g Ths if P’ "(x, y) |sthe|mageof P, then

V3 _
X'=Xxc0s26+ydn26 = 3003(%)+ Zsin(gj 3x 2+ 2x§ . 3+§\@

y'=xsin26-ycos26 = BSin[%j—Z_cos[%j _ 3[?]‘2%%) _ ¥_1

Hence, the image of P (3, 2) is P % %-1]

Similarly, you can show that the images of Q (0, 1) and R(-5, 7) are Q' [? , —lj and

2
R.[—5+7\@ -5J3-7

2 ' 7

] , respectively. -

Example9 Find tr__ié'i"mage of A = (1,-2) after it has been reflected inthe liney = 2x.
Solution  y=2x=>y = (tanf)x=> 6= tan (2).
But, from trigonometry, you have

e T 1 1 4 3
snf= -2 and cosd=-7 = cos(26) = cosfh—sn*f= =—-—=-=,
\ J5 J5 (26 = 55 5
AV 4 3 4 4 3
sn(26) =2 sn dcos = — '=——X+—-yandy = —-X+—
29 [V 5 =X 5 5y y 5 5y
ll 2
=M((1, -2 -=
(1,-2)) = [ 2 5)
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If aline 7' is perpendicular to the axis of reflection L, then L' isits own image.

1
2 If the centre of a circle C is on the line of reflection L, then the image of C is
itself.

w

If the centre O of acircle C has image O when reflected about a line L, then the| |
image circle has centre O' and radius the same as C.

4 If ¢ is aline pardlel to the line of reflection L, to find the image of L' When-
reflected about L, we follow the following steps.
Stepa: Choose any point Pon /'
Stepb: Findtheimageof P, M(P) = P
Stepc: Findthe equation of ¢, which is the line passing through P with slope equal
to the slope of /.

C Reflection in the line y =mx#b

Let 7 :y = mx + b betheline of reflection, where m[IRY O} .
Let P(x, y) be apoint in the plane, not on 7.

Let P(X, y') be the image of P(x, y) when reflected about the line /.

f

Ay

o N f:yﬂnx+b
P(xy)

P'(XY) x

f’

v

J Figure 8.31
Let ¢ be the line passing through the points P (x, y) and P' (X, y').Then, ¢' is perpendicular

) : A — . 1
to ¢, since / is perpendicular to PP'.Since the slope of ¢ is m, the slope of ' IS_E'

Thus, one can determine the equation of the line ¢'. If A is the point of intersection of ¢
and 7, taking A as the mid-point of PP', we can find the coordinates of P'.
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Thus, to find the image of a point P(x, y) when reflected about a line ¢, we follow the
following four steps.
Step 1: Find the slope of theline ¢, say m.

Step 2: Find the equation of the line/", which passes through the point P(x, y) and
1
has slope——
m

Step 3:  Find the point of intersection A of 7 and ¢'which serves as the midpoint of

PP
Step4: Using A asthe mid-point of PP', find the coordinates of P'.

Example 10 Find images of the following lines and circles after reflection in the line

y=2x-3. | \ :
a 2y+x=1 b y=2x+1 C y=3x+4

d X¥+yY—4x-2y+4=0 e X+yY-2x+3y=8
Solution : . N
a  Theimageof /: 2y + x= 1isitself. Explain!
b (:y=2x+ lispardle to the reflectihg axis.
Hence /' :y= 2x+ b . We need to determine b.
Let (a, b) be any point on ¢, say (0, 1), so that itsimage lieson ¢'.
By the above reflecting procedure,

b'-1 1
M((0,1))=(a, b ——=-—=a=2b'+2
((0.))=(a,b) =——=-2
a b+1

Also, the midpoint of (0, 1) and (&', b') which'is (ET) lies on the reflecting

aXiSZbl-'-l:Z il -3= a':E+Z;
7 AR 2

e L
Buta' = 2b'+2 = 2b+2= 247
272
. ;
:>b|:_§:>a':_6.:(E,_§j|ieson['
RN 5 5' 5

c 0:y=:3x+ 4 and the axis of reflectiony = 2x—3 meet at (-7, -17)

Next, take apdint on ¢ say (0, 4) and find itsimage (a', b") so0 that ¢ passes
through (&', b"). Perform the technique similar to the problemin b
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Thus,m=—£and4+b—2 a 3:>a—§andb—§
a-0 2 2 5 5
9 434
0hy=l"y=—X———
=YY T e

d X+ y-4x-2y+4=0=(x-2°%+ (y-12%=1
Thisisacircle of radius 1 unit with centre (2, 1) that isony = 2x—'3
= The centre of thecircle lies on the axis of reflection. Therefore thecirclei is

its own image.
e X+ Yy-2x+3y=8=(x-1)7°+(y+ g)2= %
3 13
The centre 1—— has image
(- resimage £ -1}
= Theimagecircleis (x—%z [ +1—3) 3%
5 y 10 g

Example 11 Find theimage of (=1, 5) when reflected about the lines
a y=-1 b x=1 c y=x+2 d  y=2x+5

Solution
a  Theimage of the point (-1, 5) when reflected about the line
y=-1is(-1,-7) i :

b Theimage of the point (-1, 5) when reflected about thelinex = 1is (3, 5)
c  Theslopeofy=x+2is1l.

Let P(X,y) betheimage of P (-1, 5). If # isthe line passing through P and P,
-1 ; | .
thenitsslopeis 71, = —1.Thus, theequation of /' is:

y-5
X+1

= 1=y =t 4

The point of intersection of / anel 0"is (1, 3). Taking (1, 3) as a midpoi ntof PP , we
get, _
-1+ x! 5+y'

> =1andT:3:>—1+x‘:2and5+y'=6
—x'=3andy'=1

Therefore, the image of P (-1, 5) isP (3, 1).
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d Theslopeof y=2x+5is2. If P(X, Yy isthe image of P(-1, 5) and /' isthe

. . -1 . .
line through P and P, then its Slopeis > Thus, the equation of /' is:

The point of intersection of ¢ and /' is A (?1 ;j Taking A a_sthé midpointof

P_P, find the coordinates of P as:

“X_Cl g 2y —€3 5+ 5x =—2and 254 5y = 46

2 5 2
o
> 5x =3 and 5y=46- 25 = 21:x—:—53and ES
Hence, the image of P (-1, 5) |Sp(§ %) X .

Example12 Given the equation of the circle X2+ (y —1)? = 1, find the equation of its
graph after areflection about the liney = x. )

Solution The centre of the circleis(0, 1). Thereflection of (O 1) about the line
y = xis(1, 0), which isthe centre of the image circle. Therefore, the

equation of the image circleis(x -1)2+y? =1

Example 13 Find theimage of the line ' y = —3x — 7 after areflection about the line
ly=-3x+1

Solution Pick apoint P on /', say P (1, -10).

Tofind the image-of the point P (1, —10) when reflected about the liney=—3x+1,
proceed as follows: '

Since slope of ris —3, the slope of the perpendicular line is% . Thus, the equation

ofthellnethrough (1, —10) W|thslope—|s y+10_1
3 x-1 3

3y:lx_§-

y3{ 3
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The point of intersection of y=-3x+1and y:%x—%l |5A(34 92]

10 10
Taking A as amid-point of PP, find the coordinates of the image P(x,y)of P, i.e,
Lex 34 -10+y -2
2 10 2 10
= 10+10x'=68 and -100+10y'=-184

, 58 -84
= X'=— and y'=—
10 10
58 -84 :
Therefore, the image of P(1, -1 P
« (L -10)is (10 10]

Now, you need to find the equation the line pasﬂ ng thr'ough P wi%[h sIbpe—S, ie.,

+% i 4
y 10 _ 10y+84 _ , /. N
=-3=> =3/ / \
w8 10x-58
10

= 10y+84=-30x+174

= 10y = -30x+174-84

= 10y =-30x+90

= y=-3x+9 .
Hence, theimage of theline ¢':y = -3x—7 when reflected about the line
y=-3x+1 is y=-3x+9

Example14 Find theimage of the circle (x-1)* +(y+5)° =1, when it is reflected about
theliney = 2x-1. *

Solution The centre of the cirdeis (4,-5), theimage of the point (1,-5) when

reflected aboutthellnez y=2x-1is [% ?]

: % . o 19V, (. 18)
Thus, the equation of the image circleis x+E y+— =1
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1  Theverticesof triangle ABC are A (2, 1), B (3,-2) and C (5, -3). Givethe
coordinates of the vertices after:

a  areflectioninthe x-axis b areflection in the y-axis
c areflectioninthelinex+y=0 d  areflectionintheliney = x.
2 Find the image of the point (4, 3) after areflection about theline /:y=Xx-2

3 If the image of the point (-1, 2) under reflectionis (1, 0), find the line of
reflection.

4 Find out some of the figures which are their own images in reflection about the
liney = x.

5  Find the image of the line /:y=X+4after it has been reflected about the line
L:y=x-3

6 Find the image of the line /:y=2x+1 after it has been reflected about the line
L:y=3x+2

7  Givenan equation of acircle(x-2)* + (y-3)* = 25, find the equation of the
image circle after areflection about the line y = Xx+3.

8  Theimage of the circle X¥* + y? — x + 2y = 0 when it is reflected about the line L
isx* +y?— 2x + y = 0. Find the equation of L.

9 If T isatrandation that sends (0, 0) to (3, -2) and M is areflection that maps (0, 0)

to (2, 4), find
a  T(M(,3) b M(T(,3)

10 Inareflection, the image of the liney — 2x = 3 isthe line 2y — x = 9. Find the axis
of reflection.

8.5.3] Rotations

Rotation is a type of transformation-in which figures turn around a point called the
centre of rotation. The following Group Work will introduce you the idea of rotation.

Group work 8.5 e &8

1 In the following figure, A, B, C and D are points on the same
circle with centre at the origin. The chordsAC and BD are

perpendicular.
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Ay
B
A
c D
Figure 8.32

Discuss the following questions in groups.

a If A = (2, 3) find the coordinates of B, C and D.

b If A =(X,Y) expressthe coordinates of B, C and D interms of x and y.
Look at the figure below.

\Y
8
_ B
4
6
5
4 D E
/
3 —
F
2
1 A
X
7
Ol 1 2 345 6 7 8 91011 12 13 14

Figure 8.33
By placing a piece of transparent paper on thisfigure, trace AB and CDEF.
Hold a pencil at the origin and rotate the paper 90°counter clockwise. After this
rotation, write the images of A, B, C, D, Eand Fto be A', B, C, D', E' and F,
respectively, on the paper.

a  Find the coordinates of those points on the transparent paper by referring the
x and y coordinates of the original figure.

b Isthere afixed point in this rotation?

c Discuss whether or not this transformation is a rigid motion.
d  What do you think the images of the x and y axes are?
Discuss what you need to define rotation.
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In the Group work, you have seen a third type of transformation called rotation.
Rotation isformally defined as follows.

Definition 8.13

A rotation R about apoint O through an angle 8 is a transformation of the plane onto
itself which carries every point P of the plane into the point P' of the plane such that
OP = OP' and m ( [POP") = 6. O iscdled the centre of rotation and #is caled the
angle of rotation.

i The rotation is in the counter clockwise direction, if > 0 and in the clockwise
directionif 8<0.

>0 <0
Figure 8.34

i Rotation is arigid motion.

Example 15 Find theimage of point A (1, 0) when it is rotated through 30° zbout the
origin.

Solution Let the image of A (1, 0) be A’ (a; b) as shown in the figure.

Ny

[ARY

g A:(d, b)

\

. \ A(L 0)
0 1

N

Figure 8.35

337



Mathematics Grade 11

But from trigonometry, (a, b) = (r cos &, r sin &) wherer = 1 and 8 = 30° in this

example. Therefore, theimage of A (1, 0) isA' [g %]

NorATIONS y
If Risrotation through an angle 6, then the image of P (x, y) isdenoted by Ry (X, y). In

the above example, R, (1, 0) = [——J

Theorem 8.6

Let R be arotation through angle 8 about the origin. If Re (X, y) = (X, Y),
thenx' = xcosf—y sin 8
y =Xxsn 8+ ycosd

Proof

RN
f/ Vel

Flatire 8.36

From trigonometry wé- have,
(x,y) = (r cosa T-§na) and (X y) = (f cos (+ &), T sin (o + 6))
=f cos(a+ 6)=r cosacos -1 snasin 6

! "'=xcose—ys'né
FSin(a+ 6)=r SN coS O+ r C0s Sin 6

=ycosd+ x"sine
| 2Ro (X, ) ="(x'bos f—ysin @, ycos 8+ xsin 6)
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Let R be a counter-clockwise rotation through an angle & about the origin. Then
i e:g: R(xY)=(-y.%)
i =m=R(XY)=(-%"Y)
iii 49:3;7: R(X, y) = (Y,—X)

iv  @=2nr for n [Z3} R istheidentity transformation.
% Every circle with centre at the centre of rotation is fixed.

Example 16 Using the formula, find the images of the fOllQWI ng poi ntsin rotatlon )
about the origin through the indicated angle.

a (4,0 ;60° b (11):-F ke (1,2);45o°

Solution

a X'= xcosf-ysing; x=4,y=0,0= 60°
=4c0s60° -0xsin60° =2 /)
y' =xsnd+ ycosd
= 4sin60° + 0x cos60 = 24/3

= Fgoo(4,o)=(2,2\5) | o

b x'=1><cos(—zj—lxsin("—z
6) L\ 6

y =xsn 8+ y cosd

y = 1xsn( ”)+1xcos(—” =—1+—
6 6 2

N
1"
NG
+
N -

\ 1 1
0 1 F _+_’ P
= Ry (]’) 2 2 2
c x‘=1><.c.(5§(Z —ZXS}n(zJ
S\ 2 2
'X':ixcos(z z
LR _2 2
X'==-2)=-2
y'=1xsin(£ 4;2xcos(£)
A% 2 2
y'=1x1+2x0
=y'=1
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Notice that 450° = (360° + 90°)
R Y) = (. %)
“R(1,2) = (2 1)

Rotation when the centre of rotation is (4, M)

So far you have seen rotation about the origin. The next activity introduces rotation | |
about an arbitrary point (X,Yo)-

ACTIVITY8.6

b

1  Inthefollowing figurearotation R sends A to A" and B to B'. ,_/ - I \
y

(o))

al

w

w

N

* A

0 1 2 3 4 5 6

Figure 8.37

Discuss how to determine the centre of rotation.

2 If R is arotation through %about A(3, 2), discuss how to determine the image of
apoint P (2, 0).

The above activity .I eadsto the fol I.ovv.ing generalized formula.

Corollary 8.4

If P (X,Y) isthe image of P (X, y), after it has been rotated through an angle & about
(X0, Yo), then

X'= %, +(x=X,)cos8-(y-y,)sind
y'= Y, +(X=%,)sing+(y-y,)cosd
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Asin the case of translation and reflection, to find the image of a circle under agiven
rotation we follow the following steps:

1 Find the centre and radius of the given circle
2 Find theimage of the centre of the circle under the given rotation.

3  Equation of the image circle will be an equation of the circle centred at the image| [ (

of the centre of the given circle with radius the same as the radius of the given
circle.

Example 17 Find theimage of the circle (x —3)? + (y + 5)* = 1 when |t isrotated
through % about (4, -3). _,:3' 7y RN

Solution  According to the note given above, we compute only the image of the
centre of the circle. The centre is (3, -5) and itsradiusis 1 unit.

X'= X, + (x-%,)c0S8~ (y - y,)sinf
Where (x,3) = 3, 5): (oY) = (@4, 0= 20 [

X'=4+(3- 4)cos——( 5+3)s n%n—4—%+2[—ﬁ_j'=%—x@

y'= y0+(x-xo)sn€+(y-yo)cos€

:>y=-3+(3-4)sin%+(—5‘—(—3)) cos%” = -'3+§-1= -4+§

o 2 2
Thus, the equation of the image of thecircleis (X—g+\/§j +[y+4——J =1

One can also obtain the image of aline under agiven rotation as follows:
v' Choose two points on the line.
v' Find the images of the two points under the given rotation.
Thus, the image line will be the line passing through the two image points.

Example18 Find the equation of the line /: 3x— 2y =1after it has beenRotated—135°
about (-2,3).

Solutidn. | Accordlng to the note, we choose any two arbitrary points, say (1, 1)
and(=1, —2). Together with (Xo, Vo) = (=2, 3) and 6= —135°, we get

R 1) = (-2-25J2, 3-05v2) and R(-1-2) = (-2-3/2, 3+ 2/2)
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3+2/2-3+05/2 _

= Thedopeof /'= =-5
P —2-3J/2+2+25/2
L eym3mA2
X+2+3J2

= /' y-3-2/2=-5x-10-152
= /' y+5x+7+13J2=0

|_Exercise8.8 |

Rectangle ABCD has vertices A (1, 2), B (4, 2), C (4,-1) and D (1, -1).
Find the images of the vertices of the rectangle when the axes are rotated about
the origin through an angle 8= 7

Find the point into which the given point is transformed by a rotation of the axes
through the indicated angles, about the origin.

a  (8,4:90° b (-2,0);60° ¢ (o, —1);% d (-1,2);30°

Find an equation of the line into which the line with the given equation is
transformed under a rotation through the indicated angle.

a 3x—4y=17; acute angle € suchthat tan = %

/4
b 2x+y=3; §=—
y 3

Find an equation of the circle into which the circle with the given equation is
transformed under a rotation through the indicated angle, about the origin.

a  R+y=1, ezg b (x+12+(y—272=3 ez%
Find the image of (1, 0) after it has been rotated —60° about (3, 2).

If M isareflectionintheliney = -x and R is a rotation about the origin through
90° find

a M(R(@30) b R(M(3, 0))

In arotation R, the image of A(6, 2) isA’(3, 5) and the image of B(7, 3) isB’(2, 6).
Find the image of (0, 0).

In Figure 8.38, point B is the image of point A in areflection about the line ¢ and

point C isthe image of point B in a reflection about the linet. Prove that thereisa
rotation about O through an angle 28 that will map C to A.
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coordinate form of a vector
identity transformation

initial point

non-rigid motion

parallel vectors

perpendicular (orthogonal) vectors
reflection

resolution of vectors

rigid motion

rotation
| @ Summary
1 Vector

Figure 8.38

scalar quantity
standard position
standard unit vector
terminal point
transformation
translation

unit vector

vector quantity

zero vector

i A guantity which can be completely described by its magnitude expressed in
some particular unit is called ascalar quantity.

ii A quantity which can be completely described by stating both its magnitude
expressed in some paticular unit and its direction is called a vector

quantity.

iii Two vectors are said to be equal, if they have the same magnitude and

direction.

iv. A zero vector or null vector is a vector whose magnitude is zero and
whose direction is indeterminate.

v A unit vector isavector whose magnitude is one.
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Addition of vectors

Let u and v be vectors, then the sum u + v is a vector given by the parallelogram
law or triangle law satisfying the following properties.

i Vector addition is commutative. u + v=v +u

ii Vector addition is associative. (U+ V) +w =u+ (V+Ww)
il u+0=u

iv. u+(-u)=0

v [0k v v

Multiplication of a vector by a scalar

Let u be avector and A be a scalar, then Au is a vector satisfying the following
properties.

TR

i If Hisascalar,then (A+)u=Au+ u

i If visavector, then A(u+V)=Au+Av.

Scalar product or dot product

The dot product of two vectors, u and v and 4s an angle between them is defined
as: UV =|u||v|cosé satisfying the following properties.

i The scalar product of vectors is commutative. u.v = v.u.

i Ifu=0orv=0,thenu.v=0.

iii Two vectors u and v are orthogonal if u.v =0.

Transformation of the plane

i Transformation can be classified as rigid motion and non-rigid motion.

ii Rigid motion isamotion that preserves distance. Otherwise it is non-rigid.
il Identity transformation is atransformation that image of every point isitself.

Translation

Translation is atransformation in which every point of afigure is moved aong the
same direction through the same distance.

[ Translation vector: If point P istrandated to P, the vector PPis said to be
the trandl ation vector.

ii If u=(h, K isatranslation vector, then T(x, y)= (x+h,y + k)
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7  Reflection

A reflection M about a fixed line L is a transformation of the plane onto itself
which maps each point P of the plane into the point P of the plane such that L is
the perpendicular bisector of PP'.

[ Reflection in the x-axis, M (X, ¥) = (X, —=Y)

ii Reflection in the y-axis, M(X, ¥) = (=X, )

il Reflectionintheliney =x, M(x y) = (y, X)

iv  Réflectionintheliney = —x, M(x, y) = (=Y, —X)

v Reflectionintheliney = mx, M(x, y) = (X, Y)
X =xcos28+ysn26 Yy =Xxsin28-y cos26
m = tan@

8 Rotation

A rotation R about a point O through an angle 4s a transformation of the plane
onto itself which maps every point P of the plane into the point P' of the plane
such that OP = OP' and m( L POP") = 4

Rotation formulae

X = X cosfd-y snd y'= xsind+ y cosé

_?| Review Exercises on Unit 8

1 Given vectorsu = (2,5), v= (-3, 3) and w = (5, 3)
A Findu-v+2wandu-v+2W b Find 2u+3v-w and [2u+3v-w|

c Find the unit vector in the direction of u.
d Findzifz+u=v-w e Find zifu+ 2z= 3v

2 Two forces F1 and Fo with [F1| = 30N and |F2 | = 40N act on a point, if the angle
between F; and F, is 30° then find the magnitude of the resultant force.

3  Avrotation Rtakes A (1, -3) to A" (3, 5) and B (0, 0) to B' (4, —6). Find the centre
of rotation.

4 If a and b are non-zero vectors withla |=|b|, show that a +b and a —b are
orthogonal.

5 A person pullsabody 50 m on a horizontal ground by arope inclined at 30° to the
ground. Find the work done by the horizontal component of the tension in the
rope, if the magnitude of the tension is 10 N.

6 Using vector methods, find the equation of the line tangent to the circle
X + Y—x+y=6a
a A3 b B(3,2).
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7 If a translation T carries the point (7, —12) to (9,-10), find the images of the
following lines and circles.
a y=2x-5 b 2y—5x=4 c x+y=10
d X+y=3 e X+ y-2x+5y=0

8 In areflection, the image of the point P (3, 10) isP' (7, 2). Find the equation of the
line of reflection.

9 If the plane is rotated 30° about (1, 4) find the image of

a  thepoint (=3, 2) b X+ y*—2x—8y=10
c X +y'—3y=0 d y=x+4

10 Prove that the sum of all vectors from the centre of aregular polygon to each side
isO.

11  Using avector method, prove that an angle inscribed in a semi-circle measures 90°.

12 Find the resultant of two vectors of magnitudes 6 units and 10 units, if the angle
between them is:

a 30° b 120° c  150°

13  Four forces acting on a particle are represented by 3i + 4j, 3i —5j, 5i + 4j and 2i + j.
Find the resultant force F.

14 A balloon is rising 4 meters per second. If a wind is blowing horizontally at a
speed of 2.5 meter per second, find the velocity of the balloon relative to the
ground.

15 Three towns A, B and C are joined by straight railways. Town B is 600km east
and 1200km north of town A. Town C is 800 km east and 900 km south of town
B. By considering town A asthe origin,

a find the position vectors of B and C using the unit vectorsi and j.

b if T isatrain station two thirds of the way along the rail way form town A
to town B, prove that T isthe closest station to town C on the rail way from
town A to town B.

16 Two villages A and B are 2 km and 4 km far away from a straight road
respectively as shown is Figure 8.39.

B
f\ 4 km
2 km
D! 8 km 1C
I —

Figure 8.39

The distance between C and D is 8 km. Indicate the position of a common power
supplier that is closest to both villages. Determine the sum of the minimum
distances from the power supplier to both villages.
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