APPLICATIONS OF
DIFFERENTIAL CALCULUS

Unit Outcomes:
After completing this unit, you should be able to:
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find local maximum or local minimum value of a function on a given interval.
find absolute maximum or absolute minimum value of a function on a given
interval.

apply the mean- value theorem.

solve smple problems in which the studied theorems, formulae and
procedures of differential calculus are applied.

solve application problems.
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INTRODUCTION

In Unit 3 you have studied derivatives and have developed methods to find derivatives.
Derivatives can have different interpretations in each of the sciences (natural and social).

For instance; the velocity of a particle is the rate of change of displacement with respect
to time. Chemists who study a chemical reaction may be interested in the rate of change
in the concentration of areactant with respect to time called the rate of reaction. A steel
manufacturer is interested in the rate of change of the cost of producing x tons of steel
per day with respect to x (called the marginal cost). A biologist is interested in the rate
of change of the population of a colony of bacteria with respect to time. In fact, the
computation of rates of change is important in all of the natural sciences, in engineering,
and even in the social sciences. All these rates of change can be interpreted as slopes of
tangents. This gives added sSgnificance to the solution of the -tangent problem.
Whenever we solve a problem involving tangent lines, we-are not just solving a problem
in geometry. We are also implicitly solving a great variety of problems involving rates
of change in science and engineering.

Once you have developed the properties of the mathematical concept once and for al, you
can then turn around and apply these results to al of the sciences. This is much more
efficient than developing properties of special concepts in each separate science. The
French mathematician Joseph Fourier (1768 - 1830) put it briefly: "Mathematics
compares the most diverse phenomena and discovers the secret analogies that unite
them.”

Y ou have already investigated some of the applications of derivatives, but now that you
know the differentiation rules, you are in a better position to pursue the applications of
differentiation in greater depth. You will learn how derivatives affect the shape of the
graph of a function and, in particular, how this helps you locate maximum and
minimum values of functions. Many practical problems require us to minimize a cost or
maximize an area or somehow find the best possible outcome of a situation.

OPENING PROBLEM

A square sheet of cardboard whose areais 12 m? is used to make an open box by cutting
squares of equal size from the four corners and folding up the sides. What size squares
should be cut to obtain a box with largest possible volume?
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EXTREME VALUES OF FUNCTIONS

!¥® Revision on Zeros of Functions

The fundamental theorem of algebra states that every n™ degree polynomial has at most n
real zeros. The problem of finding zeros of a polynomial is equivalent to the problem of
factorizing the polynomial into linear or quadratic factors. In the earlier grades, you have
studied how to find the zeros of a function, to refresh your memory, consider the
following revision questions.

Note that a number c isazero of afunctionf, if and only if f(c) = O:

Revision Exercises |

1 Find the real zeros of each of the following functions.

a f(x)=3x-2 b f(x)=x-8 c f(=x+8
d g(x):l_—‘/;2 e gM=JYX-1+x-1
(x+1)
2_
f h=7e-5Lx+14 g h=> X7
X +1
2 Find x-intercept(s) of the graph of each of the following functions
x-1
a =3-2x b = c =41-x
y y I+ 1 y

d y=xX-4 e y=X1x-6 Poy=x+1

X* +4

g y=x+1

3 Explain ways of finding zeros of functions. Consider particular cases such as
linear and quadratic functions and other polynomials.

Critical Numbers and Critical Values

Maximum and minimum values of functions

One of the principal goals of calculusisto investigate the behavior of various functions.
As part of this investigation, you will be laying the groundwork for solving a large class
of problems that involve finding the maximum or minimum value of a function, if it
exists. Such problems are often called optimization problems. You will be introduced
some useful terminology, but before that do the following Activity.
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ACTIVITY 4.1

1 Givenaset S={0, 1, 2,3,4,5} and f (x) =2x+ 3

a Finds'={f(x)| x S} b Whatisthe largest element of S'?
c  What isthe smallest element of S'?

2 Givenaset Sasanopeninterval: S=(0,5) andf (xX) =2x+ 3
a  Finds'={f(x)| xS b Canwelist all the elements of S?
c Can you guess the largest element of S?

d Can you guess the smallest element of S?
3 Givenaset Sasaclosed interval: S=[0,5] and f (X) =2x+ 3

a Finds={f(x) xS} b Canwelist all the elements of S?
c Can you guess the largest element of S?
d Can you guess the smallest element of S?
4 Let f(X)= i Find the largest and smallest elements, if each one of them exists on
X

the following intervals.

a (0,5 b (0,9

C [0, 5) d -1, 9]
Now the above discussion |eads to the following definition.

Definition 4.1
Let f be afunction defined on set S
If for somecin$S
f(c) =f(x) for every xin S, thenf (c) iscaled an absolute maximum of fon S,
If f (c) <f(X) forevery xin S thenf (c) iscaled an absolute minimum of fon S.

The absolute maximum and absolute minimum of f on Sare called extreme values or
the absolute extreme values of fon S,

Sometimes we just use the terms maximum and minimum instead of absolute maximum
and absolute minimum, if the context is clear.

Note that from Definition 4.1 and Activity 4.1, a function does not necessarily have
extreme values on a given set.
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For instance,

1 f(x)=2x+ 3 whichiscontinuouson (0, 5) has no maximum value and minimum
value (See Activity 4.1 above).

1. . . -
2 f(xX)=— isnot continuouson [-1, 5] and has no maximum and minimum value.
X

3 f(X) =2x+ 3 hasamaximum value on (0, 5] whichis 13 but has no minimum
value.

4 f(x) =2x+ 3 hasaminimum value on [0, 5) which is 3 but has no maximum
value on [0, 5).

At this point one can ask how one can be sure whether a given function” f. has
maximum and minimum values on a given interval.

Actually, if afunction f is continuous on a closed bounded interval, it can be shown that
both the absolute maximum and absolute minimum:must.occur. This result, called the
extreme value theorem, plays an important role in the application of derivatives.

Extreme-value theorem

Let a function f be continuous on a closed, bounded interval [a; b]. Then f has both the
absolute maximum and absolute minimum- valueson [a, b].

To illustrate this theorem, let's consider the following graphof a function on the
interval [a, b].
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Figure 4.1
From the graph one can see that f (a) < f (x) < f (c) for dl xin[a, b]
Hencef (a) is the absolute minimum and f (c) is the absolute maximum value of f on[a, b].

Note that this theorem .does not tell us where and how to find the maximum and
minimum values on [a, b]; it Smply asserts that a continuous function on a closed and
bounded interval has extreme values.
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In the next section, you will see how and where to find the maximum and minimum
value of f on [a, b]. To this end, we need to define relative extreme values and critical
numbers.

Sometimes there are extreme values even when the conditions of the theorem are not
satisfied, but if the conditions hold, the existence of extreme value is guaranteed.

Note that the maximum value of a function occurs at the highest point on.its graph and
the minimum value occurs at the lowest point.
Relative extreme values and critical numbers

Consider the following graph of a function f and answer the questions in Activity 4.2
below.

a C C C ¢ b

Figure 4.2

ACTIVITY 4.2

Identify the numbers at which the maximum or minimum values occur Z

on the given interval. R
a [ac] b [a, cq] c [C2, Cq] d [a b]

Observe from the above Activity that, the extrema of a continuous function occur either

at end points of the interval or at points where the graph has a "peak" or a "valley"

(points where the graph is higher or lower than all nearby points).

For example, the function f in the'@bove Figure 4.2 has peaks &t (¢, f (Cy)), (C4, T (Cq)) and
valleys at (cy, T (c1)), (cs, T (C3)). Peaks and valleys are what you call relative extrema.

Definition 4.2

A functionf is said to have arelative
a  maximum at anumber cinan open interval |, if f (c) = f (x) for dl xin .
b minimum at a number c inan open interval |, if f (c) < f (x) for al xinl|.

The relative maxima and relative minima are called relative extrema.
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Example 1 Asshowninthe above Activity, the valleys and peaks are relative
minimum and relative maximum points respectively;

f (c1) and f (c3) are relative minimum values obtained at the valleys (¢, f (1)) and
(cs, T (Ca)), respectively.
f (cp) and f (cy) are relative maximum values obtained at the peaks (G2, T(c2)) and
(C4, T (Cq)) respectively.

Observe that:

1 At (cy, T (c1)), (cs, T (c3)) and (cs, T (Cs)) there are horizontal tangent lines, and
hence the slope of the tangent line is zero there.
Thusf’(c1)) =0,f"(c3) =0and f’ (cs) =0.

2 No tangent line can be drawn at (cz, f (c2)) and hence the derivative of f does not
exis at co.

Therefore, from Observations 1 and 2, one can conclude that relative extrema of a
function occur either where the derivative is zero (horizontal tangent)-or. where the
derivative does not exist (no tangent). This notion leads to the following conclusion:

Theorem 4.1

If a continuous function f hasa relative extremum at c, then either ' (c) = 0 or f has
no derivative & c.

Does the converse hold true? Justify by an example.

Definition 4.3

Let c be in the domain of f. Then if f ' (c) = 0 or f has no derivative at c, then c is said
to be acritical number of f.

Example 2 Find the critical numbers of the given functions
1 f(=4¢-5¢—8x+20 2 f()=2/x (6-x)
Solution j

1 f'(x)=12¢ - 10x—8 isdefined for all values of x.
Solve 12x* —10x—8=0

= 2(3x—4) (2x+1)=0=>3x—-4=00r2x+1=0=3x=4o0r2x=-1

:x—forx——
3 2

4 -1
Hence the critical numbers are 5 and >
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L 1

2 f'(X)=6x2 - 32
The derivative is not defined at x = 0; but 0 isin the domain of f. Hence, 0

isacritical number.

To find other critical numbers (if they exist), solve f '(x) = 0.

1 1 A h
= 6x( 2) -3x2=0 > 3x( 2] (2— x) =0 =2-x=0=x=2
Therefore, the critical numbers are 0 and 2.

Suppose you are looking for the absolute Extreme of a continuous functionf onthe
closed and bounded interval [a, b]. Extreme Value Theoremtells you that these extrema
exist and Theorem 4.1 enables you to narrow the list of "candidates" for points where
extrema can occur from the entire interval [a, b] to just the end points, and the critical
numbers between a and b. This suggests the following procedures:

To find the absolute extrema of a continuous function fon [a, b]:

Step 1 Compute f '(x) and find critical numbers of f on (a, b)
Step 2 Evaluatef at the endpoints a, b and at each critical number.
Step 3 Comparethe valuesin Step 2.
Thus by comparing the values of finstep 3 you have:
v' thelargest value of f is the absolute maximum of f on [a, b]
v' the smallest value of f is the absolute minimum of f on [a, b]
Example 3 Given f(x) = x* =, find the absolute extremum value of fon

a  [1,2] b [-% g} ¢ [0,1]

Solution  f'()=2x=3¢ f'(¥=0 :>x(2—3x):0:>x:00rx::—23

2 -
a Both 0 and 3 are critical numberson [-1, 2]

- Hence the following are the candidates for extreme values.

B 2/ 4 s _
£(0)=0, f[g) = . D =2, 109 4

Comparing the values, the maximum value is 2 and the minimum value is —4.
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b BothOand :—23are critical numbers on {—% g} Hence, f(0), f (%)

f (—%) and f (g) are candidates for extreme values.

3 27 2 8 2 8
Comparing the values, :—; is the maximum value and —g is the minimum value.

C ?2% is the only critical number in [0,1], hence f (0), f (%) and f (1) are the

candidates for extreme values.

£(0)=0, f(éj =2i7and f(1)=0

. - 4 :
Comparing the values 0 is the minimum value and o7 is the maximum value.

2

Find the absolute maximum and minimum value of f (x) = x~ x® on[-1, 2].
1

3x3 -2
1
3x3
Hence 0 isone of the critical numbers:

2 1
f'(x)=1-—=x 3
(x) 3

but f'(0) doesnot exist.

1 3
f'(x)zO:g’x3 - 1=0=x=x= §j =£:>x=0andx=E
2 2 27 27

are critical numbers.
Hence the following are the candidates for. extreme values:
8\ _-4
f(-D)=-2, f(2)=2-3¥4>0, f(0)=0, f| =>|="2
(D=2, 1@ =2-¥4>0, {(0) [27j -

Therefore =2 isthe minimum value-and 2 - %/4 is the maximum value on [-1, 2].

Identify critical numbers and find the absolute maximum value and absolute minimum
value for each of the given functions on the given interval.

1 f)=x5[-21] 2 f=x"-=2¢+3;[-1 2]

3 f(= xg (5 - 2x);[-1,2] 4 f(X)=2cosx+x; [0,27]
5  f(x)=x-3¢][-1,3] 6 f(X)=3¢C-20x[-2 2]
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Rolle's theorem and the mean-value theorem

You will see that many of the results of this unit depend on one central fact, which is
caled the mean-value theorem. But to arrive at the mean-value theorem you begin
with a special case of the mean-value theorem called Rolle's theorem, named after the
seventeenth-century French mathematician Michael Rolle. This result implies that if f is
continuous on [a, b] and f (a) = f (b) then there always exists at least one critical number
of fin (a, b).

ACTIVITY 4.3

Look at the following graphs and answer the questions below:

1y y
f f
X / i \ X
a G CcCcC b a C b
i i
Yy Yy
\_ 1/
/ § 7§_ f : ; :
x Lo
a C C C3 b a C b
i iv
Figure 4.3

Inall casesf (a) =f(b)

1 Find the coordinates of points on each graph at which horizontal tangent lines occur.
2 What isthe slope of ahorizontal line?

3 How do you relate slopes of tangent lines to derivatives?

Rolle’s theorem

Let f be function that satisfies the following three conditions:
a  fiscontinuouson the closed interval [a, b]
b  fisdifferentiable on the openinterva (a, b)
c f@=f(b

Then, thereisanumber cin (a, b) suchthat f'(c) =0
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Proof: There are three cases:
Case 1 f(X) =k, aconstant (asin Figure 4.3i in the above activity)
Then f '(xX) = 0, so the number ¢ can be any number in (a, b)
Case 2 f(X)>f(a)for somexin (a b), (asin Figure 4.3ii and Figure 4.3iiiin the
above Activity)

By the extreme value theorem, f has a maximum vaue somewherein[a, b]. Since
f(a) =f (b), it mug attain this maximum value at anumber cin(a, b). Thenf hasa
local maximum at ¢ and, since f is differentiable at ¢, thisimpliesthat f'(c) =0
Case 3 f(x)<f(a)for somexin (a b) (asinFigure 4.3 iii and Figure 4.3 iv.in
the above Activity)
By the extreme value theorem, f hasaminimum valuein[a, b] and, sncef (a) =f (b),
it attains this minimum value a a number cin (a, b) where againf'(c) = 0.
Let's apply Rolle's theorem to the podtion function £ () of a moving
object. If the object is in the same place at two different instant t = a and
t =D, then f (&) =f (b). Rolle's theorem says that there is some instant of
time t = ¢ between a and b when f'(c) = 0; that'is, the velocity is 0. (In
partticular you can see that this is true when a ball is thrown directly
upward).
Prove that the equation X* + x= 1 = 0 has exactly one real root.
Firgt you use the intermediate value theorem to show that a root exists.
Letf(x)=x+x—-1 f(0)==1<0 and f(1)=1>0

Since f is a polynomial, it is continuous, so the intermediate value theorem states
that there is a number ¢ between 0 and 1 such that f '(c) = 0. Thus the given
equation has aroot.

To show that the equation has no other real root, we use Rolle's theorem and
argue by contradiction.

Suppose that it had two real rootsa and b. Then f (a) = f (b) =0 and, sncefisa
polynomial, it is differentiable on (a, b) and continuous on [a, b]. Thus by Rolle's
theorem, there is a number ¢ between a and b such that f ’(c) = 0.

But f!/(x)=3+1 =1 [X(Bince X’ =0)
So f'(X) # 0. This leads to a contradiction.

Therefore, the equation cannot have two real roots.

Our mainuse of Rolle's theorem isin proving another important theorem, which was
first stated by French mathematician, Joseph - Louis Lagrange.
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ACTIVITY 4.4

Consider the following graphs.

s B(b, f (b))

Figure 4.4 Figure 4.5
In both cases AB and AP are the secant lines of the graph of f.
a Find the slope of the secant line AB.
Find the equation of the secant line.
Can you draw aline parallel to AB and passing through P? Why?
Can you draw aline parallel to AB and passing through R? Q? Why?
Recall that the lines through P, R Q are tangent lines. Can you find the
slope of these tangent lines, if f is a differentiable function? Explain.
f For the tangents parallel to AB, compare the slope with that of the slope of
AB. Are these equal ? Why?
g Can you find the vertical distance h(x) asin Figure 4.4 and Figure 4.5?

®©® QO O T

The mean-value theorem

Let f be afunction that satisfies the following conditions:
1  fiscontinuous on the closed interval [a, b]

2 fisdifferentiable on the openinterval (a, b)

Then there isanumber cin (a, b) such that

f'(c)= f(bt)) i )or equivalently f (b) —f (a) =f'(c) (b—a)

Proof: Using Activity 4.4

h (X) = f (x) -y, wherey = [WJ (x —a) +f(a)
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h@=0=hbyad ¥ = 1) ~f(a)
dx b-a

Observe that h is continuous on [a, b] and differentiable on (a, b). Then by
Rolle's theorem there isa number cin (a, b) such that h'(c) =0
NV . o = Y o = 1(0) 7 f(a)
f'c)-— =0 =f')=—=- =f1f(€)=——"———~
= f () il (c) ol (c) A
Example 7 To illustrate the mean-value theorem with a specific function, consider
f(x) =x*—x,a=0, b =2 Sincefisa polynomial,’it is continuous and
differentiable for all x € R, so it is certainly continuous on [0, 2] and
differentiable on (0, 2). Therefore, by the mean-value theorem, thereis a
number cin (0, 2) such that
f(2-f(0)=f'(c)(2-0), f(@2=6,f0)=0
f'()=3¢-1
f'(c)=3c-1
—=6=(3c-1) (2) =6c°-2
= C2 = f - C= +i
3 B
But cmust liein (0, 2),soc= 2

J3

2 If an object moves in a straight line with position function f(t), then the

. f(b) - f .
average velocity betweent =aand t =biis M and thevelocity at
t=cisf’(c).

Thus, the mean-value theorem tells usithat at atimet = ¢ between a and b the
ingtantaneous velocity f '(c) is equal to that of the average velocity. For instance,
if acar travelled 180 kmin 2 hrs, then the speedometer must have read 90 km/hr

at least once.

The Mean-value theorem can be used to establish some of the basic facts of differential
calculus.

Theorem 4.2
If f'(x) =0 for al xinan interval I, then f isa constant on I.

Proof: Let f be adifferentiable function on an interval | and let
f'(x) =0for al xoninterval |
If X1, Xo CIT&Nd X; < % withf'(X) =0 [XII1
The function satisfies the conditions of mean-value theorem on [ x;, x,]. Why?
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Thus we apply mean-value theorem on [X;, Xo]; 0, that
f (x2) —f(x1) = '(C) (x2—x1) = 0. Why?
Thisimpliesthat f(x1) = f(x2) DX Ix 1
Therefore; we conclude that f isa constant on |.
Corollary 4.1
If f'(x) =g '(x) for al xonaninterval |, then f — g is aconstant or
f(x) = g(x) + ¢, (cisarbitrary constant.)
Proof: Exercise
(Hint: consider (f—g)' (x) =0 [x@nd apply the above theorem)

1  Veify that each of the following functions satisfies the three conditions of Rolle's
theorem on the giveninterval. Then, find all values of c that satisfy the conclusion
of Rolle's theorem.

a f(x)=x"-4x+1on[0,4 b fX)=x-3+2x+50n]0, 2]
c f(x)=sn2mxon[-1,1] d f(X) =xVX+ 6 on[-6,0]
2
2 Givenf (x) =1 - x3, show that f (1) = f (1) but thereisno cin (-1, 1) such that
f'(c) = 0. Why does this not contradict Rolle's theorem?
3 Repeat Question 2 for
f(x)=(x—1)2f(0)=f(2) on]0,2]
4 Veify that the following functions satisfy the conditions of the mean-value

theorem on the given interval. Then find all values of c that satisfy the conclusion
of the Mean-value theorem.

a f(X)=3¢+2x+5,[-1,1] b fx)=x2+x-1,[0,2]
¢ fM=x [0 1] d f(x):x—iz,[lA]

5 Letf(®=|x-1.
Show that there isno value of ¢ such that f (3)—f(0) =f'(c) (3-0).
Why does this not contradict the mean -value theorem?
6  Show that the equation x® + 10 x + 3 = 0 has exactly onereal root.
Increasing and decreasing functions

Under this subtopic you consider intervals on which the graph of a functionrises, falls
or a constant, and attach a meaning to it. To do this, consider the following Activity.
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ACTIVITY 4.5

1 Consider the graph of the following function.
y

Figure 4.6

a  Discuss whether the graph of f isrising or falling as you move from left to
right starting at a.

b Identify the intervals in which the graph isrising and falling.

c Identify the intervals in which the graph is neither raising nor falling.
2 Again considering the graph of f in Question 1 above,

a If x1 <Xx20n[a, p], isittruethat f (x1) <f (x2)?

b If x1, X2 [Iplq] and x1 < X2, which of the following is true?

i fx)<f(xp). i f(x) > f (x).
c If X1, X2 [1q, r]; and x1< X2, which one of the following is true?
i f(x) <f(x) i f(x)>f(x) i f(x)=f(x)

d Take X1, X2 []11 b] with x; < x,, compare the values f (x;) and f (x2).
Now as a summary of the above Activity, you have the following definition.

Definition 4.4

Let f be afunction on an interval I.

i Ifforany xg, xoin |, X3 < X impliesf (x1) < f (X)
fissaid to beincreasing on|l.

i If forany xg, X2 in |, xg < % impliesf (x1) = f (X)
fissaid to be decreasing on .

il If for any xg, X2 in I, X3 < % impliesf (x1) < f (x2)
fissaid to be strictly increasing on .

iv If for any xg, X2 in I, X3 < % impliesf (x1) > f (X2)
fissaid to be strictly decreasing onl.
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By looking at the graph of the above Activity 4.5, identify the intervals in
which f isincreasing, decreasing, strictly increasing and strictly decreasing.

[ Ontheintervals[a, p] and [r, b] fis strictly increasing.
ii Ontheinterval [p, q] fis strictly decreasing.

iii Ontheinterval [p, r] f is decreasing (but not strictly)
iv Ontheinterval [q, b] fisincreasing. (but not gtrictly)

How derivatives affect the shape of a graph

Many applications of calculus depend on your ability to deduce facts about a function
from information concerning its derivatives. Because f '(X) represents the slope of the
curvey = f (x) at the point (x, f (X)), it tells you the direction in which the curve proceeds
at each point. So it is reasonable to expect that information about f '(x) will provide you
with information about f (x).

In the previous section you have seen that if f'(X) = 0 for each x'in‘'someinterval 1, then
fisaconstant on|. Now what do you conclude, if f'(x) > 0 for each xin|; orif f'(x) <0
for eachxin|?

ACTIVITY 4.6

Consider the following graph.
J]

d e  h b
Figure 4.7

1 If x isany point in (a, c), isf'(x) >0 or f '(x) < 0? Why? (Hint: relate f '(x) to the
slope of tangents on (a, ).

2 Repeat it for any xin (c, d), (d, e), (e, h) and (h, b). (Assume f is differentiable at
c, d, e and h).

As a result of the discussion in Activity 4.6, you have the following test which is

important in identifying the intervalsin which afunction isincreasing or decreasing.
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Increasing and decreasing test
Suppose that f is continuous on an interval | and differentiable in the interior of 1.

If f'(x) 20 for dl xin theinterior of I, thenf isincreasing on I.
If f'(x) <0 for dl xintheinterior of I, thenf isdecreasingon |.
If f'(x) >0 and f'(x) = 0 only for finite number of points on I, then f is strictly
increasingon |.
If f'(X) <0 and f'(x) =0 only for finite number of points on I, then f is strictly
decreasingon|.
Find where the function f (X) = 3x* - 4x% - 12)¢ + 5isincreasing and
where it is decreasing.
/() = 12¢ - 12¢ - 24x = 12x (3¢ - x - 2) = 12x (x - 2) (x + 1)
You are going to find intervals in which f '(x) is podtive or negative. Use sign
charts for this purpose, as follows:

« 1 0 2 R\
12x‘ -0 t+t+ £+ ++ O\ V
X-2 —---|-=-=-]=-==-=-- 0+ + +
X+1 - - -0+++| ++++++ |+ ++
f'(X) ———++++( —————— o+ + +

From the sign chart one can see that

f'(x) 20on[-1, O] and [2, ) and f'(X) = O only at x =1, 0 and x = 2, thusf is
strictly increasing on [-1, 0] and [2, ).

f'(x) <0on (-0, -1] and [0, 2] and f '(X) = O only a x = -1, 0 and 2, thusf is
strictly decreasing on (—, —1] and [0, 2].

Find intervalsin which f is strictly increasing or strictly decreasing.

1

3
5
7

f(X)=x - 12x+1 2 f(x)=x-2sinxon|0, 2n]
f(X)=x-3¢+5 4 f(R)=2-3¢+5
f(x)=x" -6 6 f()=3C-5¢+3
f(X)=x Vx2 +1 8

f(X)=x+x+1

f)=x® (x + 3)5 10 f(X)=x-3x3
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11 £ =02-1)° 12 f(x)=X)§:_18

13 f(=xe'-4 14 f(x) = 3+|X

15 f(9=— 16 f(=|x-3 -5
17 f(x=2-3> 18  f(x)=In(3-2x)
19 f(x)=e 20 f(x)=|inx

Local extreme values of a function on its entire domain

Recall that if f has alocal maximum or minimum at c, then ¢ must be a critical number
of f; but not every critica number gives rise to a maximum or a minimum. You
therefore need a test that will tell you whether or not f has a loca 'maximum or
minimum at a critical number.

Suppose f is continuous on an interval [a, b] and a < ¢ < b such that f is strictly
increasing on [a, ¢] and f is trictly decreasing on [c; b] asin Figure 4.8:

y y

(c, f(c))

Figure 4.8
From Figure 4.8 it isclear that

f(c)>f(x) DXIfa, b].

Thus f(c) isaloca maximum valueof f on (a,b)
Observe that:
f'(x) >0 for every x [{al c); and f '(x) <O for every x [{c] b) in both of the graphs

of Figure 4.8. If f " satisfies the above conditions, you say that f ‘changes sign a ¢ from
positive to negative.

Again suppose f is continuous on an interval [a, b] and a < ¢ < b such that f is strictly
decreasing on [a, ¢] and f isstrictly increasing on[c, b] asin the Figure 4.9 below.
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Figure 4.9
Itisclear thet f(c) < f(X) for every x C{@l b) and hencef hasalocal minimum value a c.

f'(x)<0 forevery x [{al c); and f'(x) >0 for every x L{C] b)in both of the graphs
in Figure 4.9. If ' satisfies the above conditions, you say that f ' changes signat ¢ from
negative to positive.

Therefore, you can have the following test for local extreme values of a function.

First derivative test for local extreme‘values of afunction
Suppose that ¢ isa critical number of a continuous function, then

a  if f' changessign from postive to negative at c, then f has alocal maximum at c.

b if f' changes sign from negative to positive at c, then f hasalocal minimum at c.

c if f* does not change sign at c (that is, f ' is positive on both sides of ¢ or negative
on both sides), then f has neither local maximum nor minimum at c.

Example 10 Find the local maximum and minimum values of the function:
1 f()=3x*"-43-12¢+5 2 g()=x+2snx for0<xs<2n
Solution
1 ') =12¢-12¢ - 24x = 12x (¢ - x - 2) = 12x (x - 2) (x + 1)
From the sign chart in Example 9 one can see that
f'(X) <0on (-, -1] and [0, 2] and f'(X) =0 only at x=-1, 0 and 2.
Thus, f is strictly decreasing on (—, —1] and [0, 2].
a. f'changessignfrom negative to positive at —1 and 2
. Hence both f (1) = 0 and f (2) = —27 arelocal minimum value.

b f'changessign from positive to negative at 0 and hencef (0) =5 isthe
local maximum value.

2 g'®=1+2cosxg'(x)=0=cosx= —%:X:Z—g or x:4—gin[o, 2]

179



Mathematics Grade 12

2 4
0 37 7 37 2
g'(x) -T- + + + + + (i) - - - (P + + + :

. - . 2
a @' changessign from positive to negative at En and hence
g(gn) = 2n+24n (Enj = 211+ V3 isalocal maximum value.
3 3 3 3
. . i 4
b g' changes sign from negative to positive at En and hence

g(fn) =424 %n = gn - /3 isalocal minimum value.

3
| Exercised.4 |

Find the local maximum and minimum vaues of each of the following functions.
1 f=x¥-12x+1 2 f(¥)=x-3¢+5 3 f(X)=x-2sinxon]0, 2n]
4 f)= —=2 5 f(x):x3—gx2 6 f(x)=x3-12x

L+ x)

7 f0= (¢ =9 g (0=-3@+3x9 fM=aF+2

z
3

10 f(x)=2x-3x

Concavity and inflection points

This subtopic focuses on the importance of the second derivative in identifying the
shape of the curve.

In the previous section you. have used the first derivative test for intervals of
monotonicity and determining local maximum values and local minimum values. Y ou
will see now that the second derivative test is also important in the study of the
behaviour of the graph of afunction f.

Now consider the following two graphs of increasing functionsf and g on [a, b].

i ii iii
Figure 4.10
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The graphs in i and ii of Figure 4.10 look different because they bend in different
directions. You are going to see how to distinguish between these two types of
behaviour. For this purpose, firs try to do the following Activity.

ACTIVITY 4.7

1 Copy the curvesin Figure 4.10 and try to draw tangents to the
curves at several points between a and b.

2 Does the curve of f lie above the tangents or below?
3 Does the curve of g lie above the tangents or below?

Definition 4.5

If the graph of afunction lies above al of its tangents on an interval |, then it is called
concave upward on .

If the graph of afunction lies below all of its tangents on an interval |, then it is called
concave downward on .

Example 11 Consider the following graph.

y

(b, f(0))  (d,f(d) (P f(p)

Figure 4.11
Ontheintervals (a, b), (c, d), (e, p) the graph is concave downward.
Ontheintervals (b, c), (d, €) and (p, q) the graph is concave upward.

Points (b, f (b)), (c, f (c), (d, f (d)), (e, f (e)) and (p, f (p)) are points on the graph at
which concavity changes either from concave up to concave down or from concave
down to concave up. Such types of points are called inflection points.

Definition 4.6

A point on a curve is called an inflection point, if the curve changes either from
concave up to concave down or from concave down to concave up.
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Now see how the second derivative helps to determine the intervals of concavity and
inflection points.
Concavity test
Let f be afunction which is twice differentiable on an interval |, then
a If f"(x) >O0for al xinl, the graph of f is concave upward on |.
b If f"(x) <Ofor al xinl, the graph of f is concave downward on .
Another application of the second derivative is the following test for maximum and
minimum values. It is a consequence of the concavity test.
The second derivative test
Suppose f is twice differentiable and f " is continuous at ¢
a If f'(c)=0andf"(c) >0, thenf hasaloca minimum at c.
b If f'(c)=0andf"(c) <0, thenf hasalocd maximum at c.

f"(c) > 0 near c and so f is concave upward near c. This means that the graph of f lies
above its horizontal tangent at ¢ and so f has alocal minimum at c.

f"(c) <0, near c and so f is concave downward near c. This means that the graph of f
lies below its horizontal tangent at ¢ and so f has.a local maximum at c.

Discus the behaviour of the curve f (x) = x* — 4xC with respect to
concavity, points of inflection, local maximum and minimum.

f'(x)=4x>-12x* = f'(X) =4x*(x-3)
Thus f'(X)=0=4x*(x=3)=0 = x=0o0rx=3
Now f"(x) =12x* - 24x, f"(0)=0and f"(3)=36>0
Sincef'(3) =0and f *(3) =36 >0, f (3) = ~27 is aloca minimum value by the
second derivative test.

Since f "(0) = 0O, the second derivative test gives no information about the critical
number 0. But since f '(x) < 0 for X < 0 and also for 0 < x < 3, the first derivative
test tells usthat f does not have alocal extreme value at 0.

To determine intervals of concavity and inflection points we use the following
sign chart:

0 2

A
v

12X { = = — = = ) ++ + + ++ [+ + +

X=-2w. —=—=—=—=—=| === === 0O+ + +

' (%) ++++++(P —————— 0+ + +
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The points with coordinates (O, 0) and (2, —16) are inflection points.

The graph of f is concave upward on (—eo, 0) and (2, ) and concave downward on
(O, 2).

The second derivative test isinconclusive when f *(c) = 0. In other words, at such a
point there might be a maximum, there might be a minimum, or there might be
neither. Thistest also fails when f "(c) does not exist. In such cases, the first
derivative test must be used. In fact, even when both tests apply, the first derivative
test is often the easier one to use.

2 ik

Example 13 Discuss the behaviour of the curve f (X) = (x3)(6— X) 3 with respect to

a  monotonicity b relative extreme values
c inflection points and concavity.

-1 102 -3 _
Solution f'(X)=(§X3)(6—X)3—X3%(6—x)3 _w4-Xx _

1
x3 (6~ x)3
f'(X) = 0 when x =4 and f'(x) does not exist when x=0o0r x = 6.
Hence, 0, 4 and 6 are critical numbers. ;

To identify the extreme value and interval's of monotonicity you use the sign chart.
0 4 6

& »
< »

4-x + + +|+ + + + ++0=-- | - - -

1
NG - = -0+ + + ++ 4+ | +++ | +++

2
(6—x)5 ++ + |+ + 4+ ++ + | +++ 0+ ++

(%) __—;||++-F+++(P———§[]———

From the chart f '(x) > 0 on (0, 4)
Hence f is strictly increasing on {0, 4].
f'(X) <0o0n (—», 0), (4, 6) and (6, )
Hencefis strictly decreasing on (—o, 0] and [4, )
f.' changes sign from negative to positive at 0 and hence
f (0) = Oisaloca minimum value.
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f * changes sign from positive to negative at 4 and hence f (4) = 2 ¥4 is alocal
maximum value.

At x =6, f ' does not change sign and hence f (6) is neither alocal maximum value
nor alocal minimum value.

Now to check concavity and inflection points we make use of the second derivative.
" -8
o) = ==
x3(6-x)°
f" doesnot existat x=0and x=6
To determine concavity and inflection points consider the following chart:

_8 _ e, e | = e e e e e WA - -

4
3 + + +0 + + + + Fo+ ++ + |+ + o+

(6—x)§ + + +| + + +FAE A+ + O = -

' ---3 - - N - - - -

f"(x) >00n (6, ).

Hence the graph of f is concave upward on (6, ).

f"(x) <0 on (—, 0) and (O, 6).

Hence by the second derivativetest the graph of f is concave downward on
(—00, 0) and (O, 6).

f" changes sign at x = 6, and hence (6, f(6)) = (6, 0) is an inflection point.

Curve sketching

Now, you are ready to develop a procedure for curve sketching. To sketch the graph of a
given function, we need to know where the graph crosses the x-axis, the y-axis, its
turning points, and intervalsin which the graph rises and falls.

Sketch the graph of f () = X* —4x° .

a f'(x) = X' —4x% isapolynomial function and hence it is defined for all real
numbers.

b y-intercept: itisthe value of fat x=0
Thus y-intercept = f (0) = 0*— 4(0% =0
Hence the graph crosses they -axis at (0, 0)
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c x-intercept: it isthe zero of the function f (x).
Which means X* - 4¢ =0
=X (x-4)=0 =x’=00rx—4=0 =>x=0o0rx=4
Therefore, x =0 and x = 4 are the X — intercepts.
That means the graph of f crosses the x-axis at points (0, 0) and. (4, 0).
d Intervals of monotonicity and relative extreme values

To identify intervals in which f is monotonic, you need to find the derivative
of fand find critical numbers.

f() =X -4 = ' (X) =43 - 12¢
') =0=48-12¢=0=4¢ (x-3)=0=4¢=00rx=3=0
=x=00rx=3
Hence x = 0 and x = 3 are critical numbersof f.
To identify intervals of monotonicity and extreme values you use the
following sign chart.

0 3

<&
<

4 +++0+ ++++ 4+ 4+ +++ |+ ++

v

X-3 - —--|l=3Aa - ---F4r 0O+ + +

9 --£fNTY - - - N 3+ ++

It can be seen from the chart that:

i f'(x) < Ofor al xintheinterval (—,3); thus f is strictly decreasing on (—00, 3].
i f'(X)>0fordlxintheinterval (3,); thusf isstrictly increasing on [3, 00)

il Thesignof f' changes only at a critical number x = 3, where it changes sign from
negative to positive and hence by the first derivative test, f(3) = —27 isthe relative
minimum value of f.

e Intervals of concavity and inflection points.

To identify intervals of concavity and inflection points, you make use of the
second derivative;

') =a3-12¢, f'(x)=12¢-24x, f"(¥)=0=12x(x-2)=0

= 12x=00rx—2=0 =x=0o0orx=2
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To identify intervals of concavity and inflection points you use the following sign chart.

& O 2 »
12x‘ —————— ) + + + + + + M
X-2 —-—=-—=-=-—=-=| =-—===-= 0o+ + +
f"(X) ++++++(P —————— 0+ + +

As can be seen from the sign chart

i f"(Q >0 for dl x in the intervals (e, 0) and (2, %); thus by the second
derivative test, the graph of f is concave upward on (-, 0).and (2, »)

i f"(X) <0on (0, 2) and hence by the second derivative test the graph of f is
concave downward on (0, 2) .

iii - The points at which concavity changes are called inflection points.

Therefore, (0, f (0)) = (0, 0) and (2, T (2)) = (2, —16) are the inflection points of
the graphoff.

Now using the above information, you can sketch the graph of f as follows:
\

\
\

\
x* - 43

‘ F(x)=
-3 -2 - \1\‘2 3 A 5
14 N

IS
D

N W
O D

|
|
|

[ /
b
(@)

Figure4.12
X

x+1

Sketch the graph of  f(x) =

X

a' ) 1=

is defined for al real numbers.

b y-intercept: it isthe value of fat x=0
Thusy-intercept = (0) =0
Hence the graph crosses they -axis at (0, 0)
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c X -intercept: it is the zero of the function f (x).

Which means >—=0=>x=0.
X +1

Therefore; x = 0 isthe x — intercept.
That means the graph of f crosses the x-axisonly at (0, 0).
d Intervals of monotonicity and relative extreme values

To identify intervals in which f is monotonic you need to find the derivative
of f and find critical numbers.

_ X N G
(9= 7 = (x)_W
f'(X):O:>1_—X22:0:>M]LX)_:O
el (e

=Xx=1lorx =-1.
Hence x =1 and x = -1 are critica numbers.of f.

To identify intervals of monotonicity and extreme values you use the following
sign chart.

-1 1
1-X + BN+ + AP - - - -
X+ 1 —{NAJ-0 + NN + + + +
2
(x2+1) S e I T e S I S S S
f'(x) e~ - -0 KFr++ Q- - - -

It can be seen from the chart that:

f'(x) <O fordl xintheintervals(-c,~1Dand (1,) ; thusfisstrictly decreasing
on(—c,-1] and [1,00).

f' (9 >0fordl xintheinterval (-1, 1); thusf isstrictly increasing on [-1,1]
Thesignof f' changesat x = -1 and x = 1. It changes sign from negative to
positive at x = —1 and hence by the first derivative test, f (-1) = _71 istherelative
minimum value of f. It aso changes sign from positive to negativea x =1 and

hence by the first derivative test, f (1) = % isareative maximum value of f.
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e Intervals of concavity and inflection points.
To identify intervals of concavity and inflection points, you make use of the
second derivative;
1-x2 ) 2x(x* -3
RO i)
(x +1) (x +1)

—x=00rx =+/3 orx=-+3.
To identify intervals of concavity and inflection points you use the following sign chart.

/3 0 NE

<& »
< >

f"(x):O:M:O

f' =
0 e

2X - - —|- - -0+ + I \F+
x-3 - - -|- - -|- - -0+ + +
x+vy3 - - =0+ + + |+ '+ x|+ + ¥

3
(x2+1)++++++++++++

f"(X) - = =0+ QLA -0 L4 4
Asit can be seen from the sign chart
i f "(x) < O for dl x in the intervals (—00, \/é) and (0, \/5) thus by the second
derivative test the graph of f is concave downward on (—00, x/§) and (O, \/é)
ii f"(x) > 0on (\/50) and (\/éoo) and hence by the second derivative test, the
graph of f is concave upward on (\@O) and (x@oo)

i Inflection points of the graph of f are: (0, 0) [—ﬁf} and[ S_SJ

Now using the above information, you can sketch the graph of f as follows:

Figure 4.13
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Sketch the graph of each of the following functions by indicating the following:

a  domain of the function

c asymptotes (if any)

e local extreme values

g inflection points
1 f(x)=x-12x 2

4

4 f(x)= 11 5
7 f(x)=x3—gx2+6x 8

b intercepts (y-intercept and x-intercept)
d intervals of monotonicity

f intervals of concavity
f(x)=¢€" 3 f(x)=Inx
1 2X-6
f==x"-2x 6 f(x)=
( ) 4 ( ) X2_

1
f(x)=——
=5

MINIMIZATION AND MAXIMIZATION

PROBLEMS

The methods you have learned in this unit for finding extreme values have practical
gpplications in many areas of life. A businessperson wants to minimize costs and
maximize profits. A traveller wants to minimize transportation time. You know
principles in optics which states that light follows the path that takes the least time. In
this section you will solve problems such as maximizing areas, volumes and profits and
minimizing distances, time, and costs. Let us see the following examples:

Find two nonnegative real numbers whose sum is 18 and whose product

(5.2, 12.8), (6.5, 11.5), . . ., eic.

IS maximum.

There are many pairs of numbers whose sum is 18. For instance,
(1, 17), (2, 16); (3, 15), (4, 14), (5, 13), (6, 12), (7, 11), (8, 10), (9, 9),

All these pairs have different products, and you cannot list al such pairs and find
al the products. As a reault you fail to get the maximum product in doing this.
Instead of listing such pairs and products you take two variables say x and y such
that x = 0,y =0, and x + y = 18 with the product xy maximum.

Sincex+y=18,theny=18-x (0<x <18,0<y< 18)
Thus you want to maximize x (18 - x) = 18x - X%.
Consider f (X) =18x — >, which is continuouson [0, 18] and differentiable on (0, 18).

f'(x) =18 - 2x

f')=0=x=9
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The maximum occurs either at end points or at critical numbers. Thus evaluating
the values of the function at critical numbers and end points, you get,

f(0)=0,f(18)=0 and f (9) = 81

Comparing these values, x = 9 gives the maximum product. Hencex=9andy = 9
are the two real numbers whose sum is 18 and whose product is maximum.

A farmer has 240 m of fencing material and wants to fence a rectangular
field that borders a straight river. (No fence is needed along the river).
What are the dimensions of the field that has the largest area?

Y ou need to fence aong the three sides of arectangular field.

For example, you may have 240 = 100 + 100 + 40 =80+ 80 + 80 =90 + 90 + 60
as possibilities for the three sides.

You can ligt alot of possbilities; but the problem is which possibility gives the
maximum area.

Thusingead of listing the possibilities, you consider the general case: you wish to
maximize the area A of the rectangular region. Let.x and y be the width and depth
of the rectangle.

Then express A interms of x and y as:
A=xy
We want to express A as a function of just one variable, so eliminate x by

expressing it interms of y. To do this, you use the given information that the total
length of the fencing is 240 m.

2y +x= 240
= X=240-2y
A(y) = (240 - 2y) y = 240y - 2y%; 0<y<120
A(y) = 240y - 2y7 is continuous on [0, 120] and differentiable on (0, 120)
A'(y) = 240 - 4y
AlY)=0 =240-4y=0 = y=60
Hencey = 60 isacritical number.

To get the maximum area, you calculate the value of A at y = 60 (the critical
number),

y.=0and y =120 (the two end points): A(0) = 0= A(120) and A(60) = 7200
Therefore A(60) =7200 is the largest value.

Hencey = 60 m and x = 120 m are the dimensions of thefield that give the
maximum area.
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A cylindrical canisto be madeto hold 10 litres of oil. Find the dimensions
that will minimize the cost of the metal to manufacture the can.

ay

*~—

-

-

Figure 4.14

In order to minimize the cost of the metal, you have to minimize the total surface
area of the cylinder. Y ou see that the sides are made from arectangular sheet with
dimensions 2mr (circumference of the base circle) and h. So the total surface area
is given by

A=2mr? + 2mrh
To diminate h you use the fact that the volumeis given as:
V =10 litres = 10,000 cm”.

= 1r’h = 10000 — thSJT(:(Z)O
= A(r)=2ﬂr2+2/7r [1(D(2DJ:2]"2+ 20’®0:>A'(r):4ﬂ'r _ZO,CZ)CD
mr r r
A'(r)=0=4nr - 20,rC2)OO =0=7r zlo[iﬁJ
m

40,000

r3

Applying the second derivative test A'(r) = 47 + >0 for anyr >0, and

hence r = 10[1/E J gives the minimum value.
v

Thus the value of h correspondingto r = 10[3‘F J is 20[@ J
m m

Thus, to minimize the.cos of the can, the radius should be 10[1FJ cm and the
T

height should be r = 20[3 EJcm.

n
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A home gardener estimates that if she plants 16 apple trees, the average
yield will be 80 gpples per tree. But because of the sze of the garden, for
each additional tree planted the yield will decrease by 4 apples per tree.
How many trees should be planted to maximize the tota yield of apples?
What is the maximum yield?

To solve this problem consider the following:
a  If only 16 apple trees are planted, then what is the tota average yield?

If 17 apple trees (one additional tree) are planted, then what is the totd
average yield?

c If 18 apple trees (two additional trees) are planted then what is the tota
average yield?

d In general, if 16 + x apple trees (x additional trees) are planted, then what is
the total average yield?

Now to come to the solution you consider the general case (d) and assume that x
additional apple trees, are planted. Thus the total yield will be (16 + X) (80 — 4x),
since for each additional apple tree planted, the yield will decrease by 4 apples per
tree. Thus, you are going to maximize the function:

f(X) = (16 + X) (80 — 4X) = 1280 + 16x — 4x* on [0, ).
f'®)=16-8 f'X)=0=16-8x=0 =—=x=2
Thusx = 2 isthe only critical number.

f"(x) = -8 < 0 and hence by the second derivative test, the function has a
maximum value at critical number 2.

Therefore, 18 trees should be planted to get the maximum yield:
f(2) =18 x 72 = 1296 is the maximum yield.

A manufacturer wants to design an open box that has a square base and a
surface area of 48 sq units as shown in the figure below. What
dimensions will produce a box with a maximum volume?

X

Figure 4.14
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Because the base of the box is square, the volume V of the box is given by:
V=xh
The surface area S of the open box is given by:
S= (areaof base) + (areaof four faces)
S=x+4xh
Because V is to be optimized, it helps to express V as a function of just one
variable.

Y2 2
e, h=2"X - B - X
4x 4x

_ 2
Thus, V(X) = 32 [48 X
4x

since S = 48 sq.units)

J = 12x - 1y
4

3.2
V() =12- =X
& 4

V() =0=x=16 =>x=+4
Since x is the dimension of the box, it is non-negative and hence x = 4 is the only
critical number.

V"(X) = _73x <0 [X3*0S0, V (4) is amaximum by the second derivative test.
Therefore, x = 4 and h = 2 gives the maximum volume, and which is
V = (4% (2) = 32 cubic units
Find the points on the graph of f (X) = 1 - that are closest to O(0, 0)
Look at the graphof f(x) = 1 - »°

Figure 4.15

Any point on the graph is of the form (x, 1 - x°)
Henced = \/(x—O)Z + (1— X2 —O)2 = \/xz + (1— x2)2

d is aminimum whenever the number under the radical isa minimum.
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Thus, you minimize g (X) = x° + (1 - x°)°
g =x+1-2¢+x'=1-x+x*
g = —2x+ 48
g(® =0=2x (2x2 - 1) =0 =>x=0o0rx= i%

J2 2

Therefore, 0, —7 and - are critical numbers.

To check whether these numbers give a minimum distance, you use the second
derivative test.

V2 V2

g'(X) =—2+ 12> 0 for x= > and x = —

o[ 2)-s

Thus, [\fﬂ and [—%%J are the closest pointsto (O, 0).

But the critical number x = 0 does not minimize the distance. Why?

Suppose the tota cost C (X) (in thousands of Birr) for manufacturing x
desktop computers per monthis given by the function

C(x) =575+ 25x—%x2,03 X< 50

a Find the margina cost at a production level of x computers per month.

b Use the marginal cost function to approximate the cost of producing the 31%
compulter.

c Usethe total cost function to find the exact cost of producing the 31% computer.

a Sincemarginal cost isthe derivative of the cost function C (x), you have
C'(x)=25- % x
b Themargina cost at aproduction level of 30 computersis
C'(30)= 25—%x3o=1o
or Birr 10,000 per computer.

That means at a production level of 30 computers per month, the total cost is
increasing at the rate of Birr 10,000 per computer.

Hence the cost of producing the 31% computer is approximately Birr 10,000.
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c  Theexact cost of producing the 31% computer is

Total cost of Totd cost of
producing 31 |—| producing 30 |=C(31) - C(30)
computers computers
=1,109.75-1,100=9.75 or Birr 9750

As a summary from what you have seen in solving problems by the application of
differential calculus, the greatest challenge is often to convertsthe real-life word
problem into a mathematical maximization or minimization problem; by setting up
the function that is to be maximized or minimized. The following guideline adapted
to particular situation may help.

1 Understand the problem
The first step is to read the problem carefully until it is clearly understood. Ask
yourself:
What is the unknown? What are the given quantities? What are the given conditions?
2 Draw a diagram (if necessary)

In most problems, it is useful to draw a diagram and identify the given and
required quantities on the diagram.

3 Introduce notation

Assign a symbol to the quantity that is to be maximized or minimized and select
symbolsfor the unknowns.

4 Express the quantity which is going to be optimized in terms of the
unknowns.

5 If the quantity which is going to be optimized is expressed as a
function of more than one unknown in step 4,

use the given information to find relationships (in the form of equations) between
these unknowns. Then use these equations to eliminate all but one of the unknown in
the expression. Thusthe quantity which is going to be optimized will be expressed as
afunction of one unknown; write the domain of this function and use the methods of
solving maximization and minimization problemsto get the quantity optimized.

| Exercise4.6 |

1  The product of two positive numbers is 288. Find the numbers which minimize
the sum of the second number and twice the first number.

2 Find the points on the graph of the function that are closest to the given point.
a f=xX-4 (02 b f=xt+1; (04
c  f=x5 (22
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3

10

11

12

13

What positive number x minimizes the sum of x and its reciprocal ?
Find the length and width of arectangle with perimeter 100 m that maximize the area

A farmer has a 200 m fencing material to enclose two adjacent sides of a
rectangular field. What dimensions should be used so that the enclose area will be
amaximum?

A dairy farmer plans to enclose a rectangular pasture adjacent to a river. To
provide enough grass for the herd, the pasture must have an area of 180,000 m?.
No fencing is required along the river. What dimensions will use the smallest
amount of fencing?

Find the length and width of a rectangle with area 64 m® that give minimum
perimeter.

The combined perimeter of acircle and a square is 16. Find the dimensions of the
circle and square that produce a minimum total area.

A ten meter wire isto be used to form a square and acircle.

a  Expressthe sum of the areas of the square and the circle as a function A(x)
of the side of the square x.

b Identify the domain of A(X)

c How much wire should be used for the square and how much wire for the
circlein order to enclose the smallest total area?

A company has determined that its tota revenue (in Birr) for a product can be
modeled by R(X) = = + 450 X% + 52,500 x where x is the number of units
produced (and sold). What production level will yield a maximum revenue?

Find the number of units that must be produced to minimize the cost function
C(x) = 0.008x% + 2x + 304. What is the minimum cost?

A mass connected to a spring moves aong the x-axis so that its x-coordinate at
timetisgiven by

X(t)=sn2t+ V3 cos2t.
Wheat is the maximum distance of the mass from the origin?

The body temperature (in degree centigrade) of a patient t hours after taking a
fever reducing drug is given by

4

Vt+l

Find C (3) and C '(3). Give a brief verbal interpretation of these results.

C(t)=37+
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RATE OF CHANGE

In the previous sections you have seen derivatives as rates of changei.e. f'(x) istherate
of change of the function f with respect to x at the point (X, f (X)). In this section, you
will see that there are many real-life applications of rates of change. A few are velocity,
acceleration, population growth rates, unemployment rates, production rates, and water
flow rates. Although rates of change often involve change with respect to time, you can
investigate the rate of change of one variable with respect to any other related variable.

When determining the rate of change of one variable with respect to another, you must
be careful to distinguish between average and instantaneous rates of change. The
distinction between these two rates of change is comparable to. the distinction between
the slope of the secant line through two points on a graph and the slope of ‘the tangent
line at one point on the graph.

The slope of the tangent line is the derivative of a function at the given point; this is
regarded as the instantaneous rate of change:

f'(c) = lim %_i(c) instantaneous rate of change

But the slope of a secant line is determined by two points given on the line; this is
regarded as the average rate of change:

f(b) - f(a)
b -a

= average rate of change

a Cc

bYa

Figure 4.16
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t 01101 20| 30|40 | 50|60 70 (80 |90 (100( 110( 120
O 2 |17 |37 |5 | 73|89 103|111 |113|113|103| 68

The concentration C (in milligrams per millilitre) of adrug in a patient’s
blood stream is monitored at 10-minute intervals for 2 hrs, where t is
measured in minutes, as shown in the table. Find the average rate of
change over each interval.

[0, 10] b [0, 40] ¢ [100, 120]

For theinterval [0, 10], the average rate of changeis

Ac =£:3=O.2 mg per m/min.

For the interval [0, 40], the average rate of changeis

Ac _55-0_55_11 .

—=——=—="mgper m/min

At 40-0 40 8

For the interval [100, 120], the average rate of change is

Ac _ 68-113 _-45_-9 .

—= = =— mg per mi/min

At 120-100 20 4

If afree-falling object is dropped from a height of 100m, and resistance
is neglected, the height h (in metre) of the object at timet (in seconds) is
given by h (t) = -16t° + 100.

Find the average velocity of the object over

a [1,2 b [1, 1.5] c [0, 2]
Find the instantaneous rate of change at
a t=1lsec b t=2sec C t=3sec d t=15sec

a h(1)=84,h(2) =36
Average velocity over [1, 2] is given by:
h(2) - h(@@) . %6 -84
2,71 1
b h(1)=84,h (1.5) =64
Average velocity over [1, 1.5] isgiven by
h(1.5)-h(1) _64-84 _
15-1 05

= —48m/sec

-40m/sec
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c h (0) =100, h (2) =36
Average velocity over [0, 2] isgiven by
h(2)- h(0) _ 36 - 100
2-0 2
i h(t)=-16t+ 100 = h' (t) = -32t.
Thus, the instantaneous rates of change are given as follows:
a h@)=-32m/sec b h(2 = -64m/sec
c  h(@)=-96m/sec d h(15)=-48m/sc

| Exercised4.7 |

The height h(in meters) of a free-falling object at time t (in seconds) is given by
h(t) =—16t* + 180. Find

[ the average velocity of the object over these intervals
a [01] b [1,2] c [273 d [1,5
ii the instantaneous vel ocity of the object at

= - 32m/sec

a t=05sc b t=1sec ¢ t=15sec d t = 2sec

The population of a developing rura area has been growing according to the
model P(t) = 22t + 52t +10,000, wheret is time in years, with t = O representing
the year 2000 E.C.

a Evaluate Pfort=0,t =5, t = 8 and t = 10. Explain these values.

P
b Determine the population growth rate, ((jj—t

C Evaluate ((jjt—P for the same values asin part a. Explain your results.

Related rates

In this section, you will study problems involving variables that are changing with
respect to time: If two or more such variables are related to each other, then their rates
of change with respect to time are also related.

For ingtance, 'suppose that X and y are related by the equation y = 2x. If both variables are
changing with respect to time then their rates of change will also be related, by the equation

ﬂ = 2%
dt dt
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Examining two rates that are related

A stone is dropped into a calm pool of water, causing ripples in the form
of concentric circles, as shown in the figure below. The radius r of the
outer rippleisincreasing at a constant rate of 1 cm per second. When the
radius is 4 cm, at what rate is the total area A of the disturbed water

changing?
()
Figure 4.17
Theradiusr; and the area A of acircle are related-as follows:
dA _ 5 dr
A== o Ty

Whenr = 4 and % =1, we have2mr % = 27(4)(1) = 8w cm?/sec.

Therefore, the area is changing at the rate of 877cm?/sec.

Air is being pumped into a spherical balloon at the rate of 4.5cm®/min.
Find the rate of change of the radius when the radiusis 2cm.

Let r be the radius of the sphere, then the volume V of the sphereis
givenby V = gﬂrS

&V o adr a1 odv 1

dt dt 7 dt  4nrd dt | 4n(2)? x45 (8 nce% =42)

= Ecm/min = 0.09cm/min
16
A ladder 5m long rests against a vertical wall. If the bottom of the ladder
dides away from thewall at arate of %fm/sec how fast is the top of the

ladder sliding down the wall when the bottom of the ladder is 3m from
the wall?
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Solution

Figure 4.18

F+y'=25=y°=16

=>y=4
dx . dy
X+ =25=2X— + 2y 2=
YEB=2eE T Ay _
dy_—xdx_'“—3(1)_—,3
= LS T = m/sec.
dt y dt 4\4) 16

The fact that % is negative means that the distance from the top of the ladder to

-

the ground is d;oéreas ng at arate of_1—36 m/sec. In other words, the top of the ladder
is sliding down the wall at araté_'of 1—:Zm/sec

Example6", A" water _tank’ is in the shape of an inverted circular cone with base
\ ~‘radius 3 m and height 5 m. If water is being pumped into the tank at a

rate of 2.m*min, find the rate at which the water level is rising when
the water is 3 m deep.
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Solution
L:§:>h:§r :>r::_3h
h 5 3 5
2
V= :—L/Trzh = lﬂ (ghj = iirh3
3 3 5 25
N_9 pedh_ 1nr2(§rj )

50 ,
gh_ ZSZQ: 25 ~x2m/min= —— m/min
t 9rh®dt 9r(3) 8lr

Example 7 Givenx?y + xy =6,

a Find the rate of change of x with respect to y. Figure 4.19
b Find the rate of change of y with respect to x.
Solution

a In this case we assume x is differentiable with respect to y

Thus %(xzy+ xy) :i(6)

dy

dx dx
=X+ X+2XY —+y—=0

dy “dy

:>(2xy+y)j—§=-><2-x

dy 2xy+y
d d
b &(X2y+ xy):&(ﬁ)

:>y(2x)+>€%+y+x%:0

:(ﬁ+X5$=-2w-y

ﬂ:_zxy_y: 1 :i
dx  xX*+x. ~—2xy-y dx
x*+y dy

Example 8 Thetota sdes S (in thousands of copies of movies) for ahome video
movie t months after the movie isintroduced are given by:
1252
S(t) =
® t?+100
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a  Findtherate of change of sales S(t), at timet.

Find S(10) and S'(10). Give a brief verbal interpretation of these values.
(o Use the reaults from b above to estimate the total sales after 11 months.

+100)(125t%) '~ 125t*(t* +100)’
(t* +100)°

(250t)(t? +100) - (2t)125t* _ 250t + 25000t - 250t°

2 2 - 2 :

(t2+100) (t2+100)

_ 25,000t

(t* +100)*
125(10)°
10° +100
25,000(10)

(107 +100)°

a  sp=l

b S(0)= =625, and

S(10) = =6.25

The total sales after 10 months are 62,500 copies of movies, and saes are
increasing at the rate of 6,250 copiesper month.

c The total sales will increase by approximately 6,250 copies during the next
month. Thus, the estimated total sales after 11 months are

62,500 + 6,250 = 68,750 copies of the movie.

|_Exercise4.8 |

Theradiusr of acircleisincreasing at arate of 3cm/min. Find the rate of change
of the area when

a r=8cm b r=12cm

Theradiusr of a sphereisincreasing at arate of 3 cm/min. Find the rate of change
of the volume when

a r=2cm b r=3cm
A 10 m ladder is leaning against a house. The base of the |adder is pulled away

from the house at a rate of zllm/sec. How fast is the top of the ladder moving

down the wall when the base is
a 6 m from the house? b 8 m from the house?
c 9 m from the house?
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4  Find ) and (o5 assuming that y is differentiable with respect to x and x is aso

dx dy
differentiable with respect to y.
a X+y=25 b 3xy+yx-xy=10
C o oxHxoysxy d oy 3y =xy

€  XsSiny+yCcosx=Xxy

5 A spherical balloon is inflated with gas at the rate of 20 cm® min. How fast is the
radius of the baloon changing at the instant when the radiusis
a 1cm? b 2cm? C 3 cm?

6  Theradiusr of aright circular coneisincreasing at arate of 2cm/min. The height
h of the cone is related to the radius by h = 3r. Find the rate of change of the

volume when
a r=3cm b r=6cm
[-2]

absolute maximum decreasing function monotonicity
absolute minimum extreme values relative maximum
concave downward first derivative test relative minimum
concave upward increasing function Rolle’s theorem
concavity inflection point second derivative test
critical number mean-value theorem

After studying this unit, you should know the definition of the following technical terms
and have acquired the skills to find them or test them.

1  Critical number
Suppose f is defined at ¢ and either f'(c) =0 or f'(C) does not exist. Then the
number c is caled a critical number of f and the point with coordinates (c, f(C))

on the graph of f is called a critical point; this critical point is either avalley or a
peak of the graph.

2  Absolute maximum and absolute minimum
Let f be afunction defined on some set Sthat contains c. Then

f(c)isan absolute maximum of fon Sif f(c)= f(x)foral xinS.

f(c)isan absolute minimum of fon Sif f(c)< f(x)foral xinS.
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Relative maximum and relative minimum

The function f is said to have a relative maximum at ¢, if f(c) = f(x)for dl xin
an open interval containing c.

The function f is said to have arelative minimum at ¢, if f(c)< f(X)for dl xin
an open interval containing c.

First derivative test

Let f be afunction which is continuous and differentiable on an interval I. Then

a  First derivative test for local extreme values

If f'changes sign from positive to negative at ¢ then f has a local
maximum value at ¢ for some critical number c.

If f' changes sign from negative to positive at ¢ thenf hasalocal minimum
value at ¢ for some critical number c.

b First derivative test for intervals of monotonicity

If f'(X)>0onl,thenfisstrictly increasing onl;if f'(X)<Oonl,thenfis
strictly decreasingonl.

Second derivative test

Let f be afunction suchthat f'(c) = Oand the second derivative exists on an
open interval | containing c. Then

a  Second derivative test for local extreme values

If f"'(c) > Othen f (c)isalocal minimum valueon .

If " (c) <Othen f (c)isalocal maximum valueon|.

If f"(c) =0, then the te fails.
b Second derivative test for intervals of concavity

If f"(x)>O0foral xinl thenthe graph of fisconcave upward on.

If £''(x) <Ofor al xin | thenthe graph of f is concave downward on|.
Inflection point

The point at which concavity changes, either from concave up to concave down;
or from concave down to concave up is called an inflection point.
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9

[l _Review Exercises on Unit 4

10

For each of the following functions find: critical numbers, local extreme values,
intervals of monotonicity, intervals of concavity and inflection points.

a f(X)=x"-8x"+6 b f(X)=x>+3x*-9x+5

2X X2 -2x+4
: d f="—""""
X“+1 X—2

Find the absolute maximum and minimum values of each of the following
functions on the indicated intervals.

a f(X)=x"-8x"+6; [-3,3] b f(X)=x>+3x"-9x+5; [-2, 2]

¢ f(X)=

2 —
: [L,2] d o f=X22*4 13
1 X-2
A box is to have a square base, an open top, and volume of 32 m®. Find the
dimensions of the box that use the least amount of material.

Determine the point(s) f (x) = > + 1 that are closest to the point (0, 2).

¢ f()= 2’;

X2

Find the maximum and minimum of the function f (x) = cos 2x — 2 sin x for
0<x<2m.

A window whose bottom is a rectangle and top is a semicircle being built. It there
is 12m of framing materials, then what must be the dimension of the window?

Determine the area of the largest rectangle that can be inscribed in a circle of
radius9 m.

Water is being poured into a conical vase at arate of 18 cm®/sec. The diameter of
the cone is 30 cm and its height is 25 cm. At what rate is the water level rising
when its depth is 20 cm?

Two poles, one 6 m tall and the other 15 m tall, are 20 m apart. A wireis attached
to the top of each pole and is also staked to the ground somewhere between the
two poles. Where should the wire be staked so that the minimum amount of wire
isused?

A car travelling north at 48 km/hr is approaching an intersection. A truck,
travelling East a 60 km/hr is moving away from the same intersection. How isthe

distance between the car and the truck changing when the car is 9 m from the
intersection and the truck is 40 m from the intersection?



