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RATIONAL EXPRESSIONS AND
RATIONAL FUNCTIONS

Unit Outcomes:

After completing this unit, you should be able to:
»  know methods and proceduresin simplifying rational expressions.
» understand and develop efficient methodsin solving rational equations and
inequalities.
»  know basic concepts and specific facts about rational functions.
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INTRODUCTION

We now turn our attention to fractional forms. A quotient of two algebraic expressions,
division by 0 excluded, is called a fractional expression. If both the numerator and
denominator are polynomials, the fractional expression is called a ratlonal expressnon

-
A

Just as rational numbers are defined in terms of quotients of mtegers rational
expressions are defined in terms of quotients of polynomials. :

Fa i i

L HISTORICAL NOTE

John Bernoulli (1667 — 1748)

The method of partial fractions was introduced by John Bernoullj,
a Swiss Mathematician who was instrumental in the early

developments of calculus. John Bernoulli was a professor at the |4 :
University of Basel and taught many outstanding students, the B8
most famous of whom was Leonhard Euler.

OPENING PROBLEM

Aberra, working alone, can paint a small house in 6 hours. Genet can paint ./,’J,s
the same house in 12 hours. If they work together, how long will it take
them to paint the house?

SIMPLIFICATION OF RATIONAL
EXPRESSIONS

ACTIVITY 21

Determine the domain (or universal set) of each of the following
expressions.

a X+3x-4 b log(x+2) c 1-5x
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Unit 2 Rational Expressions and Rational Functions

Rational Expressions

Definition 2.1

A rational expression is the quotient % of two polynomials P(x) andQ(x),
X

where Q(x) #0. P(x) is called the numerator and Q(x) is called the denominator.

Some examples of rational expressions are the following (recall, a non-zero constant is a
polynomial of degree 0):

Example 1 Which of the following are rational expressions?

X=2 3 -
. b 41 c X’ +3X-6 d gk
2X°—-3x+4 X -1 4
Solution All except d are rational expressions
. . 2X— .
Example 2 Evaluate the rational expression 3X+g for the given values of x:
X ;
a X=5 b X=-6
Solution

2x-5 _2(5)-5_10-5_ 5

3x+9  3(5)+9 15+9 24

2x-5 _2(-6)=5_-12-5 _-17 | 17
"3x+9 . 3(-6)+9 -18+9 =9. 9

a At x=05,

b At x=—

Domain of a rational expression

ACTIVITY 2.2
Do the following activities:
2
a Find the domain of X +2X.
5X
2
b Factorize the numerator and denominator of = 5+ 2X
X
2
¢ Simplify X*2X
2
d  Whenare X 5+2X and its simplified form equal?
X
. . 9x* -4
e Do steps a — d for the rational expression —— — .
9x* +9x-10
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In Example 2 above, since the denominator 3x + 9 = 0, for x=- 3, D8

3x+9

is undefined

2X-5

when x = -3. Therefore, the domain of
3x+9

is {x: x is areal number and x # -3} .

Steps to find the domain of a rational expression:

1 Set the denominator of the expression equal to zero and solve.
2 The domain is the set of all real numbers except those values found in step 1.
Example 3 Find the domain of each of the following rational expressions:

19 X2 -9 "

b

a - _r 79
3x X2 —=7x+10

Solution
a  Set the denominator equal to zero and solve: 3x =0 = x.= 0.
Thus, the domain is {x: x is a real number and x # 0}or R\ {0}.
b Set the denominator equal to zero and solve: '
X2 —-7x+10=0 (factor)
(x-5)(x-2)=0 (set each factor equal to 0 and solve)
x=-5=00rx-2=0
X=5 0or x= 2_
Thus, the domain is {x: x is a real number and x #2, x #5}= R\{2, 5}

Fundamental Property of Fractions

If &, b and k are real numbers with b, k# 0, then % = %.

Using the above property and eliminating all common factors from the numerator and
denominator of a given fraction, is referred to as reducing (or simplifying) the fraction
to its lowest term.

Definition 2.2

We say that a rational expression is reduced to lowest terms (or in its lowest
terms or in simplest form), if the numerator and denominator do not have any
common factor other than 1.
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Unit 2 Rational Expressions and Rational Functions

Ox?* -4 _3x+2

o . . -5 2
It is important to emphasize that only if x#— and x#—.

9x’ +9x-10 3X+5 3 3
+ = 25
Though 2 is undefined at x:—5 only, the original expression e B is
3x+5 3 9x* +9x-10

% > to 1, provided

undefined at x:_?)5 and x:; We are only allowed to reduce

that 3x—2 # 0.

To simplify a rational expression:

1 Find the domain.
2 Factorize the numerator and denominator completely.
3 Divide the numerator and denominator by any common factor (i.e. cancel like terms).
Example 4 Simplify the following. ' | :
2y* +6y+4 L X 18X’ 48l TC i—_a.
4y® -12y-16 sz_rQ 7a* -7
Solution .
a  The universal setis R\{-1, 4}.

2y° +6y+4 _2(y+2)(y+1) _ y+2

Thus, ¢
4y? -12y-16 4(y-4)(y+1) 2(y-4)

fory#4andy+#-1.

4 2 2 2
p X HIBXT 481 (X +9)(X +9) | 249 forallx CH.
x2+9 x2+9

¢ tma . —atl . —@=h) 1 g n rRg-1,1)
7a’ -7 1(@°-1) T@-D@+l) 7(a+l)

State the domain and simplify each of the following:

4x-12 6x2 + 23x + 20 x3 +3x2
a b — © _
4% 2x° +5x-12 X+3
q X3 -27 o x> —=5x+6 ¢ x* —8x
x4 +3x*-27x-81 3x% - 2x? - 8x 3x3 - 2x? -8x
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w4 Operations with Rational Expressions
ACTIVITY 2.3 ‘

Do the following in groups.

Perform the following operations on rational numbers.

5 7 3.5 1 4
a 242 p 242 ¢ =_=

8 8 4 6 12 12 10

Rational expressions obey the same rules as rational numbers, for addition, subtraction,
multiplication and division.

Addition and subtraction of rational expressions
Let P(x), Q(x), and R(x) be polynomials such that Q(x) # 0, thep

PO, R _ PO+ R(X g POY _RK) - PCY-RO)

Q) QX Q(x) Q) QX Q(x)

Example 5 For each rational expression, state the universal set.and simplify.

a x—5+x+5 b 2Xx-3 o -X+6
Xx+1 x+1 X2 +6x+9 x*+6x+9
. 3a+13_2a+7 /) 4 A N/ 8
a+4 a+4 a’-7a+12 a’*-7a+12
Solution
a x—5+x+5:(x—5)+(x+5): 2X for x4 —1.
X+1 x+1 X+1 X+1
b 22x—3- ) 2—x+_6 ; :(2x—23)—(—x+6) _ 23x—9 for x+ -3,
X°+6X+9 X" +6x+9 X°+6X+9 X°+6X+9
. 3a+13_2a+7:(3a+13)—(2a+7):a+6’ for a £ 4.
at4 a+4 a+4 a+4
q a’-1 8 _(@-D-8 _ @a-9
a’-7a+12 a’-7a+l1l2 a’*-7a+12 a’*-7a+12
_(a-9)(@+3) _ a+3’ for a+ 3 and 4.

(@a-3)(a-4) a-4

42



Unit 2 Rational Expressions and Rational Functions

Perform the indicated operations and simplify.

2x-3 _ 3x-5 b x? +3x _ 2x+12
x2 +5x x?+5x x2+2x-15 x2+2x-15
. 12 x-2 d 6y+11 _ 4y +4

5x  5x 4y* +12y-7 4y?+12y-7

ACTIVITY 2 4

Do the following activities:

= +
a Factorize the denominators and find the domain of X~ 4 + X+2
b What is the least common multiple of the denominators?

c  Applythe rule for addition of rational numbers to express
)(2_4 +— i in the form 7).
X°=9 x +11x+24 Q(x)

d Simplify your result.
1 Factorize the denominators completely.
2 Find the LCM.

3 Build each rational expression into an equivalent expression with the denominator
equal to the LCM.

4 Add and subtract the numerators and write the result over the common
denominator.

5 Simplify the numerator and factorize it to see if you can reduce it.
Example 6 Perform the indicated operations and simplify.

2 ., y-3 /b 3 1 5
3y+6 y’-4 2c-1 c+2 2c*+3c-2

a 3+

Solution
a - We first find .the LCM by factorizing each denominator:

33y-2)(y+2),  2(y-2) ,  3(y-3
1 3(y=2)(y+2) 3(y+2)(y-2) 3(y-2)(y+2)
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_9y-2)(y+2)+2(y-2)+3(y-3)
3(y-2)(y+2)

) _ _ 2 _
_ 9y’ -36+2y-4+3y-9 _9y +5y-49 ,fory# -2and 2

3(y-2)(y+2) 3y* -12
b Notice that, 2¢* + 3c— 2 = (2c— 1)(c + 2). Thus, the LCM is (2c = 1)(c + 2) and
3 1 5 _ 3 1 5
2c-1 c+2 2c*+3c-2 2c-1 c+2 (2c-1)(c+2)
3(c+2) 2c-1 5

T (2c-D(c+2) (c-1(c+2) (2c-1)(c+2)

_3(c+2)-(2c-1)-5 _ c+2 _ &1
© (2c-D(c+2)  (2c-1)(c+2) 2c-1

Perform the indicated operations and simplify.

for c #+# —2.and %

2
al 25_y+£ b i2+ 21 (o u+l+—
5y-4 4-5y X X+ X u+l
d iz_i-"iz e 23 T2 2 f . 2 T :
a- ab b X=X X" +x-2 (x+1)* x+1
— 2 _ 2
g 50x” —55x+8 _ 25x . 25x° +15X h

15x% + x - 2 5x+2 3x-1
ACTIVITY 2.5

Do the following in groups.
1 Perform the following operations on rational numbers.
3.3 5 22 4 9
b —Xx— C

a —x=
7 5 11 45 6 12

2 What are the rules used to simplify the expressions?

Multiplication of rational expressions

If P(x), Q(x), R(x) and §x) are polynomials such that Q(x) #0, S(x) # 0, then
P() RO 2 PR
QM) S(x) . Q(X)S(x)
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Steps to multiply rational expressions:

1 Factorize the numerators and denominators completely.
2 Divide out all the common factors.

3 Multiply numerator with numerator and denominator with denominator to get the
answer.

Example 7 Evaluate and simplify:

5X+5E?(2_4X+4 b 24x+20 Dx+2
X =2 x* -1 x* +10x+25 4x+8
Solution
a By first factorizing the numerators and denominators, we get:
2 — — — —

5x+5d( 4x+4 _ 5(x+1) E(x 2)(x-2) 3 5(x=2) forx£—1, Tand 2.
X—2 x> -1 x-2 (x-D(x+1) . (x-=1) ;

b Factorizing the numerator and denominator yields:

4x+20 Dx+2_ 4(x+5) Dx+2 _ 1
x? +10x+25 4x+8 (X+5)(x+5) 4(x+2) x+5

, for x# =5 and —2.

Division of rational expressions

If P(x), Q(x), R(x) and §(x) are polynomials such that R(x) 0, Q(x) # 0, S(x) #0 then
P(¥) . RO _ P() S0 _ PHIS(X)
Q(x) S(¥) Q¥ R(x) Q(XR(x)

Example 8 Perform the following operations and simplify:

36x% -48x+16 4x*-12x+9 a

a - b +
3x2 +13x-10 - 2x® +7x-15

a . b
a-b a-b
Solution

a First, you have to invert the secon.d fraction and multiply. Then factorize
each expression and simplify.
36x*—48x+16 y 2x* +7x-15 _ 4(3x-2)(3x-2) « (2x=3)(x+5)
3x*+13x-10 4x*-12x+9  (3x-2)(x+5) (2x-3)(2x-3)
= M for x
2x-3
b First, invert the second fraction and multiply:

2 3
-5, —and—.
7 3 2

a g b -_4a xa_b:E,foraqéband b+#0.
a-b.a=-b a-b b b
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1  Evaluate and simplify each of the following expressions. State their domains.

x> -x-12 3+x X -27 X+3
a X b X
x)-9  4-x x*-9 x*+3x+9

2 Perform the indicated operations and simplify:

x2—7x+12x 5 b 2x? =3x-2 _ 2x* +5x+2

zl :
4-x x* -9 x2 -1 X2 +x-2

X -x-6 _x*-3x
3x2-12  2-X
2.1.3 Decomposition of Rational Expressions

into Partial Fractions

So far, you have been combining rational expressions using addition, multiplication,
subtraction and division rules. Next, you will consider the reverse process-
decomposing a rational expression into simpler-ones.

We obtain the sum of fractions 2 and as as follows:
X—=2 X+1

2 N 3 _ 5x-4 _ 5x—4
x—2 x+1 (X-2)(x+1) x*=x-2

The reverse process of writing as a sum or difference of simple fractions

X? =x-2

(fractions with numerators of lesser degree than their denominators) is frequently
important in calculus. Each such simple fraction is called a partial fraction, and the
process itself is called decomposition into partial fractions.

Definition 2.3

In a rational expression %, if the degree of P(x) is less than that of Q(x), then
X

% is called a proper rational expression. Otherwise it is called improper.
X

From your previous knowledge of algebra, you know that any rational expression can be
written as the sum of a polynomial and a proper rational expression.
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To decompose a rational expression % the degree of P(x) must be less than the
X

degree of Q(x) . In a case where the degree of P(x) is greater than or equal to the degree

of Q(x), you have only to divide P(x) by Q(x) to obtain Pl _ S(x) +m, where
Q(x) Q(x)

the degree of R (x) is less than that of Q(x). The decomposition is then done.on %

3 2 _
Example 9 Express 2x_ +10x 3 3x+1 as a sum of a polynomial and a proper
X+

rational fraction.

Solution Using long division,
233 +10X¢ - 3x+ 1 = (x + 3)(2X + 4x— 15) + 46.

3 2 _
Thus, 2x_+10x 3X+1=(2x2+4x—15)+_46 s
X+3 X+3

Moreover, you need to rely on the following ‘definition to do the partial fraction
decomposition:

Definition 2.4

Two polynomials of equal degree are equal to each other, if and only if the
coefficients of terms of like degree are equal.

ACTIVITY 2.6

1 Factorize X — 3X°+ 2x

2 Factorize each of the following (if factorizable)
a X-6x+9 b 15X +14x-8 ¢ X-x+2

3 For each of the quadratic polynomials ax’ + bx + ¢ in Question 2 above, find
b” — 4ac. Which quadratic polynomial cannot be factorized further? Can we use
the sign of b® — 4ac to decide which quadratic polynomials can be factorized?

4 Factorize X + 7X° + 12¥% — 7x - 13.

ax? + bx + ¢ is not reducible in real numbers, if b*— 4ac < 0.
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Theorem 2.1 Linear and quadratic factor theorem

For a polynomial with real coefficients, there always exists a complete factorization
involving only linear and/or quadratic factors (raised to some power of natural number
k = 1), with real coefficients, where the linear and quadratic factors are not reducible
relative to real numbers.

So, once you have decided that partial fraction decomposition is to be done for a rational
expression, you factorize the denominator as completely as possible. Then, for each factor
in the denominator, you can use the following table to determine the term(s) you pick up
in the partial fraction decomposition. The table gives the various cases that can arise.

Factor in the
Denominator

Corresponding term in the Partial Fraction

1 |ax+b i,Aconstant
ax+b
A + A2 +... .+ — A<

2 | (ax+b)* ax+b  (ax+b)® (ax+b)’
A, A -, A areconstants
Ax+ B

2
+ bx +
3axbxc

2 b
(with b?-dac< 0) | & *Px*C

A B are constants

Ax+B , AX+B, . AX+B,
ax® +hx+c  (ax’ +bx+c)? (ax® +bx+c)*’
A A, A, B,B,,, B, areconstants.

(ax? + bx + ¢)*
(with b?>~4ac < 0)

Example 10 Decompose each of the following rational expressions into partial

fractions:

5X+7 b 6x> —14x-27 c 5x* -8x+5
X’ +2x-3 (x+2)(x-3)? (X=2)(x* - x+1)
x® =4x? +9x-5 4 x*

(x* =2x+3)? (X+1)(x+2)

Solution ;
a  The denominators’ + 2x— 3 = (x— 1)(x + 3). The two factors (x— 1) and
(x+ 3) are distinct. Thus, we apply part 1 of the table to get:
5x+7 : 5x+7 - A + B
x2+2x-3 (x-D(x+3) x-1 x+3
To find the constants A and B, we combine the fractions on the right side of the
above equation to obtain
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S5x+7  _ A(x+3)+B(x-1)
(x=1)(x+3) (X=1(x+3)
Since these expressions have the same denominator, their numerators must be equal.
Thus,5x+7 = A(x+3) + B(x-1) = (A+ B)x+3A-B. Using Definition 2.4, we
have
A+B=5and 3A-B=7, whichgives A=3 and B=2.
5x+7 3 2
= +

Hence, —; = .
X“+2x-3 Xx-1 x+3

(This can easily be checked by adding the two fractions on the right.)
b Using parts 1 and 2 of the table, we write

6X° —14x-27 __A N B N C

(x+2)(x-3)> x+2 x-3 (x-3)°

_ A(x-3) +B(x+2)(x=3) +C(x+2)
) (x+2)(x=3)?

Thus, 6x* -14x - 27 = A(x-3)® + B(x + 2)(x - 3) + C(x + 2) which holds for all x.

In particular, if x = 3, then -15 =5C, which gives C = =3 and if x=-2, then
25=25A, which gives A =1.

There are no other values of x that will cause terms on the right to be equal to
zero. Since any value of x can be substituted to produce an equation relating A B,

and C, we let x = 0 and obtain
-27=9A-6B+2C (Substitute A=1 and C = -3)
-27=9-6B-6 = B=5

G 6X-l4x-27 1 5. 3
" (x+2)(x=3)2 x+2  x=3 (x-3)%

¢ ForxX=x+1,b?—4ac=-3<0. Thus, it cannot be factorized further in the
real numbers. Using, parts1 and 3 of the table:
5x* -8x+5 ' A L Bx+C _ AX* - x+1) +(Bx+C)(x-2)
(x=-2)(x* =x+1) x-2 x*-x+1 (x=2)(x* = x+1)

Thus, for all X, 5x* - 8x+5= A(x* - x+1)+ (Bx + C)(x-2).
If x=2,then9 =3A which gives A = 3.
If x=0,thenusing A=3 ,wehave5=3-2C sothatC=—1.
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If x=1,thenusing A=3 and C =-1, you have B = 2.
5x* -8x+5 _ 3 L_2x-1
(x=2)(x* -x+1) x-2 x*-x+1
d Since x? -2x+3 cannot be factorized further in the real numbers, you
proceed to use part 4 of the table, as shown below

X' —4x*+9x-5 _  Ax+B . Cx+D
(x* -2x+3)>  x*-2x+3 (X’ -2x+3)?
_ (Ax+B)(x* -2x+3)+ (Cx+D)
- (x* —2x+3)°
Thus, for all X, x* - 4x* + 9x-5= (Ax + B)(x* - 2x+3)+Cx+ D

Hence,

= AxX®+(B-2A)x* + (3A-2B+C)x+ (3B + D)
Equating coefficients of terms of like degree, we obtain
A=1;B-2A=-4: 3A-2B+C=9 and 3B+D =-5
From these equations we find that A=1,B= -2, C=2and D = 1. Now you can
write
X —4x®+9x-5 _  x-2 {_ 2x+1 8\
(x* -2x+3)*>  x*=-2x+3 (X’ -2x+3)?

e  Thisis not a proper rational expression.

Note that (x +1)(x + 2) = x? +3x+ 2. Divide x* by x>+ 3x+ 2. It gives a quotient
x—3 and remainder 7x+ 6.

x? / 7X+6
Therefore, ——— = x-3+ ————.
(x+1(x+2) (x+D(x+2)
Now using the usual method, 36 W1, 8
(x+1)(x+2) x+1 x+2
S
Hence,x—z(x—S)—i+ 8
(X+1)(x+2) X+l x+2

Write each of the following rational expressions in partial fractions:

7X+6 b 5x+7 c 3x+5
x> +X-6 (X-1)(X* + x+2) (x-2)?
G5 X2 +4x-3 - 7x2 -11x+6
(x> +1)(x+3) X—2 (x-1)(2x* - 3x+2)
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RATIONAL EQUATIONS

You already know how to solve linear and quadratic equations. In this subunit, you will
discuss the solution of rational equations.

ACTIVITY 2.7

State the universal set and solve each of the following equations.

Z_X b x+2-3(x=2)=0
3 3
c gﬁ%‘:z d  2(10x+3)=5x+6

e  The staff members of a school agreed to contribute 200 Birr each to make
up a fund to help needy students in the school. Since then, two new
members have joined the staff, and as a result, each member’s share has
been reduced by 5 Birr. How many members are now on the staff?

Definition 2.5
P(x) _

A rational equation is an equation that can be reduced to the form m =0 where
X

P (x) and Q (x) are polynomials and Q (x) # 0.

To solve a rational equation, you can multiply both sides of the equation by the LCM of the
denominators for those values of the variable for which the LCM is non-zero. An important
thing to keep in mind is that those values that cause the denominator to become 0 cannot be
solutions to the equation. A number that looks to be a solution but causes the denominator
of the original equation to become 0 is called an extraneous solution.

To solve rational equations, you follow the following steps:

1 Factorize all the denominators and determine their LCM.
Restrict the values of the variable that make the LCM equal to 0.
Multiply both sides of the rational equation by the LCM and simplify.

Solve the resulting equation.

Check the answers against the restricted values in step 2. Any such value must be
excluded from the solution.

a B~ W N
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52

Solve each of the following equations:

2 3 X 4  x*+16

a — = b - =
Xx+1 x-2 x+4 x-4 x*-16

c 10 +ﬂ: 5 d 23a—5 +2a+2:a—1
X(x=2) x x-2 a“+4a+3 a+3 a+l

a Your restrictions are x # -1 and x # 2. Now, multiply both sides of the
equation by their LCM (x+1)(x-2):

2 _ 3 3( 2 J[(x+1)(x—2)J_[ 3 J[(x+1)(x—2)J
Xx+1 x-2  (x+1 1 “x-2 1

2(x=2)=3(x+1) = x=-7

This does not contradict our restrictions that x # -1 and.x # 2.
Thus, our solution set is{-7}.

b Your restrictions are x# -4 and x#4. Now multiply both sides by the
LCM (x - 4)(x + 4), which will get rid of the denominators:

X(X=4)—4(x+4)=x*+16 = x° -8x-16= x* +16 = -8x=32= x=-4

This is against our restriction x # -4, and must be excluded from our solution.

Since there are no other values in our solution, the solution is L1

C The LCM here will be x(x-2), and x-cannot be 0 or 2. Multiplying both
sides of the equation by this denominator:

oea | TR R

=10+4(x-2) =5x ='10+4x-8=5x = 4x+2=5x%
=X=2.

But x =2 is not'allowed. Thus, the solution set is 1

d  Since a’+4a+3=(a+3)(a+1),the LCMis (a+3)(a+1), where a cannot
be -3 or -1. Now you can multiply both sides by the LCM

3a-5 ((a+ 3)(a+1)j+[2a+ 2}((a+ 3)(a+1)) _ (a—l)((m 3)(a+1))
(a+3)(a+l) 1 a+3 1 a+l 1

= 3a-5+(2a+2)(a+l) =(a-(a+3)

When simplified this gives a’ +5a=0 or a(a+5) =0.



Unit 2 Rational Expressions and Rational Functions

This givesus a=0 or a=-5.
These do not contradict our restrictions a# -3 and a # -1.
Thus, our solution set is {-5, 0}.
One integer is four less than five times another. The sum of their

reciprocals is % What are the integers?

When we encounter such word problems or other real life problems, we
first assign variables to the unknowns. Now, let the unknown integers be
x and y. Then one is four less than five times another can be written as
x =5y -4, for x, y integers.

The sum of their reciprocals: 1,1 g.
X y 3
Substituting for x, we get: 1 ,1.2
5y-4 'y 3

This rational equation reduces to the quadratic equation
. . 3
5y’ -13y+6 = 0, with solutions y=2and y= ¢
But, since % is not an integer, the only solution for y is 2.'Solving for x, we get x = 6.

Thus the required integers are 2 and 6.

State the universal set and solve each of the following rational equations:

3 _l_i d 2 3 _ 6
X+2 X b5X X-4 x+1 x-1
X-6 XxX+4 3Xx—-2 4x
b ——=—+1 e =—
X X 5 7
. ﬂ_ 1  a+3 ¢ x+4 1 _ 10
a a’+4a a’+4a x-5 x+5 x*-25

Two planes leave an airport flying at the same rate. If the first plane flies 1.5 hours
longer than the second plane and travels 2700 miles while the second plane travels
only 2025 miles, for how long was each plane flying?

A tree casts a shadow of 34 feet at the time when a 3-foot tall child casts a shadow
of 1.7 feet. What is the height of the tree?
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RATIONAL FUNCTIONS AND THEIR
GRAPHS

ACTIVITY 2.8

Identify the types (names) of each of the following functions.

State their domains.

a f(X=3x+5 b g(X)=4—x+3%¢
c  f(x)=log(x+ 1) d g(x=2"*
e f(x)=5cosx f o og=+9-x>
Rational Functions
Definition 2.6

A rational function is a function of the form f (x) = % where p(x) and q(x)
q(x

are polynomials in x and q (x) # 0.

Example 1 Which of the following are rational functions?

X-2 ' X} +3x+2

a f()=————— " b )= 2227 o R(X)=49-x2
i 909 =5 (9= o -x
Solution fand g are rational functions, while h is not.
2 /
g(x) = % is the same as y = x* +3x+2, so, any polynomial function is a

rational function.

a  Arational function is said to be in lowest terms, if p (x) and g (X) have no
common factor other than 1.

b  The domain of a rational function f is the set of all real numbers except the values

of x that make the denominator q (X) zero.
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+
Example 2 Give the domain of the function f (x) = zx—l
2X° +5x-3
Solution  The denominator 2x? +5x-3=0= (2x-1)(x+3)=0=>x =1 or x= -3.

2

Thus, our domain is the set of all real numbers except % and —3, because % and

—3 both make the denominator equal to 0.

ACTIVITY 2.9

Given the rational functions f (x) = 1 and g(x) = LZ find the
X X =

following functional values and plot the corresponding points on the coordinate plane.
1 a f(2) b f(-3) c f(0.4) d f(-1.5)
2 a 9g() b 9@ c g(2) d g@5

Do the following in groups.

Consider the function f(x)= l.
X

1 What is its domain?
a Fill in the following table for values of x to the left of O:

@& -1 | -05 | -0.1 | -0.01 | -0.001 -0
f (x) Ry

b Fill in the following table for values of x to the right of 0:

& 1 | 05 | 01 | 001 | 0001 | -0
f (x) o

3 Complete the following sentences:
As x approaches 0 from the left, f () without bound.
As x approaches 0 from the right, f (X) without bound.

As x increases or decreases without bound, the values of f(x) L approach
X
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4 Here is the graph of f(x)=%(.

o

N

<

N W

/

=

|
—L—IX

Figure 2.1

Do your observations correspond with the graph?

These two behaviours of f near x =0 are denoted as follows.

a f(X) > —oasx -0

b f(X) > oasx - 0"
In this case, the line x = 0 (the y-axis) is called a vertical asymptote of the graph of f.
In addition, we have:

c f(X)-0asx-—-o

d f(X) > 0asx » o

Here, the line y = O (the x-axis) is called a horizontal asymptote of the graph of f.

Definition 2.7

1 Theline x=ais called a vertical asymptote of the graph of f if

f(X) - corf(X) -~ —coasx — a, either from the left or from the right.

2 Theliney=Dbis called a horizontal asymptote of the graph of f if

f(X) > basx - o or asx - —oo,
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Rules for asymptotes and holes

Once the domain is established and the restrictions are identified, here are the pertinent
facts.

Let f(x)= POJ _ax *+..+3 , be a rational function, where n is the largest exponent
g(x) bx"+..+Db,

in the numerator and mis the largest exponent in the denominator.

1  The graph will have a vertical asymptote atx=aifq(a)=0andp (a) Z0. In
case p(@) = g(a) = 0, the function has either a hole at x = a or requires further
simplification to decide.

2 If n <m, then the x-axis is the horizontal asymptote.

3 If n=m, then the line y= % is a horizontal asymptote.

4 If n=m+ 1, the graph has an oblique asymptote and we can find it by long
division.

5 If n>m+ 1, the graph has neither an oblique nor a horizontal asymptote.

Example 3 Give the vertical and horizontal asymptotes, if they..éxist:

1 X=2
f(x)=—— D f(x) =

a () X+2 9 xZ=4
x? -1 o (x=1)(x+))
==~/ d f(x)=—— 25—
¢ T 0= e (x+2)

Solution
a f(X :M:L. The domain of f is {x: x# -2}.
g(x) - x+2 /

Since p(= 2) # 0 and q(- 2) = 0, x= -2 is a vertical asymptote.
Besides degree of p(x) < degree of q(x). Thus, y= 0 is a horizontal asymptote..

=M= x2—2 . The domain of f is all
ax) x -4

"real numbers except x = -2 and x=2.

b Consider the rational function f(x)

p(-2)#0andq(-2)=0. Thus, x=— 2 is a vertical asymptote.

p(2)=q/(2)=0. Thus, f hasa hole at (2, %)
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Cancelling out the common factor x — 2, we obtain g(x) = %2 and g (2) =
X

Al

There n=1 and m= 2. Therefore, the x-axis is a horizontal asymptote.
c Factorizing numerator and denominator gives:

fo= X7 _ P09 _ (x=Dx+Y)
X* +3x+2 q(x) (Xx+1)(x+2)

At x=-1, p(- 1) = g(-1) = 0. Reducing to lowest terms we have:
9(x) = ’% - which gives g (1) =2 # 0. Thus, f has a hole at (1, ~2).
X

At x=-2, p(-2) =3 #0and q(-2) =0. Thus x =-2 gives a vertical asymptote.
Since the degree of the numerator is equal to the degree of the denominator; y = 1
is a horizontal asymptote.
a(x) (x+1)*(x+2)
vertical asymptote. Again p(-1) = g(-1) = 0. However, after simplification
by factorizing, we find that x = -1 is a vertical asymptote.

p(-2) #0 and q(-2) = 0. . Thus x =-2is a

Since n = 2 < 3 = m, the x-axis is a horizontal asymptote.

x? +1

x-1"

Since the degree of the numerator is one more than that of the denominator,
the graph of f hasanoblique asymptote. Applying long division yields:

Find the oblique asymptote of the function f (x) =

2 2
H@=X+1
X

= (X+D)+—.
-1 ( )x—l

Thus, the equation of the oblique asymptote is the quotient part of the answer
which would be y = x+1.

ACTIVITY 2.10

For each of the following rational functions, find the domain and
identify the type of asymptotes.

3 2x+1

a f(X)=—— b f(x)= C
(=" (9=""
2 4x

d f - X=X e f(x) = f
=" =175
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The zeros of a rational function

Definition 2.8

Let f(x) = % be a rational function. An element a in the domain of f is called a
zero of f, if and only if p (a) = 0.

Example 5 Find the zeros of the following rational functions:

x> +3x+2
x> -2x-3

X2 =6x+9

a f(x) = b f(x) = 9

Solution

a We first factorize both numerator and denominator.:

f(x)= (x*D(x+2) The domain is R\ {-1, 3}. Now fo.r any x:in the
(x+1)(x-3)

domain f (x) = 0 means the numerator > +3x+2 = 0. i.e. X =—1 or x = —2. But,
since x =— 1 is not in the domain of f, the only zero of f is x =~ 2.

_ 2
b Factorize both numerator and denominator:  f(x) = L (X=3)"
(x+3)(x-3)

The domain is R\ {-3, 3}. The numerator is zero at x = 3. But since 3 is not in the
domain f, f has no zero.

PEWF]| Graphs of Rational Functions

In this subsection, you will use the zeros and asymptotes of rational functions to help
draw their graphs.

Steps to sketch the graph of a rational function:

1 Reduce the rational function to lowest terms and check for any open holes in the
graph.

Find x-intercept(s) by setting the numerator equal to zero.
Find the y-intercept (if there is one) by setting x = 0 in the function.
Find all its asymptotes (if any).

o A W DN

Determine the parity (i.e. whether it is even or odd or neither).
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6 Use the x-intercepts and vertical asymptote(s) to divide the x-axis into intervals.
Choose a test point in each interval to determine if the function is positive or
negative there. This will tell you whether the graph approaches the vertical
asymptote in an upward or downward direction.

7  Sketch the graph! Except for breaks at the vertical asymptotes or cusps, the graph
should be a nice smooth curve with no sharp corners.

To draw the graph of f(x) = M,
a(x) b -
‘ We need to find ‘ Criteria i .
Domain R\{x: q (x) = 0} :
X - intercept Zero of f
y - intercept x=0and 0 Cddmain of f

Vertical asymptote P(X#0andq(x)=0
Horizontal asymptote | Degree of p (X) < Degree of g (X)
Oblique asymptote Degree of p (x) = Degree g (x) + 1

Parity f is odd or even or neither

)

[J b <

3 Y
N 3

Do the following in groups. For each of the following functions,
find the domain, x-intercept, the y-intercept, the asymptotes and
the parity (if they exist). List them in tables.

- ox+1 b f(x)=m X-2
(x=2)(x +3)? _ x+1 x> -4

(@]
—
—~
=

1

a (%

Example 6 Sketch the graph of each of the following functions:

_ )J_1 _ 3
NP S e
(NN _ _.X:+1. _ X’ +5x+6
C. f(X)—m d f(X)—T
S X=2

e f(x) = )
9 x2 -4
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Solution

a  The function f(x) = —iz cannot be reduced any further. This means that
X

there will be no open holes on the graph of this function.

X - intercept none
y - intercept none
Vertical asymptote x=0

Horizontal asymptote | y=0

Oblique asymptote none

Parity fiseven

Next, we find and plot several other points on the graph.

NG

This table is called a table of values.

Finally, we draw curves through the points, approaching the asymptotes.

v
3
1 X
A 3= | 123 4
<1 1
' ) (X)) ==
[ x
Al
Figure 2.2
2
b . ~The function- f (x) = X cannot be reduced any further. This
(x=2)(x+1)

means that there will be no open holes on the graph of this function.
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X - intercept x=0or (0, 0)
y - intercept y=0or (0, 0)
Vertical asymptote x=-=land x=2

Horizontal asymptote | y=3

Note that the graph crosses the horizontal asymptote at x = —2.

Oblique asymptote none

Parity f is neither even nor odd. You can check this by taking a test
point. For instance, f (-4) = f (4) and f (-4) # -f (4).

Next, we find and plot several other points on the graph:.

e -3 |1 |4 |5

o 2.7 |15 (48 | 4.17

Finally, we draw curves through the points, approaching the asymptotes.

Thus, the graph of f is:

N

\Y |

3X
(X=2)(x+1)

f(x) =

\
N W KA O OO N @
Vi

VX

|
5

W N

\
\
\

-5 |

|
LN

Figure 2.3

You have already found the necessary data to sketch the graphs of the functions in
¢, d, and e in Group Work 2.4. We only need to give the sketches of the graphs.
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If f(x)= P() is in lowest terms and (x-a)" is a factor of q (), then

v

v

a(x)

the graph of f goes in opposite directions about the vertical asymptote x = a when
nis odd.

the graph of f goes in the same direction about the vertical asymptote x=awhenn| [
is even.

c
Y
9
4 ]
| - "
/ \ 2 \f X) ::_L-*-l._2
. [(X=2)(x+3)
/| Nk X
5 -4 -8 2 -1 \ 2 B/A 57
. =1 \ L4 { 4
_2 \
3
_4 W
-5
™ Figure 2.4
. .
WY | 7
Ve
&N
5
Z1L 0 X2 +5x+6
; SIT(X)=
ris AR X+1
&
1
.. X
31 | 123 4
=1
\\ S
” ‘ _3
' Figure 2.5

Observe that the graph of f approaches the line y = x + 4 as x approaches oo or as x
approaches —co,

63




Mathematics Grade 11

e
Y
|
| :
2 X— 4
| f0=2
- X -4 5
A3 21 | 123 4 5
=1
-2
|2
I -4
Figure 2.6

ACTIVITY 2 11

Using the graphs drawn in Example 6 above, solve each of the
following inequalities.

a i —%<O ii —%>O
2 2
T SR I
(x=2)(x+1) (x=2)(x+1)
© i X—+12<0 i X—+12>
(x=2)(x+3) (x=2)(x+3)
2 2
d i X +5x+6 i X t5x+6
X+1 X+1
e i X2 i X259
X -4 X -4

| Exercise2.7 |

1 Sketch the graph of each of the following rational functions:

x? - x-12 3x? -5x-2 x*+1
a f =P — b f =——— — f(x)=
() x? -2x-8 () x? -1 (x) x% -1
x? +3x-4 2x% —3x+2 X+ 2
d f P — e f(x)=—"-" = f f(x) =
() X-5 () X2 +1 ) x?-9
___~X (X-D)(x+3) . _x*-9
f(X)=——— h f(x)=2_2" 9 i f(x) =
o ) X2 +Xx=2 9 (x-2) P9="3

2 For the rational functions in Question 1 b, d and h solve the inequalities f (x) > 0
and f (x) < 0 from their graphs.
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=

domain partial fractions

graphs of rational functions rational equations
horizontal asymptote rational expression

least common multiple rational functions

oblique asymptote vertical asymptote
operations on rational expressions zeros of a rational function

(AR semmery

A rational expression is the quotient of two polynomials.

Let P(x), Q(x), and R(x) be polynomials such that Q(x) # 0, then

P() , RO _ POI+R(X) g PO _R(X) _ P(X)-R(x)

Q(x) Q(x) Q(x) Q(x)  Q(x) Q(x)

If P(x), Q(x), R(x) and §(x) are polynomials such thatQ(x) # 0, S(x) # 0, then
P() R(X) _ PORM) 40q POY L RO) - POIS) ¢ o g

Q(x) S(x)  Q(X)S(x) Q(x)  S(x)  Q(XR(X)

A rational equation is an equation where one or more of the terms are fractional
ones.

A rational function is a function of the form f () =%, where p(x) and g(x)
q(x

are polynomials in x and q(x) # 0

The line x = a'is called a vertical asymptote of the graph of fif f, (X) - * o as
X — afrom the left or the right.

The line y = bis called a horizontal asymptote of the graph of f, if f (X) — b as
X - 00,

An asymptote of the form y=mx+ b, m#0, is called an oblique asymptote.

A zeroof f(X)= % is a value a for which p (a) =0 butq (a) # 0.

65



Mathematics Grade 11

ﬂ Review Exercises on Unit 2

1 Simplify each of the following rational expressions.

2x-4 b X2 - X~ 6
X*+X-6 X2 +3x+2
. x> =5x q x> +8x° + 24x+ 45
x? - 25 x*+3x° -27x-81
2 Perform the indicated operations and simplify.
q X5, X525 b 2x* 162
2 2 X+9 x+9
2 +x—l
c x-1 x+1 d -1 x'+x-12
1 X' +3x—-4 X’ +4x+3
x* -1
. X' =25 . x'+16 ; S PR
(x=5)>  (x+4)’ X2 -1 1+ 1
X—2
3 Decompose the following rational expressions into partial fractions.
a 3 b X+1 . 2x-3
x> —3x x> +4x+3 (x-1)
X+1 x-1 5x+1
d 3 € S f NETNEIY
X+ X X+ X X (x° +4)

4 State the domain and solve each of the following rational equations.

- +
iz _ E_iz b x-6 _ x+4 i1
X X X X X
. 3, .3y _, q 1, 1 _ _3
y+3 y +3 y’-3y y-3  y*-3y

5 State the domain and sketch the graph of each of the following rational functions.
Find intercepts and asymptotes, if there are any.

X-3 3 NG
f = b = f =
a = 90= o © 109 o
5x 1 2x3
d X) = e f(xX)= x+ = f X) =
9=~ (0= x+ 90= 3~





