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Unit Outcomes:Unit Outcomes:Unit Outcomes:Unit Outcomes: 

After completing this unit, you should be able to: 

���   find local maximum or local minimum value of a function on a given interval. 

���   find absolute maximum or absolute minimum value of a function on a given  

   interval. 

���   apply the mean− value theorem. 

���   solve simple problems in which the studied theorems, formulae and  

   procedures of differential calculus are applied. 

���   solve application problems. 
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INTRODUCTION 

In Unit 3 you have studied derivatives and have developed methods to find derivatives. 

Derivatives can have different interpretations in each of the sciences (natural and social).  

For instance; the velocity of a particle is the rate of change of displacement with respect 

to time. Chemists who study a chemical reaction may be interested in the rate of change 

in the concentration of a reactant with respect to time called the rate of reaction. A steel 

manufacturer is interested in the rate of change of the cost of producing x tons of steel 

per day with respect to x (called the marginal cost). A biologist is interested in the rate 

of change of the population of a colony of bacteria with respect to time. In fact, the 

computation of rates of change is important in all of the natural sciences, in engineering, 

and even in the social sciences. All these rates of change can be interpreted as slopes of 

tangents. This gives added significance to the solution of the tangent problem. 

Whenever we solve a problem involving tangent lines, we are not just solving a problem 

in geometry. We are also implicitly solving a great variety of problems involving rates 

of change in science and engineering.    

Once you have developed the properties of the mathematical concept once and for all, you 

can then turn around and apply these results to all of the sciences. This is much more 

efficient than developing properties of special concepts in each separate science. The 

French mathematician Joseph Fourier (1768 − 1830) put it briefly: "Mathematics 

compares the most diverse phenomena and discovers the secret analogies that unite 

them."  

You have already investigated some of the applications of derivatives, but now that you 

know the differentiation rules, you are in a better position to pursue the applications of 

differentiation in greater depth. You will learn how derivatives affect the shape of the 

graph of a function and, in particular, how this helps you locate maximum and 

minimum values of functions. Many practical problems require us to minimize a cost or 

maximize an area or somehow find the best possible outcome of a situation.         

�      OOOPPP EEENNN III NNNGGG    PPP RRR OOOBBB LLL EEEMMM    

A square sheet of cardboard whose area is 12 m2 is used to make an open box by cutting 

squares of equal size from the four corners and folding up the sides. What size squares 

should be cut to obtain a box with largest possible volume?  
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4.1  EXTREME VALUES OF FUNCTIONS 

4.1.1    Revision on Zeros of Functions  

The fundamental theorem of algebra states that every nth degree polynomial has at most n 

real zeros. The problem of finding zeros of a polynomial is equivalent to the problem of 

factorizing the polynomial into linear or quadratic factors. In the earlier grades, you have 

studied how to find the zeros of a function, to refresh your memory, consider the 
following revision questions. 

Note that a number c is a zero of a function f, if and only if f (c) = 0.  

Revision ExercisesRevision ExercisesRevision ExercisesRevision Exercises    

1111 Find the real zeros of each of the following functions.  

a f (x) = 3x – 2  b f (x) = x3 – 8  c f (x) = x3 + 8  

d      g (x) = 
( )

2

1  

 + 1

x

x

−

 

e      g (x) =   1 +   1x x− −    

f       h (x) = 7x
2 – 51x + 14 g h (x) = 

2

2

  8  + 7

 + 1

x x

x

−
 

2 Find x-intercept(s) of the graph of each of the following functions  

a y = 3 – 2x  b y = 
  1

3  + 1

x

x

−
  c  y = 1  x−  

d  y = x2  – 4  e  y = 
2

2

 +   6

 + 4

x x

x

−

 
f  y = x4 + 1 

g  y = x2 + 1 

3 Explain ways of finding zeros of functions. Consider particular cases such as 

linear and quadratic functions and other polynomials.  
 

 

4.1.2    Critical Numbers and Critical Values  

Maximum and minimum values of functions 

One of the principal goals of calculus is to investigate the behavior of various functions. 

As part of this investigation, you will be laying the groundwork for solving a large class 

of problems that involve finding the maximum or minimum value of a function, if it 

exists. Such problems are often called optimization problems. You will be introduced 

some useful terminology, but before that do the following Activity.        
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AACCTTIIVVIITTYY  44..11  

1 Given a set S = {0, 1, 2, 3, 4, 5} and f (x) = 2x + 3  

a Find S ' = ( ){ } f x x S∈        b What is the largest element of S ' ? 

c What is the smallest element of S ' ? 

2  Given a set S as an open interval: S = (0, 5) and f (x) = 2x + 3  

a Find S ' = ( ){ } f x x S∈     b Can we list all the elements of S'? 

c Can you guess the largest element of S'? 

d     Can you guess the smallest element of S'? 

3   Given a set S as a closed interval: S = [0, 5] and f (x) = 2x + 3  

a Find S' = ( ){ } f x x S∈   b  Can we list all the elements of S'? 

c Can you guess the largest element of S'? 

d  Can you guess the smallest element of S'? 

4   Let 
1

( ) .f x
x

=  Find the largest and smallest elements, if each one of them exists on 

the following intervals.   

a  (0, 5)      b  (0, 5] 

c  [0, 5)      d  [–1, 5] 

  Now the above discussion leads to the following definition.  

Definition 4.1       

Let f be a function defined on set S.  

If for some c in S  

f (c) ≥ f (x) for every x in S, then f (c) is called an absolute maximum of f on S.  

If f (c) ≤ f (x) for every x in S, then f (c) is called an absolute minimum of f on S.  

The absolute maximum and absolute minimum of f on S are called extreme values or 

the absolute extreme values of f on S.   

Sometimes we just use the terms maximum and minimum instead of absolute maximum 
and absolute minimum, if the context is clear.  

Note that from Definition 4.1 and Activity 4.1, a function does not necessarily have 
extreme values on a given set. 
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For instance,  

1 f (x) = 2x + 3 which is continuous on (0, 5) has no maximum value and minimum 
value (See Activity 4.1 above). 

2 f (x) = 
1

x
 is not continuous on [–1, 5] and has no maximum and minimum value. 

3 f (x) = 2x + 3 has a maximum value on (0, 5] which is 13 but has no minimum 

value. 

4 f (x) = 2x + 3 has a minimum value on [0, 5) which is 3 but has no maximum 

value on [0, 5). 

At this point one can ask how one can be sure whether a given function f  has 

maximum and minimum values on a given interval. 

Actually, if a function f is continuous on a closed bounded interval, it can be shown that 

both the absolute maximum and absolute minimum must occur. This result, called the 

extreme value theorem, plays an important role in the application of derivatives.  

Extreme-value theorem 

Let a function f be continuous on a closed, bounded interval [a, b]. Then f has both the 
absolute maximum and absolute minimum values on [a, b].  

To illustrate this theorem, let’s consider the following graph of a function on the 
interval [a, b].  

 

Figure 4.1 

From the graph one can see that f (a) ≤ f (x) ≤ f (c) for all x in [a, b]  

Hence f (a) is the absolute minimum and f (c) is the absolute maximum value of f on [a, b].  

Note that this theorem does not tell us where and how to find the maximum and 

minimum values on [a, b]; it simply asserts that a continuous function on a closed and 
bounded interval has extreme values.  

f

a b c 

f (a) 

f (b) 

f (c) 
y 

x 
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In the next section, you will see how and where to find the maximum and minimum 

value of f on [a, b]. To this end, we need to define relative extreme values and critical 
numbers. 

Sometimes there are extreme values even when the conditions of the theorem are not 
satisfied, but if the conditions hold, the existence of extreme value is guaranteed.  

Note that the maximum value of a function occurs at the highest point on its graph and 

the minimum value occurs at the lowest point.  

Relative extreme values and critical numbers 

Consider the following graph of a function f and answer the questions in Activity 4.2 
below. 

 

Figure 4.2 

AACCTTIIVVIITTYY  44..22  

Identify the numbers at which the maximum or minimum values occur 

on the given interval.  

  a [a, c2]   b [a, c4] c [c2, c4] d [a, b]  

Observe from the above Activity that, the extrema of a continuous function occur either 

at end points of the interval or at points where the graph has a "peak" or a "valley" 

(points where the graph is higher or lower than all nearby points).  

For example, the function f in the above Figure 4.2 has peaks at (c2, f (c2)), (c4, f (c4)) and 
valleys at (c1, f (c1)), (c3, f (c3)). Peaks and valleys are what you call relative extrema.  

Definition 4.2  

A function f is said to have a relative  

  a maximum at a number c in an open interval I, if f (c) ≥ f (x) for all x in I.  

  b  minimum at a number c in an open interval I, if f (c) ≤ f (x) for all x in I. 

The relative maxima and relative minima are called relative extrema.   

Peak 

Peak 

Valley 
Valley 

a     c1     c2      c3        c4         b 

f 

y 

x 
a c1 c2 c3 c4 b 
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Example 1 As shown in the above Activity, the valleys and peaks are relative 
minimum and relative maximum points respectively; 

f (c1) and f (c3) are relative minimum values obtained at the valleys (c1, f (c1)) and 

(c3, f (c3)), respectively.  

f (c2) and f (c4) are relative maximum values obtained at the peaks (c2, f (c2)) and 
(c4, f (c4)) respectively.  

Observe that:  

1 At (c1, f (c1)), (c3, f (c3)) and (c4, f (c4)) there are horizontal tangent lines, and 

hence the slope of the tangent line is zero there.  

 Thus f ′ (c1) = 0, f ′ (c3) = 0 and f ′ (c4) = 0.  

2 No tangent line can be drawn at (c2,  f (c2)) and hence the derivative of f does not 

exist at c2.    

Therefore, from Observations 1 and 2, one can conclude that relative extrema of a 

function occur either where the derivative is zero (horizontal tangent) or where the 

derivative does not exist (no tangent). This notion leads to the following conclusion:  

Theorem 4.1  

If a continuous function f  has a  relative extremum at c, then either f ' (c) = 0 or f has 

no derivative at c. 

Does the converse hold true? Justify by an example.  

Definition 4.3 

Let c be in the domain of f. Then if f ' (c) = 0 or f has no derivative at c, then c is said 

to be a critical number of f.  

Example 2  Find the critical numbers of the given functions 

1 f (x) = 4x
3 – 5x

2 – 8x + 20     2  f (x) = ( )2  6  x x−
        

 

Solution 

1 f '(x) = 12x
2 – 10x – 8 is defined for all values of x.  

Solve 12x
2 – 10x – 8 = 0  

⇒ 2(3x – 4) (2x + 1) = 0 ⇒ 3x – 4 = 0 or 2x + 1 = 0⇒ 3x = 4 or 2x = –1 

⇒ x = 
4

3
 or x = 

1

2

−
           

Hence the critical numbers are 
4

3
 and 

1

2

−
. 
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2 f ' (x) = 
1 1

2 26   3x x
−

−  

The derivative is not defined at x = 0; but 0 is in the domain of f . Hence, 0 

is a critical number.  

To find other critical numbers (if they exist), solve f '(x) = 0.  

   ⇒

1 1
2 26   3x x

 
− 
 

−  = 0  ⇒ ( )

1

23    = 0x x

 
− 
 

2 −   ⇒ 2 – x = 0  ⇒ x = 2   

Therefore, the critical numbers are 0 and 2.  

Suppose you are looking for the absolute Extreme of a continuous function f on the 

closed and bounded interval [a, b]. Extreme Value Theorem tells you that these extrema 

exist and Theorem 4.1 enables you to narrow the list of "candidates" for points where 

extrema can occur from the entire interval [a, b] to just the end points, and the critical 

numbers between a and b. This suggests the following procedures:  

To find the absolute extrema of a continuous function f on [a, b]:  

Step 1  Compute f '(x) and find critical numbers of f on (a, b) 

Step 2  Evaluate f at the endpoints a, b and at each critical number. 

Step 3  Compare the values in Step 2. 

Thus by comparing the values of f in step 3 you have: 

���� the largest value of f is the absolute maximum of f on [a, b]  

���� the smallest value of f is the absolute minimum of f on [a, b]    

Example 3  Given f(x) = x2 – x3, find the absolute extremum value of f on 

a [–1, 2]   b 
1 3

,  
2 2

 
−  

   c [0, 1]  

Solution  f '(x) = 2x – 3x
2,   f '(x) = 0  ⇒ x (2  – 3x) = 0 ⇒ x = 0 or x = 

2

3
 

a Both 0 and 
2

3
 are critical numbers on [–1, 2]  

Hence the following are the candidates for extreme values.  

2 4
(0) 0 ,       ,    ( 1)  2 ,   (2)  4

3 27
f f f f

 
= = − = = − 

 
 

Comparing the values, the maximum value is 2 and the minimum value is –4.  
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b Both 0 and 
2

3
are critical numbers on 

1 3
,  .

2 2

 
−  

 Hence, f(0), 
2

 ,
3

f
 
 
 

  

f 
1 3

 and 
2 2

f
   

−   
   

 are candidates for extreme values.  

2 4 1 3 3 9
(0) 0 ,     ;      ;    

3 27 2 8 2 8
f f f f

−     
= = − = =     

     
 

Comparing the values, 
3

8
 is the maximum value and 

9

8
−  is the minimum value.  

c 
2

3
 is the only critical number in [0,1], hence f (0), f 

2

3

 
 
 

 and f (1) are the 

candidates for extreme values.  

f (0) = 0,    f 
2 4

 = and
3 27

 
 
   

f (1) = 0  

Comparing the values 0 is the minimum value and 
4

27
 is the maximum value.                      

Example 4 Find the absolute maximum and minimum value of f (x) = x – 
2

3x  on [–1, 2]. 

Solution  3

1

3

2
1)('

−

−= xxf  = 
3

1

3

1

3

23

x

x −
 but '(0)f  does not exist. 

Hence 0 is one of the critical numbers. 

 f '(x) = 0 ⇒ 
3

2

1

3   1x −  = 0 ⇒ x = 
3

3 8 8
0 and

2 27 27
x x x

 
= = ⇒ = = 
 

  

are critical numbers. 

Hence the following are the candidates for extreme values: 

 f (–1)= –2,  f (2) = 2 – 3 4  > 0 ,  f (0) = 0,  f 
8 4

 =
27 27

− 
 
 

  

Therefore –2 is the minimum value and 3 42 − is the maximum value on [–1, 2]. 

ExerExerExerExercise 4.1cise 4.1cise 4.1cise 4.1                                                            

Identify critical numbers and find the absolute maximum value and absolute minimum 
value for each of the given functions on the given interval. 

1 f (x) = x3; [–2, 1]      2       f (x) = x4 – 2x
2 + 3; [–1, 2]    

3 f (x) = ( )

2

3  5  2x x− ; [–1, 2]     4       xxxf += cos2)( ; ]2,0[ π  

5   f (x) = x3 – 3x2; [–1, 3]     6        f (x) = 3x5 – 20x3; [–2, 2] 
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Rolle's theorem and the mean-value theorem 

You will see that many of the results of this unit depend on one central fact, which is 

called the mean-value theorem. But to arrive at the mean-value theorem you begin 

with a special case of the mean-value theorem called Rolle's theorem, named after the 

seventeenth-century French mathematician Michael Rolle. This result implies that if f is 

continuous on [a, b] and f (a) = f (b) then there always exists at least one critical number 

of f in (a, b).  

AACCTTIIVVIITTYY  44..33  

Look at the following graphs and answer the questions below: 

   

i      ii 

   

iii      iv 

Figure 4.3 

In all cases f (a) = f (b)  

1 Find the coordinates of points on each graph at which horizontal tangent lines occur. 

2 What is the slope of a horizontal line? 

3 How do you relate slopes of tangent lines to derivatives? 

Rolle’s theorem  

 Let f be function that satisfies the following three conditions: 

 a f is continuous on the closed interval [a, b] 

 b f is differentiable on the open interval (a, b) 

 c f (a) = f (b) 

Then, there is a number c in (a, b) such that f '(c) = 0   

x  

a  c1 c2  c3  c4

  y  

b 

  f 

x 

a c  

  y 

b 

 f 

x 

a  c1 c2  c3 

  y   

b  

 

f 

x 

a  c 

  y  

b 

  f 
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Proof:  There are three cases:  

Case 1 f (x) = k, a constant (as in Figure 4.3i in the above activity) 

Then f '(x) = 0, so the number c can be any number in (a, b) 

Case 2    f (x) > f (a) for some x in (a, b), (as in Figure 4.3ii and Figure 4.3iii in the 

above Activity) 

By the extreme value theorem, f has a maximum value somewhere in [a, b]. Since 

f (a) = f (b), it must attain this maximum value at a number c in (a, b). Then f has a 
local maximum at c and, since f is differentiable at c, this implies that f '(c) = 0 

Case 3 f (x) < f (a) for some x in (a, b) (as in Figure 4.3 iii and Figure 4.3 iv  in 

the above Activity) 

By the extreme value theorem, f has a minimum value in [a, b] and, since f (a) = f (b), 
it attains this minimum value at a number c in (a, b) where again f '(c) = 0. 

Example 5 Let's apply Rolle's theorem to the position function f (t) of a moving 

object. If the object is in the same place at two different instant t = a and  
t = b, then f (a) = f (b). Rolle's theorem says that there is some instant of 
time t = c between a and b when f ′(c) = 0; that is, the velocity is 0. (In 

particular you can see that this is true when a ball is thrown directly 
upward). 

Example 6  Prove that the equation x3 + x – 1 = 0 has exactly one real root. 

Solution First you use the intermediate value theorem to show that a root exists. 

       Let f (x) = x3 + x – 1     f (0) = –1 < 0   and   f (1) = 1 > 0  

 Since f is a polynomial, it is continuous, so the intermediate value theorem states 

that there is a number c between 0 and 1 such that f ′(c) = 0. Thus the given 
equation has a root.  

 To show that the equation has no other real root, we use Rolle's theorem and 
argue by contradiction. 

 Suppose that it had two real roots a and b. Then f (a) = f (b) = 0 and, since f is a 

polynomial, it is differentiable on (a, b) and continuous on [a, b]. Thus by Rolle's 

theorem, there is a number c between a and b such that f ′(c) = 0.  

 But  f '(x) = 3x2 + 1  ≥ 1 ∀x (Since x2 ≥ 0)  

  So f '(x) ≠ 0. This leads to a contradiction.  

 Therefore, the equation cannot have two real roots.  

Our main use of Rolle's theorem is in proving another important theorem, which was 
first stated by French mathematician, Joseph − Louis Lagrange.  
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AACCTTIIVVIITTYY  44..44  

Consider the following graphs. 

   

Figure 4.4      Figure 4.5 

In both cases AB and AP are the secant lines of the graph of f. 

a Find the slope of the secant line AB.  

b Find the equation of the secant line.  

c Can you draw a line parallel to AB and passing through P? Why?  

d Can you draw a line parallel to AB and passing through R? Q? Why?  

e Recall that the lines through P, R, Q are tangent lines. Can you find the       

                  slope of these tangent lines, if f is a differentiable function? Explain.  

f For the tangents parallel to AB, compare the slope with that of the slope of 

    AB. Are these equal? Why?  

g Can you find the vertical distance h(x) as in Figure 4.4 and Figure 4.5?  

The mean-value theorem  

Let f  be a function that satisfies the following conditions:  

1 f is continuous on the closed interval [a, b] 

2 f is differentiable on the open interval (a, b) 

Then there is a number c in (a, b) such that 

( ) ( )
'( )

f b f a
f c

b a

−
=

−

or equivalently f (b) – f (a) = f '(c) (b – a) 

Proof:   Using Activity 4.4  

    h (x) = f (x) – y, where y = 
( ) ( )

( ) ( )
  

     
 

f b f a
x a f a

b a

− 
− + 

− 
 

P(c, f (c)) 

B(b, f (b)) 

A(a, f (a)) 

h (x)) 

f 

a c b 

x 

y 

R(d, f (d)) 

A(a, f (a)) 

Q(e, f (e)) 

P(b, f (b)) 

h (x)) 

h (x)) 
f 

a d e b 

x 

y 
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    h (a) = 0 = h(b) and 
( ) ( )  

  
  

f b f ady

dx b a

−

=

−

 

Observe that h is continuous on [a, b] and differentiable on (a, b). Then by 
Rolle's theorem there is a number c in (a, b) such that h'(c) = 0  

( ) ( )

    

  
  '( )   0       '( )    '( )  

  x c x c

f b f ady dy
f c f c f c

dx dx b a
= =

−

⇒ − = ⇒ = ⇒ =

−

 

Example 7  To illustrate the mean-value theorem with a specific function, consider     

f (x) = x3 – x, a = 0, b = 2. Since f is a polynomial, it is continuous and 

differentiable for all x ∈ ℝ, so it is certainly continuous on [0, 2] and 

differentiable on (0, 2). Therefore, by the mean-value theorem, there is a 
number c in (0, 2) such that 

f (2) – f (0) = f '(c) (2 – 0),  f (2) = 6, f (0) = 0 

f '(x) = 3x
2 – 1 

f '(c) = 3c2 – 1 

⇒ 6 = (3c2 – 1) (2) = 6c2 – 2 

⇒ c2 = 
4

3  
⇒ c = ±

2

3
 

 But c must lie in (0, 2), so c = 
2

3
 

2 If an object moves in a straight line with position function f(t), then the 

average  velocity between t = a and t = b is 
( ) ( )  

  

f b f a

b a

−

−

 and the velocity at 

t = c is f ′(c).  

Thus, the mean-value theorem tells us that at a time t = c between a and b the 
instantaneous velocity f '(c) is equal to that of the average velocity. For instance, 
if a car travelled 180 km in 2 hrs, then the speedometer must have read 90 km/hr 
at least once.  

The Mean-value theorem can be used to establish some of the basic facts of differential 
calculus. 

Theorem 4.2  

 If f '(x) = 0 for all x in an interval I, then f is a constant on I.   

Proof:   Let f be a differentiable function on an interval I and let  

   f '(x) = 0 for all x on interval I  

If x1, x2 ∈ I and x1 < x2 with f '(x) = 0 ∀x∈I 

The function satisfies the conditions of mean-value theorem on [ 21 , xx ]. Why? 
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Thus we apply mean-value theorem on [x1, x2]; so, that 

  f (x2) – f(x1) = f '(c) (x2 – x1) = 0. Why? 

This implies that f(x1) = f(x2) ∀x1, x2∈I 

Therefore; we conclude that f is a constant on I. 

Corollary 4.1 

If f '(x) = g '(x) for all x on an interval I, then f – g is a constant or  

                  f(x) = g(x) + c, (c is arbitrary constant.)  

Proof:     Exercise  

(Hint: consider (f – g)' (x) = 0 ∀x and apply the above theorem)  

Exercise 4.2Exercise 4.2Exercise 4.2Exercise 4.2    

1 Verify that each of the following functions satisfies the three conditions of Rolle's 

theorem on the given interval. Then, find all values of c that satisfy the conclusion 
of Rolle's theorem. 

  a f (x) = x2 – 4x + 1 on [0, 4]    b  f (x) = x3 – 3x2 + 2x + 5 on [0, 2] 

 c f (x) = sin 2πx on [–1, 1]  d  f (x) = x  + 6x  on [–6, 0]  

2 Given f (x) = 
2

31  x− , show that f (1) = f (–1) but there is no c in (–1, 1) such that  

 f ' (c) = 0. Why does this not contradict Rolle's theorem? 

3 Repeat Question 2 for 

 f (x) = (x – 1)–2, f (0) = f (2) on [0, 2] 

4 Verify that the following functions satisfy the conditions of the mean-value 

theorem on the given interval. Then find all values of c that satisfy the conclusion 
of the Mean-value theorem. 

a f (x) = 3x
2 + 2x + 5, [–1, 1]   b f (x) = x3 + x – 1, [0, 2] 

c f (x) = 3 ,  [0, 1]x     d f (x) = ,  [1, 4]
 + 2

x

x
 

5 Let f (x) =   1 .x −   

  Show that there is no value of c such that  f (3) – f (0) = f '(c) (3 – 0).  

  Why does this not contradict the mean -value theorem? 

6 Show that the equation x5 + 10 x + 3 = 0 has exactly one real root. 

Increasing and decreasing functions  

Under this subtopic you consider intervals on which the graph of a function rises, falls 
or a constant, and attach a meaning to it. To do this, consider the following Activity. 



Unit 4 Applications of Differential Calculus 

175 
 

AACCTTIIVVIITTYY  44..55  

1 Consider the graph of the following function.  

 

Figure 4.6 

         a Discuss whether the graph of f is rising or falling as you move from left to 

right starting at a.   

b Identify the intervals in which the graph is rising and falling.  

c Identify the intervals in which the graph is neither raising nor falling.  

2 Again considering the graph of f in Question 1 above,  

a If x1 < x2 on [a, p], is it true that f (x1) < f (x2)?  

b If x1, x2 ∈[p, q] and x1 < x2, which of the following is true?   

 i  f (x1) < f (x2).  ii  f (x1) > f (x2).  

c  If x1, x2 ∈ [q, r]; and x1< x2, which one of the following is true?  

 i  f (x1) < f (x2)  ii  f (x1) > f (x2)  iii  f (x1) = f (x2) 

   d  Take x1, x2∈ [r, b] with x1 < x2, compare the values f (x1) and f (x2).  

Now as a summary of the above Activity, you have the following definition. 

Definition 4.4      

Let f be a function on an interval I.  

i If for any x1, x2 in I, x1 < x2 implies f (x1) ≤ f (x2) 

f is said to be increasing on I.  

ii If for any x1, x2 in I, x1 < x2 implies f (x1) ≥ f (x2) 

f is said to be decreasing on I. 

iii If for any x1, x2 in I, x1 < x2 implies f (x1) < f (x2) 

f is said to be strictly increasing on I. 

iv If for any x1, x2 in I, x1 < x2 implies f (x1) > f (x2)  

f is said to be strictly decreasing on I. 

 x 

 y 

 a      p                 q           r               b 
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Example 8 By looking at the graph of the above Activity 4.5, identify the intervals in 

which f is increasing, decreasing, strictly increasing and strictly decreasing. 

Solution 

 i  On the intervals [a, p] and [r, b] f is strictly increasing. 

ii  On the interval [p, q] f is strictly decreasing. 

iii  On the interval [p, r] f is decreasing (but not strictly) 

iv  On the interval [q, b] f is increasing. (but not strictly) 

How derivatives affect the shape of a graph  

Many applications of calculus depend on your ability to deduce facts about a function 

from information concerning its derivatives. Because f '(x) represents the slope of the 

curve y = f (x) at the point (x, f (x)), it tells you the direction in which the curve proceeds 

at each point. So it is reasonable to expect that information about f '(x) will provide you 

with information about f (x).  

In the previous section you have seen that if f '(x) = 0 for each x in some interval I, then 

f is a constant on I. Now what do you conclude, if f '(x) > 0 for each x in I; or if f '(x) < 0 

for each x in I?  

AACCTTIIVVIITTYY  44..66  

Consider the following graph.  

 
Figure 4.7  

1 If x is any point in (a, c), is f '(x) > 0 or f '(x) < 0? Why? (Hint: relate f '(x) to the 

slope of tangents on (a, c).  

2 Repeat it for any x in (c, d), (d, e), (e, h) and (h, b). (Assume f  is differentiable at 

c, d, e, and h). 

As a result of the discussion in Activity 4.6, you have the following test which is 

important in identifying the intervals in which a function is increasing or decreasing.     
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Increasing and decreasing test  

Suppose that f is continuous on an interval I and differentiable in the interior of I.  

i If f '(x) ≥ 0 for all x in the interior of I, then f is increasing on I.  

ii If f '(x) ≤ 0 for all x in the interior of I, then f is decreasing on I.  

iii If f '(x) > 0 and f '(x) = 0 only for finite number of points on I, then f is strictly 
increasing on I.  

iv If f '(x) < 0 and f '(x) = 0 only for finite number of points on I, then f is strictly 
decreasing on I.  

Example 9  Find where the function f (x) = 3x
4 − 4x

3 − 12x
2 + 5 is increasing and 

where it is decreasing. 

Solution  f '(x) = 12x3 − 12x2 − 24x = 12x (x2 − x − 2)   = 12x (x − 2) (x + 1) 

You are going to find intervals in which f '(x) is positive or negative. Use sign 
charts for this purpose, as follows: 

 

From the sign chart one can see that   

i       f '(x) ≥ 0 on [–1, 0] and [2, ∞) and f '(x) = 0 only at x = –1, 0 and x = 2, thus f  is 

strictly increasing on [–1, 0] and [2, ∞).  

ii  f '(x) ≤ 0 on (–∞, –1] and [0, 2] and f '(x) = 0 only at x = –1, 0 and 2, thus f is 

strictly decreasing on (–∞, –1] and [0, 2].  

Exercise 4.3Exercise 4.3Exercise 4.3Exercise 4.3    

Find intervals in which f is strictly increasing or strictly decreasing.  

1 f (x) = x3 − 12x + 1    2 f (x) = x − 2sinx on [0, 2π]  

3 f (x) = x3 − 3x
2 + 5    4 f (x) = 2x

3 − 3x
2 + 5   

5 f (x) = x4 − 6x
2    

6 f (x) = 3x
5 − 5x

2 + 3   

7 f (x) = x 2  + 1x     8 f (x) = x  + 1x  

9 f (x) = ( )

1 2
3 3   3x x +

 
  10 f (x) = x − 3x

1

3
 

−1 0 2 

12x −  −  − −  −  − +  +  +  +  +  +  +  +  + 

x − 2 −  −  − −  −  − −  −  −  −  −  − +  +  + 

x + 1 −  −  − +  +  + +  +  +  +  +  + +  +  + 

f '(x) −  −  − +  +  + −  −  −  −  −  − +  +  + 

 

0 

0 

0 

0 0 0 



Mathematics Grade 12        

178 
 

11 f (x) = (x2 − 1)3    
12 f (x) = 

2

  1

  8

x

x

−

+  

13 f (x) = xe
x − 4    14 f (x) = 3 x+

 

15 f (x) = 
2

  4

x

x −     
16 f (x) =   3   5x − −  

17 1 2( ) 2 3 x
f x

−

= −     18 ( ) ( )ln 3 2f x x= −  

19 
2 1( ) x

f x e
−

=     20 ( ) lnf x x=  

Local extreme values of a function on its entire domain  

Recall that if f has a local maximum or minimum at c, then c must be a critical number 

of f; but not every critical number gives rise to a maximum or a minimum. You 

therefore need a test that will tell you whether or not f has a local maximum or 

minimum at a critical number.  

Suppose f is continuous on an interval [a, b] and a < c < b such that f is strictly 

increasing on [a, c] and f is strictly decreasing on [c, b] as in Figure 4.8: 

 

i                                                                         ii 

Figure 4.8 

From Figure 4.8 it is clear that  

 f (c) ≥ f (x) [ ] ,  x a b∀ ∈ . 

 Thus )(cf  is a local maximum value of f  on ),( ba  

Observe that: 

( )' 0f x >  for every ( ),  x a c∈ ; and ( )' 0f x <  for every ( ),  x c b∈ in both of the graphs 

of Figure 4.8. If f ′ satisfies the above conditions, you say that f ′changes sign at c  from 

positive to negative. 

Again suppose f is continuous on an interval [a, b] and a < c < b such that f is strictly 

decreasing on [a, c] and f  is strictly increasing on [c, b] as in the Figure 4.9 below. 

 y 

 a          c           b 

(c, f(c)) 

 x 

 y 

 a          c           b 

(c, f(c)) 

 x 
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i                                                                         ii 

Figure 4.9 

It is clear that )()( xfcf ≤ for every ( ),  x a b∈ and hence f  has a local minimum value at c. 

Observe that: 

( )' 0f x <  for every ( ),  x a c∈ ; and '( ) 0f x >  for every ( ),  x c b∈ in both of the graphs 

in Figure 4.9. If f ' satisfies the above conditions, you say that f ' changes sign at c  from 

negative to positive. 

Therefore, you can have the following test for local extreme values of a function. 

First derivative test for local extreme values of a function 

Suppose that c is a critical number of a continuous function, then  

a if f ' changes sign from positive to negative at c, then f has a local maximum at c.  

b if f ' changes sign from negative to positive at c, then f has a local minimum at c.  

c if f ' does not change sign at c (that is, f ' is positive on both sides of c or negative 

on both sides), then f has neither local maximum nor minimum at c.  

Example 10 Find the local maximum and minimum values of the function: 

1 f (x) = 3x
4 − 4x

3 − 12x
2 + 5   2 g (x) = x + 2 sin x   for 0 ≤ x ≤ 2π 

Solution   

1  f '(x) = 12x
3 − 12x

2 − 24x = 12x (x2 − x − 2) = 12x (x − 2) (x + 1)   

 From the sign chart in Example 9 one can see that   

 f '(x) ≤ 0 on (–∞, –1] and [0, 2] and f '(x) = 0 only at x = –1, 0 and 2. 

Thus, f is strictly decreasing on (–∞, –1] and [0, 2].  

a f ' changes sign from negative to positive at –1 and 2 

Hence both f (–1) = 0 and f (2) = –27 are local minimum value.   

b f ' changes sign from positive to negative at 0 and hence f (0) = 5 is the 

local maximum value.  

2 g '(x) = 1 + 2 cos x, g '(x) = 0 ⇒ cos x = 
1

2
−

2 4
or

3 3
x x

π π
⇒ = = in [0, 2π]

 

 y 

 a           c          b 

(c, f(c)) 

 x 

f 

 y 

 a          c           b 

(c, f(c)) 

 x 
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a g ′ changes sign from positive to negative at 
2

3
π  and hence               

g
2 2 2 2

 =  + 2 sin  =  + 3
3 3 3 3

   
π π π π   

   
 is a local maximum value.  

b g' changes sign from negative to positive at 
4

3
π  and hence  

g
4 4 4 4

 =  + 2 sin  =   3
3 3 3 3

 
π π π π − 

 
 is a local minimum value.  

Exercise 4.4Exercise 4.4Exercise 4.4Exercise 4.4    

Find the local maximum and minimum values of each of the following functions.  

1 f (x) = x2 − 12x + 1 2 f (x) = x3 − 3x
2 + 5  3 f (x) = x − 2sin x on [0, 2π] 

4 f (x) = 
( )

2
1  

x

x+
 

5 ( )
3 23

2
f x x x= −  6 f (x) = x3 − 12x 

7 

2
2 3( )  (    4)f x x= −

 8 f (x) = x3 − 3x
2 + 3x  9 f (x) = –x

3 + 2 

10 f (x) = 2x − 3x
2

3  

Concavity and inflection points  

This subtopic focuses on the importance of the second derivative in identifying the 

shape of the curve.  

In the previous section you have used the first derivative test for intervals of 

monotonicity and determining local maximum values and local minimum values. You 

will see now that the second derivative test is also important in the study of the 

behaviour of the graph of a function f.  

Now consider the following two graphs of increasing functions f and g on [a, b]. 

 
i                             ii      iii 

Figure 4.10 

                                                                        

 y 

 a              b 
 x 

 f 

 y 

 a              b 
 x 

 g 

 y 

 a     b c  d  e  x 

g '(x) +   +   +   +   +   + −  −  − +   +   +   

 

0 0 

2

3
π

 

4

3
π

 

π 0 2π 
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The graphs in i and ii of Figure 4.10 look different because they bend in different 

directions. You are going to see how to distinguish between these two types of 

behaviour. For this purpose, first try to do the following Activity. 

AACCTTIIVVIITTYY  44..77  

1 Copy the curves in Figure 4.10 and try to draw tangents to the  

  curves at several points between a and b.  

2 Does the curve of f lie above the tangents or below?  

3 Does the curve of g lie above the tangents or below?  

Definition 4.5 

If the graph of a function lies above all of its tangents on an interval I, then it is called 

concave upward on I.  

If the graph of a function lies below all of its tangents on an interval I, then it is called 

concave downward on I.  

Example 11  Consider the following graph. 

 

Figure 4.11 

On the intervals (a, b), (c, d), (e, p) the graph is concave downward.  

On the intervals (b, c), (d, e) and (p, q) the graph is concave upward.  

�Note: 

Points (b, f (b)), (c, f (c)), (d, f (d)), (e, f (e)) and (p, f (p)) are points on the graph at  

which concavity changes either from concave up to concave down or from concave 

down to concave up. Such types of points are called inflection points. 

Definition 4.6     

A point on a curve is called an inflection point, if the curve changes either from 

concave up to concave down or from concave down to concave up.   

 y 

 a                  b            c      d              e   p      q 

(b, f(b)) 

 f 
(c, f(c)) 

(d, f(d)) 

(e, f(e)) 

(p, f(p)) 

x 
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Now see how the second derivative helps to determine the intervals of concavity and 
inflection points.  

Concavity test  

Let f be a function which is twice differentiable on an interval I, then  

a If f ''(x) > 0 for all x in I, the graph of f is concave upward on I.  

b If f "(x) < 0 for all x in I, the graph of f is concave downward on I.  

Another application of the second derivative is the following test for maximum and 
minimum values. It is a consequence of the concavity test.  

The second derivative test  

Suppose f is twice differentiable and f " is continuous at c  

a If f '(c) = 0 and f "(c) > 0, then f has a local minimum at c.  

b If f '(c) = 0 and f "(c) < 0, then f has a local maximum at c.  

f "(c) > 0 near c and so f is concave upward near c. This means that the graph of f lies 
above its horizontal tangent at c and so f has a local minimum at c.  

f "(c) < 0, near c and so f is concave downward near c. This means that the graph of f 
lies below its horizontal tangent at c and so f has a local maximum at c.  

Example 12  Discus the behaviour of the curve f (x) = x4 − 4x3 with respect to 
concavity, points of inflection, local maximum and minimum. 

Solution    23 124)(' xxxf −= ⇒ )3(4)(' 2
−= xxxf  

Thus  0)3(40)(' 2
=−⇒= xxxf    ⇒  0 or 3x x= =  

Now xxxf 2412)('' 2
−= , 0)0('' =f and  036)3('' >=f                

Since f '(3) = 0 and f "(3) = 36 > 0, f (3) = –27 is a local minimum value by the 
second derivative test.  

Since f "(0) = 0, the second derivative test gives no information about the critical 
number 0. But since f '(x) < 0 for x < 0 and also for 0 < x < 3, the first derivative 
test tells us that f does not have a local extreme value at 0.  

To determine intervals of concavity and inflection points we use the following 
sign chart: 

 

12x −  −  −  −  −  − +  +  +  +  +  +  +  +  + 

x − 2 −  −  −  −  −  − −  −  −  −  −  − +  +  + 

f ''(x) +  +  +  +  +  + −  −  −  −  −  − +  +  + 

 

0 

0 

0 0 

0 2 
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The points with coordinates (0, 0) and (2, –16) are inflection points.  

The graph of f is concave upward on (–∞, 0) and (2, ∞) and concave downward on 
(0, 2).  

�Note: 

  The second derivative test is inconclusive when f "(c) = 0. In other words, at such a 
point there might be a maximum, there might be a minimum, or there might be 
neither. This test also fails when f "(c) does not exist. In such cases, the first 
derivative test must be used. In fact, even when both tests apply, the first derivative 
test is often the easier one to use.  

Example 13 Discuss the behaviour of the curve 3

1

3

2

)6)(()( xxxf −= with respect to 

a monotonicity           b relative extreme values  

c   inflection points and concavity. 

Solution   
1 1 2 2

3 3 3 3
2 1

'( ) ( )(6 ) (6 )
3 3

f x x x x x

− −

= − − −

 
( )

1 2
3 3

4

6

x

x x

−
=

−

 

 f '(x) = 0 when x = 4 and f '(x) does not exist when x = 0 or x = 6.  

Hence, 0, 4 and 6 are critical numbers.  

To identify the extreme value and intervals of monotonicity you use the sign chart. 

 
From the chart f '(x) > 0 on (0, 4)  

Hence f is strictly increasing on [0, 4].  

f '(x) < 0 on (–∞, 0), (4, 6) and (6, ∞)  

Hence f is strictly decreasing on (–∞, 0] and [4, ∞) 

f ' changes sign from negative to positive at 0 and hence  

f (0) = 0 is a local minimum value.  

4 − x +   +   + +   +   +   +   +   +  −  −  − −  −  − 

1

3x  −  −  − +   +   +   +   +   +   +  +  + +  +  + 

( )

2

36 x−  +   +   + +   +   +   +   +   + +  +  + +  +  + 

f '(x) −  −  − +   +   +   +   +   +   −  −  − −  −  − 

 

0 4 6 

0 

0 

0 

0 ∄ ∄ 
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f ' changes sign from positive to negative at 4 and hence f (4) = 2 3 4  is a local 

maximum value.   

At x = 6, f ' does not change sign and hence f (6) is neither a local maximum value 
nor a local minimum value.  

Now to check concavity and inflection points we make use of the second derivative.  

  
4 5

3 3

8
"( )  

(6 )

f x

x x

−
=

−

 

 f " does not exist at x = 0 and x = 6  

To determine concavity and inflection points consider the following chart.  

 
 f "(x) > 0 on (6, ∞). 

 Hence the graph of f is concave upward on (6, ∞). 

 f "(x) < 0 on (–∞, 0) and (0, 6).  

 Hence by the second derivative test the graph of f is concave downward on  

           (–∞, 0) and (0, 6).  

 f " changes sign at x = 6, and hence (6, f (6)) = (6, 0) is an inflection point.  

Curve sketching  

Now, you are ready to develop a procedure for curve sketching. To sketch the graph of a 
given function, we need to know where the graph crosses the x-axis, the y-axis, its 
turning points, and intervals in which the graph rises and falls.  

Example 14 Sketch the graph of f (x) = x4 – 4x3 . 

Solution  

a  f (x) = x4 – 4x3 is a polynomial function and hence it is defined for all real 
numbers. 

b  y-intercept: it is the value of f at x = 0  

  Thus y-intercept = f (0) = 04 – 4(03) = 0  

  Hence the graph crosses the y -axis at (0, 0)  

−8 −   −   − −   −   −   −   −   −   −   −   − −   −   − 

4

3x  +   +   + +   +   +   +   +   +   +   +   + +   +   + 

( )

5

36 x−  +   +   + +   +   +   +   +   +   +   +   + −   −   − 

f ''(x) −  −  − −   −   −   −   −   −   −   −   − +   +   + 

 

0 

0 

∄ ∄ 

0 6 
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c  x-intercept: it is the zero of the function f (x).  

  Which means x4 – 4x
3 = 0 

      ⇒ x3 (x – 4) = 0    ⇒ x3 = 0 or x – 4 = 0   ⇒ x = 0 or x = 4  

Therefore, x = 0 and x = 4 are the x – intercepts.  

That means the graph of f crosses the x-axis at points (0, 0) and (4, 0).  

d  Intervals of monotonicity and relative extreme values 

To identify intervals in which f is monotonic, you need to find the derivative 

of  f and find critical numbers.  

   f (x) = x4 – 4x3 ⇒ f ' (x) = 4x3 – 12x2   

   f ' (x) = 0 ⇒ 4x
3 – 12x

2 = 0 ⇒ 4x
2 (x – 3) = 0 ⇒ 4x

2 = 0 or x – 3 = 0 

     ⇒ x = 0 or x = 3      

Hence x = 0 and x = 3 are critical numbers of f.  

To identify intervals of monotonicity and extreme values you use the 

following sign chart.  

 

It can be seen from the chart that:  

i       f '(x) ≤ 0 for all x in the interval )3,(−∞ ; thus f is strictly decreasing on ( ],  3−∞ . 

ii     f ' (x) > 0 for all x in the interval ),3( ∞ ; thus f is strictly increasing on [ )3,  ∞   

iii The sign of f ' changes only at a critical number x = 3, where it changes sign from 

negative to positive and hence by the first derivative test, f(3) = –27 is the relative 

minimum value of f.  

e Intervals of concavity and inflection points.  

To identify intervals of concavity and inflection points, you make use of the 

second derivative; 

        f '(x) = 4x
3 – 12x

2 , f "(x) = 12x
2 – 24x ,  f " (x) = 0 ⇒ 12x (x – 2) = 0  

              ⇒ 12x = 0 or x – 2 = 0     ⇒ x = 0 or x = 2  

24x  +  +  + +  +  +  +  +  +  +  +  +  + +  +  + 

x − 3 −  −  − −  −  −  −  −  −  −  −  −  − +  +  + 

f '(x) −  −  − −  −  −  −  −  −  −  −  −  − +  +  + 

 

0 

0 

0 

0 

0 3 
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To identify intervals of concavity and inflection points you use the following sign chart.  

 

As can be seen from the sign chart  

i   f "(x) > 0 for all x in the intervals ( ) ( ),  0  and 2, −∞ ∞ ; thus by the second 

derivative test, the graph of f is concave upward on ( ) ( ),  0  and 2, −∞ ∞   

ii f "(x) < 0 on (0, 2) and hence by the second derivative test the graph of f is 

concave downward on (0, 2) . 

iii The points at which concavity changes are called inflection points.  

Therefore, (0, f (0)) = (0, 0) and (2, f (2)) = (2, –16) are the inflection points of 

the    graph of f.  

 Now using the above information, you can sketch the graph of f as follows: 

 
Figure 4.12  

Example 15 Sketch the graph of 
2

( )
1

x
f x

x
=

+

. 

Solution   

a 
2

( )
1

x
f x

x
=

+

is  defined for all real numbers. 

b  y-intercept: it is the value of f at x = 0  

Thus y-intercept = f (0) = 0  

Hence the graph crosses the y -axis at (0, 0)  

-3 -2 -1 1 2 3 4 5 

-20 

-10 

10

20

30

40

f (x) = x4 − 4x
3 

12x −  −  −  −  −  − +  +  +  +  +  +  +  +  + 

x − 2 −  −  −  −  −  − −  −  −  −  −  − +  +  + 

f ''(x) +  +  +  +  +  + −  −  −  −  −  − +  +  + 

 

0 

0 

0 0 

0 2 
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c  x -intercept: it is the zero of the function f (x).  

Which means 
2 1

x

x +

= 0 ⇒ x = 0.  

Therefore; x = 0 is the x – intercept.  

That means the graph of f crosses the x-axis only at (0, 0).  

d  Intervals of monotonicity and relative extreme values 

To identify intervals in which f is monotonic you need to find the derivative 
of f and find critical numbers.  

   f (x) = 
2 1

x

x +

 ⇒ f ' (x) = 
( )

2

2
2

1

1

x

x

−

+

 

   f ' (x) = 0 ⇒ 
( )

2

2
2

1

1

x

x

−

+

= 0 ⇒ 
( )

2
2

(1 )(1 )

1

x x

x

− +

+

= 0  

     ⇒ x = 1 or x  = −1 .         

Hence x = 1 and x  = −1 are critical numbers of f.  

To identify intervals of monotonicity and extreme values you use the following 

sign chart.  

 
It can be seen from the chart that:  

i       f '(x) < 0 for all x in the intervals ( , 1)−∞ − and (1, )∞  ; thus f is strictly decreasing 

on ( , 1]−∞ −  and [1, )∞ . 

ii     f ' (x) > 0 for all x in the interval ( )1,  1− ; thus f is strictly increasing on [ ]-1, 1   

iii The sign of f ' changes at x = −1 and x = 1. It changes sign from negative to 

positive at x = −1 and hence by the first derivative test, f (−1) = 
1

2

−
 is the relative 

minimum value of f. It also changes sign from  positive to negative at  x = 1 and 

hence by the first derivative test, f (1) = 
1

2
is a relative maximum value of f. 

1 − x +    +    +    + +    +    +    + −    −    −    − 

x + 1 −    −    −    − +    +    +    + +    +    +    + 

( )
2

2 1x +  +    +    +    + +    +    +    + +    +    +    + 

f '(x) −    −    −    − +   +   +   + −    −    −    − 

 

−1 1 

0 

0 0 

0 
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e Intervals of concavity and inflection points.  

     To identify intervals of concavity and inflection points, you make use of the 

second derivative;  

       f '(x) = 
( )

2

2
2

1

1

x

x

−

+

,  f "(x) = 
( )

( )

2

32

2 3

1

x x

x

−

+

, f " (x) = 0 ⇒ 
( )

( )

2

32

2 3

1

x x

x

−

+

= 0  

              ⇒ x = 0 or x  = 3      or x  = − 3  . 

To identify intervals of concavity and inflection points you use the following sign chart.  

   
As it can be seen from the sign chart  

i   f "(x) < 0 for all x in the intervals ( ) ( ),  - 3  and 0, 3−∞ ; thus by the second 

derivative test the graph of f is concave downward on ( ) ( ),  - 3  and 0, 3−∞   

ii f "(x) > 0 on ( ) ( )- 3,0  and 3,∞  and hence by the second derivative test, the 

graph of f is concave upward on ( ) ( )- 3,0  and 3,∞ . 

iii Inflection points of the graph of f  are:  (0, 0) ,
3

3,
4

 −
−  
 

 and 
3

3,
4

 
  
 

.  

Now using the above information, you can sketch the graph of f as follows: 

 
Figure 4.13 

1 2 3 4-1-2-3

x

1

-1

y

2x −    −    − −    −    − +    +    + +    +    + 

3x −  −    −    − −    −    − −    −    − +    +    + 

3x +  −    −    − +    +    + +    +    + +    +    + 

( )
32 1x +  +    +    + +    +    + +    +    + +    +    + 

f ''(x) −    −    − +   +   + −    −    − +   +   + 

3− 0 

0 

3

0 

0 

0 0 0 
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Exercise 4.5Exercise 4.5Exercise 4.5Exercise 4.5        

Sketch the graph of each of the following functions by indicating the following:  

a domain of the function      b intercepts (y-intercept and x-intercept) 

c asymptotes (if any)   d intervals of monotonicity 

e local extreme values   f intervals of concavity 

g inflection points 

1  f(x) = x3 − 12x   2 ( ) x
f x e=    3 ( ) lnf x x=   

4 f (x) = 
2

4

1  x+

   5 f (x) = 4 21
  2

4
x x−  6 ( ) 2

2 6

9

x
f x

x

−
=

−

 

7 f (x) = x3 − 23
  6

2
x x+   8 

1
( )

2 1x
f x =

−

 

4.2  MINIMIZATION AND MAXIMIZATION 

PROBLEMS 

The methods you have learned in this unit for finding extreme values have practical 
applications in many areas of life. A businessperson wants to minimize costs and 
maximize profits. A traveller wants to minimize transportation time. You know 
principles in optics which states that light follows the path that takes the least time. In 

this section you will solve problems such as maximizing areas, volumes and profits and 
minimizing distances, time, and costs. Let us see the following examples: 

Example 1  Find two nonnegative real numbers whose sum is 18 and whose product 

is maximum. 

Solution There are many pairs of numbers whose sum is 18. For instance, 

 (1, 17), (2 , 16), (3, 15), (4, 14), (5, 13), (6, 12), (7,  11), (8, 10), (9,  9), 

  (5.2, 12.8), (6.5, 11.5), . . . , etc.  

All these pairs have different products, and you cannot list all such pairs and find 

all the products. As a result you fail to get the maximum product in doing this. 

Instead of listing such pairs and products you take two variables say x and y such 

that x  ≥  0, y  ≥ 0, and x + y = 18 with the product xy maximum.  

Since x + y = 18, then y = 18 − x. (0 ≤ x  ≤ 18, 0 ≤ y ≤  18) 

Thus you want to maximize x (18 − x) = 18x − x2. 

Consider f (x) = 18x − x2, which is continuous on [0, 18] and differentiable on (0, 18).   

 f '(x) = 18 − 2x                                 f '(x) = 0 ⇒ x = 9  
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The maximum occurs either at end points or at critical numbers. Thus evaluating 
the values of the function at critical numbers and end points, you get,  

                     f (0) = 0 , f (18) = 0  and f (9) = 81  

Comparing these values, x = 9 gives the maximum product. Hence x = 9 and y = 9  
are the two real numbers whose sum is 18 and whose product is maximum.  

Example 2 A farmer has 240 m of fencing material and wants to fence a rectangular 

field that borders a straight river. (No fence is needed along the river). 
What are the dimensions of the field that has the largest area? 

Solution  You need to fence along the three sides of a rectangular field. 

For example, you may have 240 = 100 + 100 + 40 = 80 + 80 + 80 = 90 + 90 + 60 
as possibilities for the three sides.  

 You can list a lot of possibilities; but the problem is which possibility gives the 
maximum area.  

 Thus instead of listing the possibilities, you consider the general case: you wish to 
maximize the area A of the rectangular region. Let x and y be the width and depth 
of the rectangle.  

Then express A in terms of x and y as: 

A = xy 

   We want to express A as a function of just one variable, so eliminate x by 

expressing it in terms of y. To do this, you use the given information that the total 
length of the fencing is 240 m.  

    2y + x = 240  

   ⇒  x = 240 − 2y  

A(y) = (240 − 2y) y = 240y − 2y2;    0 ≤ y ≤ 120 

A(y) = 240y − 2y2 is continuous on [0, 120] and differentiable on (0, 120) 

A'(y) = 240 − 4y 

A'(y) = 0  ⇒ 240 – 4y = 0  ⇒  y = 60 

Hence y = 60 is a critical number. 

To get the maximum area, you calculate the value of A at y = 60 (the critical 
number),  

y = 0 and y = 120 (the two end points): A(0) =  0 = A(120) and A(60) = 7200 

     Therefore A(60) = 7200 is the largest value.  

Hence y = 60 m and x = 120 m are the dimensions of the field that give the 
maximum area. 
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Example 3 A cylindrical can is to be made to hold 10 litres of oil.  Find the dimensions 
that will minimize the cost of the metal to manufacture the can. 

Solution 

 
Figure 4.14 

In order to minimize the cost of the metal, you have to minimize the total surface 

area of the cylinder. You see that the sides are made from a rectangular sheet with 

dimensions 2πr (circumference of the base circle) and h. So the total surface area 
is given by  

              A = 2πr2 + 2πrh    

To eliminate h you use the fact that the volume is given as:  

V =10 litres = 10,000 cm3. 

⟹ πr
2
h = 10000   ⇒ 

2

10000
h

rπ

=  

⇒ ( ) ( )
2 2

2 2

10000 20,000 20,000
2 2 2 ' 4A r r r r A r r

r r r
π π π π

π

 
= + = + ⇒ = − 

 
     

2

20,000
'( ) 0 4 0A r r

r
π= ⇒ − = ⇒











= 3

5
10

π

r  

  Applying the second derivative test 
3

000,40
4)(''

r
rA += π 0>  for any 0>r , and 

hence 









= 3

5
10

π

r gives the minimum value. 

 Thus the value of h corresponding to 









= 3

5
10

π

r is 3
5

20
π

 
  
 

 

 Thus, to minimize the cost of the can, the radius should be 









3

5
10

π

cm and the 

height should be 3
5

20r
π

 
=   

 
cm. 

h 

r 
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Example 4  A home gardener estimates that if she plants 16 apple trees, the average 

yield will be 80 apples per tree. But because of the size of the garden, for 

each additional tree planted the yield will decrease by 4 apples per tree. 

How many trees should be planted to maximize the total yield of apples? 

What is the maximum yield? 

Solution To solve this problem consider the following: 

a If only 16 apple trees are planted, then what is the total average yield?  

b If 17 apple trees (one additional tree) are planted, then what is the total 

average yield?  

c If 18 apple trees (two additional trees) are planted then what is the total 

average yield?  

d In general, if 16 + x apple trees (x additional trees) are planted, then what is 

the total average yield?  

Now to come to the solution you consider the general case (d) and assume that x 

additional apple trees, are planted. Thus the total yield will be (16 + x) (80 − 4x), 

since for each additional apple tree planted, the yield will decrease by 4 apples per 

tree. Thus, you are going to maximize the function: 

f (x) = (16 + x) (80 − 4x) = 1280 + 16x − 4x2 on [0, ∞). 

f '(x) = 16 − 8x       f '(x) = 0 ⇒ 16 − 8x = 0     ⇒ x = 2 

Thus x = 2 is the only critical number.  

f ''(x) = –8 < 0 and hence by the second derivative test, the function has a 

maximum value at critical number 2.  

Therefore, 18 trees should be planted to get the maximum yield:  

 f (2) = 18 × 72 = 1296 is the maximum yield. 

Example 5 A manufacturer wants to design an open box that has a square base and a 

surface area of 48 sq units as shown in the figure below. What 

dimensions will produce a box with a maximum volume? 

 

Figure 4.14 

x 

x 

h 
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Solution Because the base of the box is square, the volume V of the box is given by:   

                               V = x2
h  

 The surface area S of the open box is given by:  

S = (area of base) + (area of four faces) 

S = x2 + 4xh 

Because V is to be optimized, it helps to express V as a function of just one 

variable.  

i.e.,  h = ( )

2 2S  48  
  since S = 48 sq.units

4 4

x x

x x

− −
=  

Thus, V(x) = x2 
2

348  1
  12   

4 4

x
x x

x

 −
= − 

 
 

V '(x) = 12 − 23

4
x  

V '(x) = 0 ⇒ x2
 =16 ⇒ x = ± 4 

Since x is the dimension of the box, it is non-negative and hence x = 4 is the only 

critical number.  

  
3

''( ) =  < 0  > 0
2

V x x x
−

∀ So, V (4) is a maximum by the second derivative test.  

Therefore, x = 4 and h = 2 gives the maximum volume, and which is  

        V = (42) (2) = 32 cubic units  

Example 6 Find the points on the graph of f (x) = 1 − x2 that are closest to O(0, 0) 

Solution Look at the graph of f (x) = 1 − x2 

 

Figure 4.15  

Any point on the graph is of the form (x, 1 − x2)  

Hence d = ( ) ( ) ( )
2 22 2 2 20 1 0 1x x x x− + − − = + −  

d is a minimum whenever the number under the radical is a minimum.  

x 

y 

f (x) = 1− x2 
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Thus, you minimize g (x) = x2 + (1 − x2)2 

  g (x) = x2 + 1 − 2x2 + x4 = 1 − x2 + x4  

  g'(x) = –2x + 4x
3  

  g'(x) = 0 ⇒ 2x ( )
22   1  = 0 x −  ⇒ x = 0 or x = 

2

2
±  

        Therefore, 0, –
2 2

 and 
2 2

 are critical numbers.  

To check whether these numbers give a minimum distance, you use the second 
derivative test.  

g''(x) = –2 + 12x2 > 0 for x = 
2 2

 and  = 
2 2

x −  

2 1 1 3 2
1

2 2 4 4 2
g g
   

= − + = = −      
   

 

       Thus, 
2 1

,
2 2

 
  
 

 and 
2 1

,
2 2

 
−  
 

 are the closest points to (0, 0).  

But the critical number x = 0 does not minimize the distance. Why? 

Example 7 Suppose the total cost C (x) (in thousands of Birr) for manufacturing x 

desktop computers per month is given by the function 

C (x) = 575 + 25x – 21

4
x , 0 50x≤ ≤   

a Find the marginal cost at a production level of x computers per month. 

b Use the marginal cost function to approximate the cost of producing the 31st 
computer.  

c Use the total cost function to find the exact cost of producing the 31st computer. 

Solution 

a Since marginal cost is the derivative of the cost function C (x), you have 

( )
1

' 25
2

C x x= −  

b The marginal cost at a production level of 30 computers is  

( )
1

' 30 25 30 10
2

C = − × =   

  or Birr 10,000 per computer. 

That means at a production level of 30 computers per month, the total cost is 

increasing at the rate of Birr 10,000 per computer. 

Hence the cost of producing the 31st computer is approximately Birr 10,000. 
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c The exact cost of producing the 31st computer is  

  

Total cost of Total cost of

producing 31 producing 30 C(31) C(30)

computers computers

1,109.75 1,100 9.75 or Birr 9750

   
   

− = −   
   
   

= − =

 

As a summary from what you have seen in solving problems by the application of 

differential calculus, the greatest challenge is often to convert the real-life word 

problem into a mathematical maximization or minimization problem, by setting up 

the function that is to be maximized or minimized. The following guideline adapted 

to particular situation may help.  

1 Understand the problem  

 The first step is to read the problem carefully until it is clearly understood. Ask 
yourself:  

What is the unknown? What are the given quantities? What are the given conditions? 

2 Draw a diagram (if necessary)   

 In most problems, it is useful to draw a diagram and identify the given and 
required quantities on the diagram.   

3 Introduce notation  

 Assign a symbol to the quantity that is to be maximized or minimized and select 
symbols for the unknowns.  

4 Express the quantity which is going to be optimized in terms of the 

unknowns.  

5 If the quantity which is going to be optimized is expressed as a 

function of more than one unknown in step 4,  

  use the given information to find relationships (in the form of equations) between 

these unknowns. Then use these equations to eliminate all but one of the unknown in 
the expression. Thus the quantity which is going to be optimized will be expressed as 
a function of one unknown; write the domain of this function and use the methods of 
solving maximization and minimization problems to get the quantity optimized.  

Exercise 4.6Exercise 4.6Exercise 4.6Exercise 4.6    

1 The product of two positive numbers is 288. Find the numbers which minimize 

the sum of the second number and twice the first number.    

2 Find the points on the graph of the function that are closest to the given point.  

 a  f (x) = x2 − 4;   (0, 2)  b  f (x) = x2 + 1; (0, 4)  

 c  f (x) = x2; (2, 1)  



Mathematics Grade 12        

196 
 

3 What positive number x minimizes the sum of x and its reciprocal?  

4 Find the length and width of a rectangle with perimeter 100 m that maximize the area. 

5 A farmer has a 200 m fencing material to enclose two adjacent sides of a 

rectangular field. What dimensions should be used so that the enclose area will be 

a maximum?  

6 A dairy farmer plans to enclose a rectangular pasture adjacent to a river. To 

provide enough grass for the herd, the pasture must have an area of 180,000 m2. 

No fencing is required along the river. What dimensions will use the smallest 

amount of fencing?   

7 Find the length and width of a rectangle with area 64 m2 that give minimum 

perimeter.  

8 The combined perimeter of a circle and a square is 16. Find the dimensions of the 

circle and square that produce a minimum total area.  

9 A ten meter wire is to be used to form a square and a circle.  

 a  Express the sum of the areas of the square and the circle as a function A(x) 

of the side of the square x. 

 b Identify the domain of A(x) 

 c How much wire should be used for the square and how much wire for the 

circle in order to enclose the smallest total area? 

10 A company has determined that its total revenue (in Birr) for a product can be 

modeled by R(x) = –x
3 + 450 x

2 + 52,500 x where x is the number of units 

produced (and sold). What production level will yield a maximum revenue?  

11 Find the number of units that must be produced to minimize the cost function  

C(x) = 0.008x
2 + 2x + 304. What is the minimum cost?   

12 A mass connected to a spring moves along the x-axis so that its x-coordinate at 

time t is given by  

   x (t) = sin 2t + 3  cos 2t.  

  What is the maximum distance of the mass from the origin?  

13    The body temperature (in degree centigrade) of a patient t hours after taking a 

fever reducing drug is given by 

   ( )
4

37
1

C t
t

= +

+  

  
Find C (3) and C ′(3). Give a brief verbal interpretation of these results.   
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4.3  RATE OF CHANGE 

In the previous sections you have seen derivatives as rates of change i.e.  f '(x) is the rate 

of change of the function f with respect to x at the point (x, f (x)). In this section, you 

will see that there are many real-life applications of rates of change. A few are velocity, 

acceleration, population growth rates, unemployment rates, production rates, and water 

flow rates. Although rates of change often involve change with respect to time, you can 

investigate the rate of change of one variable with respect to any other related variable.  

When determining the rate of change of one variable with respect to another, you must 

be careful to distinguish between average and instantaneous rates of change. The 

distinction between these two rates of change is comparable to the distinction between 

the slope of the secant line through two points on a graph and the slope of the tangent 

line at one point on the graph.  

The slope of the tangent line is the derivative of a function at the given point; this is 

regarded as the instantaneous rate of change:  

                          )(' cf  = 
( )  ( )

lim  
  x c

f x f c

x c→

−

−

  instantaneous rate of change 

But the slope of a secant line is determined by two points given on the line; this is 

regarded as the average rate of change: 

                                   
( )  ( )

  

f b f a

b a

−

−

 = average rate of change  

 

Figure 4.16 

 

tangent line 
secant line 

(c, f(c)) 

f 

(b, f(b)) 

(a, f(a)) 

  a                c                        b 

f(b) - f(a) 

b - a 

y 

x a c b 

b − a 
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Example 1  The concentration C (in milligrams per millilitre) of a drug in a patient’s 

blood stream is monitored at 10-minute intervals for 2 hrs, where t is 

measured in minutes, as shown in the table. Find the average rate of 
change over each interval. 

a    [0, 10]   b  [0, 40]  c  [100, 120]  

t 0 10 20 30 40 50 60 70 80 90 100 110 120 

c 0 2 17 37 55 73 89 103 111 113 113 103 68 

Solution 

a For the interval [0, 10], the average rate of change is  

2 0 2
0.2

10 0 10

c

t

∆ −
= = =

∆ −

 mg per ml min. 

b For the interval [0, 40], the average rate of change is  

55 0 55 11

40 0 40 8

c

t

∆ −
= = =

∆ −

 mg per ml min  

c For the interval [100, 120], the average rate of change is  

68 113 45 9

120 100 20 4

c

t

∆ − − −
= = =

∆ −

 mg per ml/min       

Example 2  If a free-falling object is dropped from a height of 100m, and resistance 

is neglected, the height h (in metre) of the object at time t (in seconds) is 
given by h (t) = –16t

2 + 100. 

i   Find the average velocity of the object over 

a  [1, 2]       b    [1, 1.5]   c  [0, 2]  

ii  Find the instantaneous rate of change at 

a t = 1 sec  b    t = 2 sec    c  t = 3 sec   d  t = 1.5 sec  

Solution 

i a  h (1) = 84, h (2) = 36  

          Average velocity over [1, 2] is given by:  

   
(2)  (1) 36  84

    48 sec
2  1 1

h h
m

− −
= = −

−

 

b  h (1) = 84, h (1.5) = 64  

Average velocity over [1, 1.5] is given by  

(1.5) (1) 64 84
= = 40m/sec

1.5 1 0.5

h h− −
−

−
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c  h (0) = 100, h (2) = 36  

Average velocity over [0, 2] is given by  

(2)  (0) 36  100
     32 sec

2  0 2

h h
m

− −
= = −

−

 

ii h (t) = –16t2 + 100 ⇒ h' (t) = –32t. 

Thus, the instantaneous rates of change are given as follows: 

a h'(1) = –32 m sec                         b     h'(2) =  –64 m sec  

c h'(3) = –96 m sec                          d   h'(1.5) = –48 m sec
 

                Exercise Exercise Exercise Exercise 4444.7.7.7.7                                

1 The height h(in meters) of a free-falling object at time t (in seconds) is given by 

h(t) = –16t
2 + 180. Find 

 i  the average velocity of the object over these intervals  

  a  [0, 1]  b  [1, 2]  c  [2, 3]  d [1, 5]  

 ii the instantaneous velocity of the object at  

   a    t = 0.5sec  b    t = 1sec  c   t = 1.5sec  d   t = 2sec  

 2 The population of a developing rural area has been growing according to the 

model P(t) = 22t
2 + 52t +10,000, where t is time in years, with t = 0 representing 

the year 2000 E.C. 

a Evaluate P for t = 0, t = 5, t = 8 and t = 10. Explain these values.  

b Determine the population growth rate, .
dP

dt
 

c Evaluate 
dP

dt
 for the same values as in part a. Explain your results.  

Related rates 

In this section, you will study problems involving variables that are changing with 
respect to time. If two or more such variables are related to each other, then their rates 
of change with respect to time are also related.  

For instance, suppose that x and y are related by the equation y = 2x. If both variables are 
changing with respect to time then their rates of change will also be related, by the equation  

    2
dy dx

dt dt
=  
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Examining two rates that are related  

Example 3 A stone is dropped into a calm pool of water, causing ripples in the form 

of concentric circles, as shown in the figure below. The radius r of the 

outer ripple is increasing at a constant rate of 1 cm per second. When the 

radius is 4 cm, at what rate is the total area A of the disturbed water 
changing? 

 

Figure 4.17 

Solution The radius r; and the area A of a circle are related as follows: 

  A = πr
2 ⇒  2

dA dr
r

dt dt
π=  

 When r = 4 and 1,  
dr

dt
= we have 2πr 22 (4)(1) 8 cm sec.

dr

dt
π π= =

 

 Therefore, the area is changing at the rate of 28 cm sec.π

 
Example 4 Air is being pumped into a spherical balloon at the rate of 4.5cm3/min. 

Find the rate of change of the radius when the radius is 2cm. 

Solution  Let r be the radius of the sphere, then the volume V of the sphere is 

given by 34

3
V rπ=  

2

2 2

1 1
4 4.5

4 4 (2)

dV dr dr dV
r

dt dt dt r dt
π

π π

= ⇒ = = ×  (since 4.5
dV

dt
= ) 

 = 
4.5

cm min
16π

 ≈ 0.09 cm min  

Example 5   A ladder 5m long rests against a vertical wall. If the bottom of the ladder 

slides away from the wall at a rate of 
1

m sec
4

,  how fast is the top of the 

ladder sliding down the wall when the bottom of the ladder is 3m from 

the wall? 
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Solution 

        

       Figure 4.18  

 32 + y2 = 25 ⇒y
2 = 16  

⇒ y = 4 

 x
2 + y2 = 25 ⇒2 2 0

dx dy
x y

dt dt
+ =  

        ⇒ 
3 1 3

m sec.
4 4 16

dy x dx

dt y dt

− − − 
= = = 

 
      

The fact that 
dy

dt
 is negative means that the distance from the top of the ladder to 

the ground is decreasing at a rate of
3

m sec
16

. In other words, the top of the ladder 

is sliding down the wall at a rate of 
3

m sec.
16

 

Example 6 A water tank is in the shape of an inverted circular cone with base 

radius 3 m and height 5 m. If water is being pumped into the tank at a 

rate of 2 m3/min, find the rate at which the water level is rising when 

the water is 3 m deep. 

  

5 m 

x 

y 

y 

x 
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Solution 

3 5

5 3

r
h r

h
= ⇒ =

 
⇒ r = 

3

5
h  

V = 21

3
r hπ  = 

2

31 3 3
  = 

3 5 25
h h hπ π

 
 
 

   

29

25

dV dh
h

dt dt
π=

 
= 21 5

3 3
r rπ
 
 
   

⇒ 
( )

22

25 25
2m min

9 9 3

dh dv

dt h dtπ π

= = × = 
50

m min
81π

  

Example 7 Given x2
y + xy = 6, 

a Find the rate of change of x with respect to y. 

b Find the rate of change of y with respect to x.  

Solution 

 a  In this case we assume x is differentiable with respect to y 

  Thus ( ) ( )
2 6

d d
x y xy

dy dy
+ =

 

⇒ x2 + x + 2xy 0
dx dx

y
dy dy

+ =  

⇒ (2xy + y) 2dx
x x

dy
= − −

  

⇒ 
2

2

dx x x

dy xy y

− −
=

+

 

 b ( ) ( )
2 6

d d
x y xy

dx dx
+ =   

⇒ y(2x) + x2 0
dy dy

y x
dx dx

+ + =  

⇒ (x2 + x) 2
dy

xy y
dx

= − −

 

⇒ 
2

2dy xy y

dx x x

− −
=

+

2

1 1

2xy y dx

x y dy

= =
− −

+  

Example 8 The total sales S (in thousands of copies of movies) for a home video 

movie t months after the movie is introduced are given by: 

2

2

125
( )

100

t
S t

t
=

+

  

 

Figure 4.19 
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a Find the rate of change of sales S'( )t , at time t. 

b Find S (10) and S '(10). Give a brief verbal interpretation of these values.  

c Use the results from b above to estimate the total sales after 11 months. 

Solution 

a 

2 2 2 2

2 2

( 100)(125 ) ' 125 ( 100) '
'( )

( 100)

t t t t
S t

t

+ − +
=

+

 

( )( ) ( )

( )

2 2

22

250 100 2 125

100

t t t t

t

+ −

=

+ ( )

3 3

22

250 25000 250

100

t t t

t

+ −
=

+

 

2 2

25,000

( 100)

t

t
=

+

 

b 
( )

2

2

125 10
(10) 62.5

10 100
S = =

+

, and  

( )
22

25,000(10)
S'(10) 6.25

10 100
= =

+

 

The total sales after 10 months are 62,500 copies of movies, and sales are 
increasing at the rate of 6,250 copies per month.   

c The total sales will increase by approximately 6,250 copies during the next 
month. Thus, the estimated total sales after 11 months are 

 62,500 + 6,250 = 68,750 copies of the movie. 

Exercise 4.8Exercise 4.8Exercise 4.8Exercise 4.8    

1 The radius r of a circle is increasing at a rate of 3cm min . Find the rate of change 

of the area when  

  a r = 8 cm     b r = 12 cm  

2 The radius r of a sphere is increasing at a rate of 3 cm/min. Find the rate of change 
of the volume when  

  a r = 2 cm     b r = 3 cm  

3 A 10 m ladder is leaning against a house. The base of the ladder is pulled away 

from the house at a rate of 
1

m sec.
4

 How fast is the top of the ladder moving 

down the wall when the base is  

a   6 m from the house?  b   8 m from the house?  

c   9 m from the house? 
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4 Find  and 
dy dx

dx dy
 assuming that y is differentiable with respect to x and x is also 

differentiable with respect to y.      

a x
2 + y2 = 25    b 3xy + y2

x − x2
y = 10  

c x + xy
2 − y = xy   d xy + x2

y
2 = x3

y
3   

e x sin y + y cosx = xy  

5 A spherical balloon is inflated with gas at the rate of 20 cm3 min. How fast is the 

radius of the balloon changing at the instant when the radius is   

a  1 cm?    b 2 cm?   c  3 cm?  

6 The radius r of a right circular cone is increasing at a rate of 2 cm min. The height 

h of the cone is related to the radius by h = 3r. Find the rate of change of the 
volume when  

  a r = 3cm    b r = 6 cm  

 Key Terms 

absolute maximum decreasing function monotonicity 

absolute minimum extreme values relative maximum 

concave downward first derivative test relative minimum 

concave upward increasing function Rolle’s theorem 

concavity inflection point second derivative test 

critical number mean-value theorem  

 Summary 

After studying this unit, you should know the definition of the following technical terms 

and have acquired the skills to find them or test them. 

1 Critical number 

  Suppose f is defined at c and either 0)(' =cf  or )(' cf  does not exist. Then the 

number c is called a critical number of f and the point with coordinates ))(,( cfc

on the graph of f is called a critical point; this critical point is either a valley or a 

peak of the graph. 

2 Absolute maximum and absolute minimum 

Let f be a function defined on some set S that contains c. Then  

 )(cf is an absolute maximum of f on S if )()( xfcf ≥ for all x in S. 

 )(cf is an absolute minimum of f on S if )()( xfcf ≤ for all x in S.    
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3 Relative maximum and relative minimum 

  The function f is said to have a relative maximum at c, if )()( xfcf ≥ for all x in 

an open interval containing c. 

  The function f is said to have a relative minimum at c, if )()( xfcf ≤ for all x in 

an open interval containing c. 

4 First derivative test 

Let f  be a function which is continuous and differentiable on an interval I. Then 

  a  First derivative test for local extreme values 

  If 'f changes sign from positive to negative at c then f has a local 

maximum value at c for some critical number c. 

  If f ' changes sign from negative to positive at c then f has a local minimum 

value at c for some critical number c. 

  b First derivative test for intervals of monotonicity 

  If 0)(' >xf on I, then f is strictly increasing on I; if 0)(' <xf on I, then f is 

strictly decreasing on I. 

5 Second derivative test 

   Let f be a function such that 0)(' =cf and the second derivative exists on an 

open interval I containing c. Then 

   a   Second derivative test for local extreme values 

  If 0)('' >cf then )(cf is a local minimum value on I. 

  If 0)('' <cf then )(cf is a local maximum value on I. 

  If 0)('' =cf , then the test fails. 

  b  Second derivative test for intervals of concavity 

  If 0)('' >xf for all x in I then the graph of f is concave upward on I. 

  If 0)('' <xf for all x in I then the graph of f is concave downward on I. 

6 Inflection point 

  The point at which concavity changes, either from concave up to concave down; 
or from concave down to concave up is called an inflection point. 
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 Review Exercises on Unit 4 

1111 For each of the following functions find: critical numbers, local extreme values, 

intervals of monotonicity, intervals of concavity and inflection points. 

a  68)( 24
+−= xxxf    b  593)( 23

+−+= xxxxf  

c  
1

2
)(

2
+

=

x

x
xf

    
d  

2

42
)(

2

−

+−
=

x

xx
xf  

 2  Find the absolute maximum and minimum values of each of the following 

functions on the indicated intervals. 

a  68)( 24
+−= xxxf ;  [–3, 3]  b  593)( 23

+−+= xxxxf ;   [–2, 2] 

c 
1

2
)(

2
+

=

x

x
xf ;   [1, 2]   d 

2

42
)(

2

−

+−
=

x

xx
xf ;  [–3, 1] 

3 A box is to have a square base, an open top, and volume of 32 m3. Find the 

dimensions of the box that use the least amount of material. 

4 Determine the point(s) f (x) = x2 + 1 that are closest to the point (0, 2). 

5 Find the maximum and minimum of the function f (x) = cos 2x – 2 sin x for 

0 < x < 2π. 

6 A window whose bottom is a rectangle and top is a semicircle being built. It there 

is 12m of framing materials, then what must be the dimension of the window? 

7 Determine the area of the largest rectangle that can be inscribed in a circle of 

radius 9 m. 

8 Water is being poured into a conical vase at a rate of 18 cm3/sec. The diameter of 

the cone is 30 cm and its height is 25 cm. At what rate is the water level rising 

when its depth is 20 cm? 

9 Two poles, one 6 m tall and the other 15 m tall, are 20 m apart. A wire is attached 

to the top of each pole and is also staked to the ground somewhere between the 

two poles. Where should the wire be staked so that the minimum amount of wire 

is used? 

10 A car travelling north at 48 km/hr is approaching an intersection. A truck, 

travelling East at 60 km/hr is moving away from the same intersection. How is the 

distance between the car and the truck changing when the car is 9 m from the 

intersection and the truck is 40 m from the intersection? 


